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The Efficiency of Investment Information

Elza Erkip, Member, IEEE and Thomas M. Coverrellow, IEEE

Abstract—We investigate how the description of a correlated  If X{,X5,--- are independent and identically distributed
information V' improves the investment in the stock market gccording toF, then
X. The objective is to maximize the growth rate of wealth in 1
repeated investments. We find a single-letter characterization )
of the incremental growth rate A(R), the maximum increase ElOg Sn— W(bF) ae.
in growth rate when V is described to the investor at rate
R. The incremental growth rate specialized to the horse race
market is related to source coding with side information of Wyner ‘
and Ahlswede—-Korner. We provide two horse race examples: Wb F) = /108‘5 z dF(z)
jointly binary and jointly Gaussian. The initial efficiency A’(0)
is the maximum possible increase in the growth rate per bit is thegrowth rateof wealth. Unless otherwise stated, we will
of description. We show that the initial efficiency is related to se |ogarithm to the base Thus (see [12])
the dependency betweeri” and the market. In particular, for
the horse race market, the initial efficiency is the square of the S, = onW(,F) +o(y/n)
Hirschfeld—-Gebelein—Rényi maximal correlation betweenV and
X. This provides a connection with the hypercontraction of the The optimum growth rateéV*(F) is the maximum of
Markov operator of Ahlswede and Gacs. For the general market W (b, F') over all choices of portfolid. Thelog optimum port-

the initial efficiency is 1 when the side information V' is equal to . . . . .
the stock market )(;utcomeX. g folio that achieves this maximum is denoted®y Therefore,

where

Index Terms— Investment, maximal correlation, portfolio, W*(F) = max W (b, F) = W(b"F),
source coding with side information. b
and
I. INTRODUCTION b = arg 1nbax I/V(b7 F) (1)

PPOSE an investor wishes to invest in the stock market. _ o
he market consists ofn stocks. We denote these. Now suppose that the investor has some side information

stocks by the vectoX = (X, Xs, -+, X,), whereX; > 0 gbout thg stock market. For example, thi§ may be some insider
< information about some of the companies whose stocks are
being traded in the market. Then the investor can improve his
9 growth rate due to the presence of this side information.
We assume the sequen¢&,;.V;), ¢ = 1,---.n, is inde-
pendent and identically distributed with a given distribution

is the price relative for the stock on that day. We assume
X is random with a known underlying distributidri(z). The
investor divides his money among thesestocks accordin
to the portfoliob = (by, b, - --,by), Whereb; > 0

m F(z,v). Then the increase in growth rate due to the side
=1 information is given by
j=1
AW = By W*(F(- | V)) = W*(F(-))
The wealth of the investor after one day is givendy= b’ X. b(V)X
Now suppose the investor invests in the stock market for = Iil(é}fElOgW

n consecutive days. We assume the investor uses the same

betting strategyp each day. Then the wealth at the end of dayhere the maximum is over all portfolio choicés V — 5.

n IS given by Here V denotes the alphabet fdr and B is the (m — 1)-
dimensional probability simplex

S, = i VX, m
il;[l Bz{beRm:biZO,Zbizl}.

i=1
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Fig. 1. Descriptions and investment.

In this work, we consider a slightly different situation. NowMarkov operator. The relationship of their results to the initial
the investor cannot observe the side informatlordirectly, efficiency in the horse race market is presented in Section
but can access a rat® description of it. We would like to IV-E. We show in Section V that for the general market the
know what R bits should be given to the investor and whainitial efficiency is1 when the side informatio is equal to
this information is worth in terms of increasing the growtlthe stock vectorX.
rate. What is the essential part Bf such that its knowledge In the next section we formulate the problem and establish
will be sufficient for investment inX, and by how much can the incremental growth rate for the general market. Section |l
this help? We do not wish to reconstruétfrom the encoded is devoted to a simple example where the incremental growth
data; we only use the rat® description to provide a large rate and the initial efficiency are calculated. In Section IV we
increase in growth rate for investment 6. We wish to find define the horse race market, specialize the incremental growth
the incremental growth ratA(R), the maximum increase in rate to the horse race market, and solve two fundamental horse
the growth rate for rate? descriptions. race examples: jointly binary and jointly Gaussian. We next

We will see that this problem can be formulated as #nd that the initial efficiency in the horse race market is the
rate distortion problem, and a single-letter characterization sfuare of the Hirschfeld—Gebeleinéiyi maximal correlation.
A(R) can be found as given in Theorem 1. Our main result Bection V is about the initial efficiency for the general market
that if there is a rate constraiftin describing side information when V- = X.

V', the maximum increase in the growth rate is given by

v'X [I. FORMULATION OF THE PROBLEM
A(R) = max 08 -

Fblv): IG:V)<R, b=V X X Consider a stock market consisting of investment op-
We then specialize the general(R) to the horse race portunities. We call these investment opportunitsscksor
market. We observe that finding the incremental growth rag@ssetsLet X; denote the ratio of closing price to the opening

for the horse race market can be reduced to source coding WAff¢€ of stock; on a given day. HereY; > 0 is the price
side information of Wyner [22] and Ahlswedeskier [5]. We elative for stock;. We denote the stock market by the vector
solve for the incremental growth rate for jointly Gaussian and = (X1,X2,---, X;,,). We assume thaK has a known
jointly binary horse race markets. The jointly Gaussian sourééstribution. The investor distributes his money amongsthe
coding with side information has not been previously treatedtocks according to the portfolio
since noiseless source coding is unmotivated for continuous m
random variables. _ _ b=(by,bs, -, bw) b; >0 Z b =1

After observing that the incremental growth rate is a con-
cave and nondecreasing function Bf we turn our attention
to the derivative ofA(R) at the origin. We callA’(0) the whereb,; denotes the proportion of money invested in stack
initial efficiency Initial efficiency shows how the first few bits Suppose that some other person, whom we call the encoder,
about V' improve the growth rate in the investment in thdias access to a piece of relevant information about the stock
stock marketX. market. We denote this side information By The investor

In the horse race market, we show that the initial efficienaannot observel directly, but both the investor and the
is the square of the Hirschfeld—Gebeleirgdi maximal cor- encoder know the joint distributiof'(z, v) of X andV. The
relation betwee” and X. Maximal correlation, introduced by task of the encoder is to provide the investor with R&sbit
Hirschfeld [15] for discrete random variables and by Gebeledescription of V', which in turn is used by the investor to
[14] for absolutely continuous distributions, is a generalizeichprove the growth rate. Fig. 1 illustrates this setup.
version of the correlation coefficient between two random We assume that the investment is done sfioconsecutive
variables. Rnyi [17], [18] showed that it is a natural measurelays and thatX,,V;) are i.i.d. according tal'(z,v). The
of dependence, investigated conditions under which maxineicoder observed™ and chooses an index from the set
correlation is attained and provided an alternate characterifd;2, - - -, 2"} to describeV™. The investor uses this com-
tion. Maximal correlation has appeared numerous times befgnessed data to devise a sequence of portfdiigs-: -, b,, to
in the information theory literature. Of these, one paper to natevest in the stock market for consecutive days. We would
is by Witsenhausen [20], where a meaningful definition fdike to know how much this description improves the growth
common information between two random variables involveate of the investor and what the best such description should
the maximal correlation. Another work of considerable interebe. The improvement is with respect to the optimal growth
is by Ahlswede and &cs [2] on the hypercontraction of therate for distributionf’(z).
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Fig. 2. Rate distortion with remote source.

