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provide a way of predicting the performance of the Viterbi
algorithm and gaining some insight into what machines will be
improved with the use of context.
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A Proof of the Data Compression Theorem of Slepian and
Wolf for Ergodic Sources

THOMAS M. COVER, FELLOW, IEEE

Abstract—If {(X;,