Definition: A (2% n) code C consists of an encoding sequences by"(1),---,b"(2"#). The encoder observes the
function i, : V* — {1,2,---,2"%} and an investment side informationV™ and finds an indexv such thatb” (w)
strategyd™ : {1,2,---,2"%} — B" where B denotes the is jointly typical with V. Since R > I(b; V), the existence
(m—1)-dimensional probability simplex. Thate of the code of such aw is guaranteed with high probability. The encoder
is R. Theincrease in growth rate\,, associated with the codesends the indexv to the investor and the investor uses the

C is given by portfolio choiced™(w) = (by(w),---,b,(w)). The Markov
n relationshipb — V — X ensures thatX™ and b"(w)
11 bﬁ»(in(V"))Xj are jointly typical. Thus it appears thaX,b) ~ F(z,b).
A, = 1 Elog’= ) Therefore, an increase in growth rate of
n o b*th th
J=1 A= ElOg e a—
b X

The expectation is taken over the joint distributioniof and _ o _
X", andb” is the log optimum portfolio with respect to thecan be achieved. Maximizing over the choice of the random
marginal distributionf'(z) of X as in (1). portfolio b, we observe thaf\(R) in Theorem 1 is achievable.
o o ] ] We will prove Theorem 1 by showing that this problem can

Definition: A description-rate growth-rate paitR, A) IS pe viewed as a rate distortion problem with a remote source.
said to beachievableif there exists a sequence ¢2"",n) \ve first define the distortion functiod(b, X).
codes(i,(-),b™(-)) for which ’

Definition: The distortion function d(b, X) between the

ﬁ bj(f‘n(V")) X; portfolio b € B and the stock vectoX given reference
lim lElogj=1 _ N portfolio &* is defined by
n—oo N - *t
[[v"X; b'xX
Jj=1 d(b7 X) = —log X

Definition: The description-growth rate regions the clo-

sure of the set of achievable description-rate growth-rate paird€finition: The distortion between sequendésand X™ is
(R, A). defined by

Definition: Theincremental growth rate\(R) is the supre- db", X") = 1 zn: d(b;, X ;)
mum of all A such that(R, A) is in the description-growth ’ T n p S
rate region for a givenk. =

Note thatA(R) can be thought of as the maximum increas-ghus

in growth rate for transmission rat@. The next theorem is a 1 n n
characterization of the incremental growth rate for the stock a@™, X" = . log Hijj/ Hb*th
market. j=1 j=1

Theorem 1:For investment in stock markeX with side s the difference in empirical growth rate between portfolios
information V' described at ratek, the incremental growth p™ and b*".
rate is given by Rate distortion with a remote source, otherwise known as
t the indirect rate distortion problem, was investigated by Berger
— [8, pp. 78-81]. The model used is shown in Fig. 2. The aim
b X is to reconstruct the sourc& from the encoded data with
where the maximum is over all conditional distributionsninimal distortion. The distortion functiod(z, ) is defined
F(b | v) satisfying the rate constrain(b;V) < R, and between the sourc& and the reconstructio. However,
b — V — X forms a Markov chain. unlike the standard rate distortion problem, the encoder cannot
In order to see the intuition behind Theorem 1, we considebserve the sourc&, but can only acces¥, a noisy version
a specific scheme for achieviny(R). We fix a distribution of X. The joint distribution#(z,y) of X andY is known
(b | v) satisfying the Markov relationship and the ratdoth at the encoder and the decoder. The decoder outputs the
constraint in Theorem 1. We denote the marginal distributiorconstructionX based on the encoded data.
of b by F'(b). A random codebook consisting & sequences  For a conditional probability distributioR'(z | %) we define

b" drawn ii.d.~ J]"_; F(b;) is generated. We denote thes¢he expected distortiod(Z") for the indirect rate distortion

A(R) = max F'log
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problem as
AF) = [ de. ) dF (@) dF(y | 2) APz | )
= Ed(X, X)

1029

The first term does not depend on the portfolio chdice
so it can be ignored in the calculations. The second term
is bounded below by-logm. Therefore, we can use the

ot
distortion measurdog (b X /b'X), and incorporate the first
term later. Either way will give the same result.

where the expectation is taken over the joint distribution of Using Berger's result (2) we can write the incremental

(X,Y, X) with the assumption thaX and X are conditionally
independent givery'.

Berger showed that the distortion rate functib{R) can
be written as

D(R) = min _ d(F)
F(#|y): I(Y;X)<R
= min Ed(X,X). (2
F(ac|y) I(YV;X)<R, X—Y —X
We now prove the theorem.
Proof of Theorem 1:For any code{(i,(-),b"(-)) the in-

crease in growth raté,, associated with the codgis

L G,
A= Blog || =g

j=1

(i (V)X
:—ZEl L)X,
b X,

:——ZEd

- _Ed(b"(Ln(V")),X“)-

Ln Vn XJ)

Therefore, a description-rate growth-rate péRi,A) is
achievable if there exists a sequence @F#,n) codes
(in(+),b"(-)) for which

Tim Ed®"(in(V"),X7) € -A.

Also, —A(R) is the infimum of all-A (henceA(R) is the

growth rate as

A(R) = min Ed(b,X)
F(b|b) I(b;V)<R, b—V—-X
b'X
= max log ——.
F(blu) I(b;V)<R, b=V —X b X
This proves Theorem 1. O

Generally, in rate distortion theory the aim of the decoder
is to reconstruct the source so as not to exceed a certain
distortion level. The distortion function shows the distortion
between the source outcome and the reproduction. Although
the investment problem is mathematically equivalent to a
rate distortion problem, the interpretation and motivation are
slightly different. The investor is not trying to reconstruct the
source. Rather, he takes an action by devising an investment
strategy which will be effective on the particular outcome. The
distortion is a function of the outcome and the action taken.
It represents the gain of using an investment strafegyer
that of usingd™ on the stock vectoX.

An equivalent characterization of Theorem 1 is

b (V)X

A(R) =
() b*tX

FElog 3

max
F(o|v): I(V5V)<R, VoV X

Here the randomness @& in Theorem 1 is captured by
the random variablel”, and the portfoliod* depends on
the conditional distributionf'(¢ | v) chosen forV. For a
given distribution ofV, b*(#) denotes the optimum portfolio
when the stocks are distributed according to the conditional

supremum of allA) such that(R, A) is in the closure of the distribution F(z | ©) of X givenV = ¢.

set of all achievable pairs.
Note that the encoder observes the side informatipmand

We now show thatA(R) is bounded above by.

Theorem 2:

the distortiond(b, X) is a function of the investor’s portfolio
choiceb and the stock outcom&. Hence this is an indirect
rate distortion problem. The equivalence can also be observed
by comparing Fig. 1 and Fig. 2.

A(R) < R.

Proof: From Barron and Cover [6], we know that side

Note that information V" increases the investor’s growth rate by at most
11 *t
d(b,X) = log e > logmin b}. AW = Eloe u < I(V; X).
‘ X

If min; b > 0, thend(b, X) is bounded below and we can
apply existing theory. Otherwise, let

g:<i7...7i>
m m

denote the uniform portfolio. We can write

Also, forV — V — X
I(V;X) < I(V;V)

by the data processing inequality [12, p. 32].
Combining this with (3) we have

At ~
d(b,X) = log —— X b,X A(R) < _max I(V; X)
b X VX F(olv): I(V;V)SR, V-V —-X
*t B < _max I(V;V)
—log T b log 22 F(olo): I07V)<R, 7=V —X
b bX < R. O
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Using rate distortion theory, we argue that the incremental a—c¢
growth rateA(R) is a concave, nondecreasing, and differen- 0 (1,2)
tiable function of R. Thus A’(R), the derivative ofA(R),
decreases as the rate of description increases. Every additional

bit of description causes less increase in the growth rate. We -~ ate
: - ; : X
are interested il\’(0), the largest increase in growth rate per l—adte
bit of description. This motivates our next definition.
Definition: The initial efficiency A’(0) is the derivative of
A(R) at the origin. 1 (1,1/2)

l—a-—c¢
The initial efficiency is a measure of the effectiveness -

the description o’ in improving the growth rate. Theorem 2?;'9' 3.V andX for the hot-stock example.
implies thatA’(0) < 1 for any market. We expect the initial
efficiency to be related to the dependency betwéemdX. In
Section IV we analyze the horse race market and observe that b =2— 302 b
the initial efficiency for the horse race market is the square of . L
the Hirschfeld—Gebelein-dRyi maximal correlation betweenand the optimum growth rate is given by

For1/3 < « < 2/3, the optimum portfolio is

V and X. We prove in Section V that the initial efficiency W*(p(z)) = W (a) = W (b, )
is 1 when the encoder can observe the stock vector outcomes 3
(e, V = X). =10g§ +o—H(x)

In the next section we calculatA(R) and A’(0) for a where H(a)

particular example = —aloga — (1 — a)log(l — «) is the binary

entropy function.
In order to calculate\(R), considerV ~ Bern(1/2) where
. AN EXAMPLE V and X are related through a binary channel as shown in
This section is devoted to the calculation of the incrementilg. 3. We will choosee such that
growth rateA(R) and the initial efficiencyA’(0) for a specific ) 1 2
example. Recall thah(R) is the maximum increase in growth 0<e<min <O‘ T 337 O‘) (4)
rate of investment in the stock mark&t when the correlated

information V' is described at rat&®. The incremental growth Then ) )
rate A(R) is given by R=I(V;V)=I1(V;X)=H(a) - 5H(a—e) - §H(oc—|—e)
WTAY,
A(R) = max Elog by (V)X and the increase in the growth rate is given by
F(3lv): I(V;V)<R, VoV =X b*tX bt(f/)X N

as in (3). The initial efficiencyA’(0) is the derivative 0fA(R) Elog X ExWip( | V) = Wi(p(=)
at the origin. 1 3

In this example we leV’ = X. Therefore, the stock vector = \loggta—c— LICE)
is described to the investor at rafie The “side information’V’ 1 3
is the market itself and the only difficulty is the rate constraint + > <10g 3 +a+e—H(a+ 6))
R. What should be said abolk?

Suppose the stock market consists of only two stocks. The _ <10g§ +o— H(a))
first one is cash; it is always equal toThe second stock (the 2
“hot” stock) either goes up by a factor 2fwith probability c) — H(a) - EH(a —o- EH(a +o)

or goes down by a factor &f (with probability 1 — «). That is,

x — [ (1.2). with probability o =I(V; X).
~ 1(1,3), with probability 1 — a. Therefore, we have\ = R for this choice ofp(¢|v). Note
We assumel/3 < « < 2/3 that A = R as long asc¢ satisfies (4). By Theorem 2,
(0% .

R) < R, so we conclude
The investor distributes his money between cash and the f%)(t )= W N
stock according to the portfolib, where A(R) = R, for small R

b=(b,1—-0), 0<b<I1, and

/ —
Then the growth ratéV (b, p(2)) is given by A0 =1
W (b, p(z)) = W(b,a) = Elog S In this simple “hot stock” example, we have seen that when
= alog(b+2(1— b)) V = X, the initial efficiency isl. Also for small rates the
= @08 upper boundA(R) = R is achieved. We will see in Section
+(1—a)log <b + 1(1 _ b)). V that the initial efficiencyA’(0) = 1 for all stock markets
2 with side informationV = X.
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IV. HORSE RACE MARKET Note thatD(p || b) is minimized (and is equal t6) when
Theorem 1 provides an expression for the incremenfaf= #- Therefore, the optimum portfolio is
growth rate in the general market. In this section, we specialize by = pi, fori=1,---,m.

this result to an important market, therse race marketwe _ _ _ _
will see that the incremental growth rate can now be expressed he optimum strategy for the gambler is to bet in proportion
in terms of mutual information. We solve some examp|es Fﬁ the Underlying probablllty distribution. This was established
the horse race market and calculate the initial efficiency. i Kelly [16]. Proportional gambling is also known &elly
will show that the initial efficiency for the horse race markegambling The optimum growth raté}’* is then given by
is the square of the maximal correlation betwdérand the m
market X WHX) = pilogo; — H(X). (6)
=1
A. Introduction .
_ o _ _ Now suppose the gambler has side informafidabout the
Consider a special kind of market in which only one of thgtcome of the race. We assume tBaiandY have a known

stocks can be positive at a given time. If the price relative fsint distribution. Then the optimum portfolio is given by
some stock, say stock is nonzero, then all the other price

relatives are equal t6. This is equivalent to saying that the Uiy =pily =Pr{X =i|Y =y}
probability distribution on the stock vectdf is

X = (0, <0.0,04,0,0 04, 0) = 0;e;, With probability p;

which results in the optimum growth rate

(5) WX [Y) =) pilogo; — H(X | Y). (7)
where >~ p;, = 1 ande; is the ith standard basis vector =t
for R™. From (6) and (7), the increase in growth rate due to the
We call this market thehorse race markebecause it is Presence of side information is given by
equivalent to gambling in a horse race. Note that no cash A=WHX|Y) - W5X) = I(X;Y). 8)

reserve is allowed. All available wealth must be invested in
the horses, none can be set aside. The cash-aside option is Aidus in the horse race market the increase in growth rate
loss of generality in the growth rate of wealth if the odds angith side informationY” is the mutual information between
fair (3°;~, 1/0, = 1) or superfair(3_""; 1/0; < 1). X andY.

Another characterization of the horse race market islIn the next subsection, we find the incremental growth rate
through a discrete random variablé that takes om: values A(R) for the horse race market.
{1,---,m}. The random variableX denotes the winning
horse in the race. Horsé wins with probability p;, i.e., B. Incremental Growth Rate in Horse Race

P(X =) = p;. The investor distributes his money among the following theorem specializes the general expression
the m horrlses according to the portfolib = (b1, --,bm), for A(R) to the horse race market.
where} " b; = 1.

The investment pays off; odds for one. IfX = ¢, then Theorem 3: If side informationV” is available in the horse
the investor receives; dollars for each dollar invested iy race marketX, the incremental growth rate is given by
and he loses all Fhe money investedji;\é L We will use the A(R) = max I(V;X),
notationd; andb(é) (similarly, o; ando(4)) interchangeably. R

The wealth of the gambler is multiplied by the factor =~ whereV — V' — X forms a Markov chain and the maximum

S(X) = b(X)o(X). is over all conditional distributiong’(v | v) satisfying the

It is easy to see the equivalence of this scalar notation rt%te constraint (V; V) < I
i y quiv i 1oNWIN - 500f: From (3), we must maximize

the vector notation in (5). We will use both the vector notation i
X and the scalar notatioX for the horse race market. Elog®" (V)X /6" X)
We can obtain a closed-form solution for the optimum ~ . -
portfolio b* in the horse race market. We first calculate th@ver aI_I v sat|sf¥|ng the Markqv COI’)dIt.IOI’].and the rate
growth rate W (b, p). corlstrglnt. LetF (o) .pe the .ma_rglr!al dlstrlpgt|on oV an‘d
F(v | ¢) be the conditional distribution conditioned 6 = .

W(b,p) = /logth dF(X) Similarly, let p(¢) = Pr (X = ¢) be the marginal ang(i | ©)
o be the conditional distribution fo’X. We recall thath*(7)
_ Z log is the optimum portfolio whenX is distributed according to
= p; log b;0; i 1 o). Th
P p(é | ©). Then
m bz m m bt V X m b *( ; ’
= Zpilog— +Zpi10gpi —l—ZpilOgoi FElog (ﬂ) = /ZpilogMdF(iz | %)
i=1 i i=1 b" X ®im1 Di0;

m m b* i} ~ )
= —D(pt) - Hp) + 3 piloso. = [ ar i
i=1 Vi=1 ¢
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Rate R .
Encoder 1 ae Decoder

Rate R,

X

Encoder 2

Fig. 4. Source coding with side information.

. . - PN AL ) I - The reasoning behind this relationship is as follows. The
= H(X)+ /b ;p(L v) 10g,<p(i | {,’)p(L | U)) db(v) amount of decrease in the descriptive complexityXé¢f when
= V™ is encoded by encodey, () is

=I(V;X) - /D(p(i | 0) || b7 (2)) dF(3). By (8), this is exactly the increase in the growth rate when
v the compressed versiof), (V™) of V™ is available at the
The above expression is maximized when the last termiiwestor. Therefore, the maximum decrease in the descriptive

zero, that is, whed? (%) = p(¢ | ©). Therefore, complexity is exactly equal to the maximum increase in the
o growth rate.

max Elogw = max I(V; X) The incremental growth rate in the horse race market is

F(]v) X F(5]v) also closely related to the entropy characterization problem of

whereV is chosen to satisfy the Markov relationship and th.(?:ﬁfoz:;}ring Vtg:ﬁ;ézgé ppA.h?03—358é.§T he df?gn appearing in
rate constraint. y Ahlswedeads, and Kiner to prove
strong converses of some multi-user coding theorems [3]. This
The problem of finding the incremental growth rate in théorm also appears in hypothesis testing with communication
horse race market can be reduced to that of source codaupstraints of Ahlswede and Csisz[1]. When one tests the
with side information. Source coding with side informatiofypothesis of a given bivariate distributigfz, v) against the
for discrete random variables was independently investigatgiiernative of independence under a communication constraint
by Wyner [22] and by Ahlswede anddfner [5]. The block on V, for any fixed type | error, the type Il error decreases
diagram for source coding with side information is illustratedxponentially with the sample size Ahlswede and Csisz
in Fig. 4. Suppos€V;, X;), ¢« = 1,---,n, are independent, have defined(R) as the largest exponent of decay whén
identically distributed copies of the pa{¥,X). The first is described at rat&. The functional form of the incremental
encoder observelg™ and encodes it using; bits per symbol. growth rateA(R) is exactly equal to this best exponetit?).
The second encoder obsen&$ and usesk, bits per symbol  Witsenhausen and Wyner [21] investigated the extremiza-
to compress it. The decoder receives these two descriptidios appearing in Theorem 3 closely. In particular, fgr
and formsX", the reproduction of{” with small probability discrete they showed that to compute the required maximiza-
of error. The rate region is given by tion, V needs to take at mo$y| + 1 values, whergV| is the
. . alphabet size fol’. This leads us to the following corollary.
R={(R1,R) : I(V; V)< R,H(X |V)< Ry
for someV — V — X} _ Coroll_ary 1. For the horse race market with discrete side
information V' described at rateR, the incremental growth
Let C(R) be the minimum rate at which the second encodéate is given by
must transmit when the first encoder ugedits per symbol.

A(R) = max I(V; X).
Then () p(olv): [VIL|IVI+L, I(V;VISR, VoV —X ( )
C(R)= min Ry Next we find A(R) for V = X.
(R,R2)ER
_ min H(X | V). Corollary 2: For the horse race market whéh= X

F(#lv): T(V;V)<R, VoV —X A(R) _R for R < H(X)

The quantityC(R) represents the minimum descriptive com-
quantityO(%) rep P and A’(0) = 1.

plexity of X in the presence of a ratB description ofV'.
Comparing the functional forms af'(R) and A(R), we can
write

Proof: TakingV = X in Theorem 3 givedt = I(V: X)
and A = I(V;X). Hence
A(R) = H(X) - C(R). A(R)=R

Note that H(X) — C(R) is the maximum decrease in theand

descriptive complexity ofX whenV is described at rat&. A'(0) =1.
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|14 X vV 14
1
Fig. 5. V and X binary. Fig. 6. V andV binary.
For R > H(X), the encoder describes perfectly and no Proof of Theorem 4:The proof involves choosing an
further improvement can be made. O auxiliary random variable}” such thatV — V — X,

I(V;V) £ R, and the maximum in Theorem 3 is achieved. For
any V satisfyingZ(V;V) < R, we haveH(V | V) > 1 - R.

By Lemma 1, this implies (X | V) > H(p« H~'(1 — R)).
Therefore,

Note that whenV = X, any V used in he descriptions is
optimal in the sense thak = R = I(V; X). Hence any bit
of description of X improves the growth rate by exactly on
bit. Every description is maximally efficient.

We now investigate the incremental growth rate for some I(V;X) <1-H(pxH(1-R)).
horse race examples.

In order to achieve this upper bound we considietthat
is related toV through another binary symmetric channel of

In this first example for the horse race markétand X are crossover probability as in Fig. 6. Herex is chosen to satisfy
binary random variables with a symmetric joint distributionthe rate constraint.

C. Horse Race Markett” and X Binary

The theorem below establisheés(R). Then
Theorem 4: Supposel” ~ Bern (1/2) and is related taX IV;VYy=H(V) - H(V | V)
through a binary symmetric channel (BSC) with crossover ’
probability p as in Fig. 5. Let =1-H(a)
=R 9)

H(p) = —plogp — (1 —p)log(1 —p)
and
be the binary entropy function ang«p = a(1—p)+(1—a)p L } -
denote the parameter of a BSC that is the cascade of two BSC's I(V;X) = H(X) - H(X | V)
with crossover probabilities: and p. =1—-H(pxa)

Then =1-Hp*H'(1-R)). (10)
(R, A(R)) = (1 — H(a),1 = H(axp))

Thus the above choice df is optimal, and using (9) and
where0 < o < 1.

(10) we can characterize th{d?, A(R)) pairs as
The form appearing in the above theorem was established

by Witsenhausen and Wyner [21] using convexity arguments.

Their results also lead to the calculat_ionm(_R) Whe_nV and A typical A(R) curve can be found in Fig. 7. Next we

X are relate(_j through a general binary-input b'r_]ary'OUtpgélculate the initial efficiency.

channel, a binary erasure channel, or a Hamming channe

with V' uniform. Similar convexity arguments for all binary- Theorem 5:When X and V' are binary as in Theorem 4,

input binary-output channels also appear in Witsenhausdée initial efficiency for the horse race is

[19] and Ahlswede—Krner [4]. Chayat and Shamai [11] have , )

extended the convexity to the class of binary-input discrete- A'0) = (1 -2p)~.

orlcontlnuous—output memoryless symmetr.|c channels. . Proof: We useA(R) as in Theorem 4 to calculate the
n order to keep the example self-contained, we provide. a

proof of Theorem 4 using the following lemma of Wyner anc'Jqltlal efficiency

(R.A(R)) = (1— H(a),1— H(p* ). O

Ziv [23]. N(R) = dA(R)
Lemma 1 (Corollary to “Mrs. Gerber’'s Lemma”)Suppose dR
V and X are two binary random variables connected through — dA/da
a BSC(p) as in Fig. 5. Then dR/da
H(V| V)2 0= HX | V) 2 Hp+ B (@) _ oel(sZa5)0 = 2)

for any p(¢ | v) satisfyingV — V — X. log(127)
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oer ] Fig. 8. Additive white Gaussian noise channel.
ost 1
W ~ N(0,0%)
04}
031
o2} L ¥
v 7 v
o1f ’,-""‘ T ~
- Fig. 9. V andV Gaussian.
00 0f| 0f2 063 0?4 0?5 ofe 0?7 ofu OTD 1 | )
R Proof of Theorem 6:Without loss of generality we as-
Fig. 7. A(R) for binary horse race. sume thatV and X are related through an additive white

Gaussian noise channel as in Fig. 8 dnd~ N(0,1). That

o is, X =V +Z,V andZ are independent, and ~ N(0,c%)
To evaluate A’'(R) at the origin, we leta — 1/2 i

(R =1-h(a) — 0) and use L'Hpital’s rule

1—p?
log(T222-)(1 — 2p) oy = 2
A'(0) = lim Sliarp P “
a—1/2 log (%) We now use we use Lemma 2 to find an upper bound for
=(1-2p)% 0 A(R). ForV satisfying the rate constraidt(V;V) < R of

Theorem 3

We note that(1 — 2p) is the correlation betweel and X.
Therefore, the initial efficiency is the square of the correlation,

that is, A'(0) = p?. Then by Bergmans’ lemma
I(V;X) = h(X) = h(X | V)

-1
RV V) > 3 log(2re228).

D. Horse RaceXX and V Gaussian

In this subsection we calculata(R) when X andV are < %103‘2%6(1 +0%)
jointly Gaussian. The notion of a horse race market and the 1
result of Theorem 3 can be generalized to continu&ysn — —log 2ne <aZ +g 1< log 2ne2™ ))
which case the portfolid(«) becomes a probability density
function. N o8 1+03%

- . . 2 T} +272R

Theorem 6: SupposeX and V' are jointly Gaussian with 1 1

correlationp. Then =3 log 1= 21— 227" (12)
A(R) = 1log 5 ! R _In order to achieve this upper bound, a natural choice for
2 1—p(1—272F) V' is to relate it toV through another AWGN channel with

In the proof we will use the following result by Bergmanéhe noise variance chosen to satisfy the rate constraint (see

[9], which is the conditional version of the entropy powefig- 9). ThatisV = V+W, whereV andW are independent
inequality. andW ~ N(0,0%,). We choosery, so thatl(V;V) = R.

- _ Henceos?, = 2728 Then
Lemma 2 (Conditional Entropy Power InequalityBuppose

V andX are related through an additive white Gaussian noise I(V;X) = h(X) = (X | V)
(AWGN) channel as in Fig. 8. Also suppo$e — V — X. =h(X)-h(W+2Z)
Then 1 1+0%
i . =glg 5
MV |V)>a=hX|V)>g(oy +9 " (a) 9z "wl’
where g(z) = }log2rex is the entropy function for a 2 log 1— p2(1 — 228y

Gaussian random variable with varianee ) ) Therefore, the upper bound in (11) is achieved and
The lemma follows from the entropy power inequality and . )

from the convexity ofg(c% + g~*(a)) as a function ofa. A(R) = - log _ O
Next we prove the theorem. 2 71— p2(1-272R)
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Fig. 10. Effective correlationy = 0.9, pegr = pvV 1 — 2—2L, Fig. 11. A(R) for Gaussian horse race

A(R) = log(1/(1 — p?(1 — 2721y)),

The expression forA(R) suggests the definition of an
effective correlation. We showed that\( R) is a concave, nondecreasing function
of R. HenceA'(R) is largest at the origin. We called’(0)
theinitial efficiency It is a measure of how efficiently one can
per = p\V/ 1 — 2728, describeV for the investor who gambles oX.

When we calculated the initial efficiency for the binary
and Gaussian examples, we observed that it is equal to
'the square of the correlation betwedn and X. In this
subsection, we show that in the general horse race market the
initial efficiency is related to the Hirschfeld—Gebeleireriyi

Definition: We define theeffective correlatioras

In fact, p.g is the effective correlation betwedhand X when
V is described at rat&. Recall that in the proof of Theorem 6
V represents the information sent by the encoder pket; be
the correlation between this optimal description aadThen

o E(VX) maximal correlation betweel and X. Maximal correlation
Pvx = BV E( X2 is a measure of dependence that is stronger and more general
(V2)EX2) than the correlation coefficient.
_ o2
= 1 - 7w Definition: TheHirschfeld-Gebelein—&iyi maximal corre-
\/(1 —o%)(1+0%) lation p,,,(V,X) between two random variabld$ and X is
defined by
=py1-—2-2R

= Pefi- pm(V,X) = sup Eg(V)h(X)

From Fig. 10, we can observe thaty — p as R — oo. where the supremum is over all functiofisand ¢ such that

Fig. 11 shows theA(R) curve forp = 0.9. 5 5
Next we calculate the initial efficiency. Eg(V) = EMX) =0 Eg* (V) = EFF(X) = 1.

Theorem 7:ForV andX jointly Gaussian with correlatiop ~ Note thatp,, is obtained by taking the supremum of the
A(O) = 2 correlation coefficient ofy (V') and.(X) over functionsg, #.
= p .

Therefore, it is easy to see that
Proof: Follows from taking the derivative oA(R) in
Theorem 6. O

As in the binary horse race, the initial efficiency is the square NOt€,p < pm, Wherep is the correlation betweer and.X..
of the correlationy betweenV and X. The next subsection The maximal correlation was first introduced by Hirschfeld

explores the general relationship between initial efficiency ahtP] for discrete random variables and by Gebelein [14]

0<pm <1,

the correlation for the horse race market. for absolutely continuous random variable®rigi [17], [18]
compared maximal correlation to other measures of depen-
E. Initial Efficiency for the Horse Race Market dence and provided a set of sufficient conditions for which

) the supremum in the definition of the maximal correlation
In Theorem 3, we showed that the incremental growth 1€ ,cnieved. However, these conditions are not necessary,
for the horse race market is given by as shown by a simple example. For discrete-valued random
A(R) = _max I(V; X). variables the sufficient conditions are met and the supremum
p(Blv): LI(ViV)=R, V=V—X in the maximal correlation is in fact a maximum.
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The maximal correlation is more general than the regular Proof: We prove the theorem for finite-valued side in-
correlation in that it allows arbitrary zero-mean, variance-orfermation V. Quantization allows us to convert continuous
functions of V and X. The actual labeling has no effect orrandom variables to discrete ones, and by taking the supremum
the maximal correlation, only the joint distribution f and over quantizations we can show that the theorem also holds
X is important. for continuousV'.

First we will observe that maximal correlation provides the We let|V| = k — 1. Then by Corollary 1 we hav@)| = k.
unifying answer to the initial efficiency in the binary andn order to find A’(0), we evaluate the ratieA(R)/R for
Gaussian examples. Then we will establish the relationstémall & and then take the limit a& — 0. From Theorem
between the initial efficiency and the maximal correlation fd8, we know thatR is related tol(V; V) and A is related to
the general horse race market. I(V; X). We use natural logarithm instead of logarithm to the

Jointly Binary: SupposeV and X are binary and dis- base2 in the calculations. Since we are interested in the ratio
tributed as in Theorem 4. Then the correlatiotetweenV  I(V;V)/I(V;X), this will not affect our answer.
and X is We first examine small(V; V') and show that if (V; V) <

_ ¢, thenp(v | v) andp(v) are close in variational distance. We
(V. X) = (1= 2p). know frcgm| [1)3 p. 558]) that

In order to calculate the maximal correlatipp,, we must 1
consider all functiong (V') andh(X) which have mean zero Dp|lq) = =llp — ql?
and variance one. SindéandX take on valueg and—1 both
with probability 1/2, they have mean zero and variance onevhere
In fact, g(V) = V andh(X) = X are the the only functions

of V and X that satisfy the mean and variance constraints. D(plla) ZP ) In(p(x)/q(x))
Therefore,
pm(V, X) = p(V, X). is the relative entropy distance, and
Hence by Theorem 5, lp—all =>_ Ip(z) -
A(0) = (1~ 2p)* = pA(V, X) = p,(V, X). ey
Thus the initial efficiency is the square of the maximdP tsf}ﬁc\;ariational distance between two distributignandg.

correlation betweer and X.
Jointly Gaussian:For V' and X jointly Gaussian with cor- I(f/~ V) = D(p(,v) || p(®), p(v))
relation p, we know from [10] that ’ ’ ’

P = p. I(V;V) < ¢ implies that

Combining with Theorem 7, we have lllp(f),v) _p(ﬁ)p(v)HQ <e
A'(0) = p*(V, X) = p,(V, X).
Hence,

Hence, once again, the initial efficiency is the square of the
maximal correlation. (%, v) — p(D)p(v)]] < V2. (13)

Below we state the main theorem of this subsection. B
ut
Theorem 8: The initial efficiency in describing a random

variableV for the investor who gambles o¥ is given by the  ||p(¥,v) — p(¥)p(v)|| = Z |p(0,v) — p(¥)p(v)]
square of the Hirschfeld—Gebeleinéfyi maximal correlation 7

betweenV and X, i.e., — Z |p(v)p( | v) — p(2)p(v)|
A(0) = pp,(V, X).
Combining Theorem 8 with the concavity af(R) and the = ZP v Z lp(v | v) —p(9)]. (14)
characterization of the incremental growth rate in Theorem 3, Y v
we can write Combining (13) and (14), we have
v, X - -
swp Ay, (5 | v) — ()] < A 15)

P =
F(olv): VoV -X I(V7 V)

This provides a connection with the hypercontraction of tHar all @,v such thatp(v) # 0 and
Markov operator of Ahlswede and&Bs [2]. . . )
The following characterization of maximal correlation due A= ﬁ/mm{p(v)' p(v) # O}
to Rényi [18] will be useful in the proof of the theorem:  Note thath — 0 ase — 0.
) ) Another way to express (15) is
o (V. X) = sup E(E“(g(V) | X)). (12
Eg(V)=0, Eg>(V)=1 p(v | v) — p(D) = Au(v,v) (16)
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where max, ; [4(7,v)] = 1 and Thus
5u) = & b v) — p(o H (‘7 | X = w)
> ultv) =5 Y (00| v) - p(0))
B B Ay ( ,
Y ) Z np(o Z u(®,v)p(v | )
> plo)ulo) = 5 3B | o) = 2(0) - %xz 3 (s (;)“’ L | o2)
:g(ﬂ) — (V) 1 We note that
o (18) )\Zp p(v | x)u ,v)z)\Zp(v)u(vv
We have seen that whel{V; V) is small, (16) can be used "
to expresg(v|v). We will observe that the reverse implication =0.

is also true; all such distributiongo|v) lead to small(V; V).
Hence, we can use (16), consider alb), w(%, v) satisfying Hence
the constraints and let — 0 to calculateA’(0). IV;X)=H(V)-H(V | X)
Using (16) for p(o|v), we expandH(V | V = ») in a 2
1 1 .
= 5)\2 Z @ Zp(x) <Z w(0,v)p(v | x))

Taylor series aroungh(%)
v

HV |V =v)=H(p(|v) J i v
= H(p(d) + Mu(, v)) oA
= H(p(9)) + VH(p(®)) u(v,v) Thus forI(V;V) small we can write the ratio of(V; X) to
1. 4. . . 5 I(V;V) as
+ 5)\11, (0, v) My (p(0)) (0, v) + o( A7)

where w(v,v) = (uw(v1,v), -, u(tx,v))t and My is the 4 _ E v
Hessian ofH. We can calculat&H( (v)) andMy(p(v))as  I(V;V) > T{) p(v)u2(0,v) 4+ o(1)
H(p(v)) = (=Inp(91) — 1,---, —Inp(ty) — 1) (19)
M (p(v)) = —diag(1/p(01), -+, 1/p(0n)). In order to relate this ratio to maximal correlation, we observe
Therefore, that for fixed?, «(¢,v) is a function ofv satisfying
HV |V =uv)= Z)\lnp (@, v) E(u(v,V)) = 0.
2 We have used the fact tha{s, v) satisfies (18). Thus using
_ _)\2 Z (1{ v) + 0(A?) Rényi's characterization of the maximal correlation (12), we
p(?) can write
and E(E*(u(v,V) | X)) _

HV V)= p@)H(V |V = v) E(u2(5,V)) -
v for all & andu(%,v) as in (18).

A (p@) +1) > poyu(, v) Note that

1., u? (0, v) 5
- A Zp(v); ) + 0(A?).

v

and

By (18), the second term in the summation above is zero.

2
Hence we can writd (V;V) as E(E*(u(#,V) | X)) = ple) <Z w(v,v)p(v | x)) :
I(V;V)=H(V) - H(V | V) Therefore, )

:_XZZ Z ))+o()\2) <

> p(z)

Note thatI(V;V) — 0 asA — 0. N N

Similarly, we can expandd(V | X) in a Taylor series. and for any probability distribution(?)
SinceV — V — X, we have

. ) 2
p(U | x) = va|v (v|x) Zmzp($)<zu(vvv)p(v|x)>

v

(3)+ A3 @, v)p(v | o). <Y = 3 ). (20)

Zu(f/,v) v|a:> <mep

v
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To calculateA’(0), we must take the supremum of the ratithe marginalp(¢) by moving in the direction ofy,,,(v), the
I(V; X)/I(V;V) in (19) over allp(%) andw(#,v) satisfying maximizing function in the maximal correlation.
(17) and (18), and leh — 0. Using (20), we conclude that Theorem 8 shows that the maximally efficient description
of V pays off as the square of the maximal correlation in
improving the growth rate of the investor. Initial efficiency,

In order to complete the proof, we must show that this upp@/pich shows how the first few bits help the investor, is in fact
bound can actually be achieved. Suppgsév) is the function 'elated to the dependency betwegnand X ,
for which the supremum in (12) is achieved. The existence of Recall that the calculation of the incremental growth rate in
such ag,, is guaranteed for discrete random variables [1811he horse race market can be reduced to source coding with

A'(0) < p2,.

Hence,
P2 = E(E*(gm(V) | X)).

Let max, |g,,(v)| = S, V ~ Bern(1/2) and

Since
and

(17) and (18) are satisfied. Also,

max |um (v, v)| = 1.
Then forv = 0,1
~ 1
> ) (@,0) = 25 > p(v)g(v)

1
1
e
and

Z <Z um(@,v)p(vm)) :% Z <Z gm(v)p(v|a:)>

1
= & B(E gn(V) | X))
_ P
=5
Hence, for thisu,, (7, v) and p(?)
I(V;X) _ pp/S” +o(1)
I(V;v)y — 1/8740(1)
— p2 asi — 0.

Thus the upper bound is achieved and
A'(0) = -

This completes the proof.

side information and
O(R) = H(X) - A(R)

where C(R) is the minimum descriptive complexity ok
whenV is described at rat&. Hence the initial efficiency is
the maximum decrease in the descriptive complexityober

bit of description ofV’. This maximum decrease is the square
of the Hirschfeld—Gebelein-&yi maximal correlation.

V. GENERAL INITIAL EFFICIENCY

This section explores the initial efficiency in the general
market whenV' = X. For the hot-stock example of Section
lIl and the horse race market, we have observed that the initial
efficiency is1 if V = X. Initially, the payoff is exactly 1 bit
of increase in the growth rate per bit of description rate. The
next theorem generalizes this result to the stock market.

Theorem 9:WhenV = X
A0y =1

for the general market.

Thus when the encoder can observe the stock vector out-
comes, the initial efficiency achieves its largest possible value.
In fact, the proof of Theorem 9 shows that

A(R) =R, for small R.
Hence, it is possible to attain the upper boundsqR) for
small rates.

Proof: We prove the theorem wheX has a density
f(z). A similar proof works for generaF'(z).

We call the stocks for whicl; > 0 the active stocks. Let
A = {i: b7 > 0} be the set of active stocks. Without loss of
generality, we assume that = {1,---,k}. We also assume
thatk > 2, that is, at least two stocks are active.

Let V = X. We will use the equivalent characterization of
Theorem 1 given in (3)

*t /Y7
A(R) = max Elog %
F(i|lz): T(V:X)<R X

Here b* depends on the distributiof’(%|xz) and for fixed
F(9|x), b"(v) is the log optimum portfolio when the distri-
bution on the stocks is given b¥(z|).

To find the initial efficiency, we will use a specific density
f(0|2) and a possibly suboptimal portfolio assignméfi).

Note that the proof suggests a way to deschibefficiently However, we will see that this achieve&’(0) = 1 and
at small rates. To form the descriptions, we should use a bindingrefore is optimal. Our choice fof(d|z) is motivated by
V. The conditional distributiop(# | v) of V' is obtained from the proof of initial efficiency for the horse race market.
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We know from the Kuhn—Tucker conditions (see [7]) that The increase in growth rat& for this choice of f(v, %)

fori e A
X;
vX
We choose a vectar £ 0 such thate; = 0 for ¢ ¢ A and

1.

k

ZCZ‘ =0.

=1
The assumptiork > 2 ensures that such@exists. We let
¢X

X)=——.
g( ) b*tX

and b(v) is then given by
B)X

A=Blog= 5
=5 [U@+ M@)o EEEIED

+3 [U@ - M@y LD
-1 / (F(@) + A (@)g(@)) log(1 + Ag(a)) da

2
. /(f(w) —Mf(z)g(x)) log(l — Ag(z)) de.

dx

dx

T3

Note thatE¢(X) = 0. Also

Similarly, the rateR for this f(¢,2) can be written as
max [c;|
1C/

l9(@)] < 2. R=1(V;X) .
e — 5 [ (@) + M@t 10g IO L2 gy
We chooseV ~ Bern (1/2) and 17 @) - M (@)g(z)
o +5 [ U@ =A@ tog T LD gy

fel ) - {f(w) +Af(@)a(e), o 1
! / ((z) + M (@)g(@)) los(1 + \g(x)) da

1)~ M(@)g(a),
2
(@ = As(@)ata)) log(t - a(w))

foro =1 .

where A > 0 and small. Hencg (x|?) is obtained fromf(z) 1
by perturbing it in the direction of (z)g(2). + 5

We now argue thaf(z|v) is a density and that the marginal
density of X is f(z). Since|g(z)| is bounded, for small
enough A

f(@) + Af(@)g(x) = f(2)(1+ Ag())

>0

HenceA = R for small enough. Note that we need to
be small so thaff(z | ©) in (21) is a density and(v) in (22)
is a portfolio. Also noteR is small for smallA, with & = 0
at A = 0. Therefore,

A=R, for small R.

and, similarly, f(z) — Af(2)g(z) > 0.
Also

/f(a:|z7:0)d:1::/f(:t)d:r—i—)\/f(:t)g(m)dm
=1.

From Theorem 2 we know thak(R) < R, which implies
A(R)

=R, for small R.

Hence the portfolio in (22) is in fact the optimum portfolio
for the distribution in (21). Therefore,

A'(0) = 1.

and

/f(m|17:1)d:t:1.

This proves the theorem.

Therefore,f(x | ©) represents a density. Note that

Zp(@)f(l‘ |v0) = f(=)

VI.

We attempt to answer the question of what we should say
about V' when an investor wants to invest in the correlated
stock marketX, and what this information is worth. How
does one invest when there are communication constraints on
the side information? In particular, how much do the first few
bits aboutV help?

We provide a single-letter characterization for the incremen-
tal growth rateA(R), the maximum increase in growth rate of
investment in the markeX when correlated side information
V is described at ratd. The incremental growth rate is a
concave and nondecreasing function of the description rate,
and the initial efficiencyA’(0) shows the maximum increase
in growth rate per bit of description df.

CONCLUSION

so the marginal density oX is f(x) as required.

Instead of using the optimum portfol#s' () for f(z | ©),
we will use a possibly suboptimal portfoligs). Our choice of
b(v) is concentrated on the active stocKs; and is given by

N b 4 de,
)= g - 2e

if v=0

it o= 1. (22)
Henceb(%) is obtained from théog optimum portfoliob™ by

perturbation in the direction af. Note that0 < #;(¢) < 1 for

small enough\. Also Ele b;(7) = 1; thusb(v) is a portfolio.
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When we specialize incremental growth rate to the horsg] R. F. Ahlswede and J. &her, “Source coding with side information
race market, where only one of the stocks can be positive at a
given time, we observe the equivalence to the source coding
with side information of Wyner and Ahlswedeéker. The
investigation of jointly binary and jointly Gaussian horse racd’]
market shows that the initial efficiency in both examples is thgg] T. Berger, Rate Distortion Theory: A Mathematical Basis for Data
square of the correlation between the side informatioand

the marketX. The unifying answer for the initial efficiency

El

is given by Hirschfeld-Gebelein-@Ryi maximal correlation.
The initial efficiency for the horse race market is the squafé®!
of the maximal correlation betwedn and X. Hence even the 14
most efficient description of” pays off as the square of the
maximal correlation. The counterpart in source coding is thﬁtz]
the maximum decrease in the descriptive complexityKober

bit of description ofl” is the square of the maximal correlation[13]

For the general market, the initial efficiencylisvhen side

[14]

informationV = X. When the encoder can observe the stock
market outcomes, initially every bit of description adds one
bit to the growth rate, thereby doubling the wealth. A simplgs,
characterization of the initial efficiency for the general market

for arbitrary side informatiord” is not yet known.
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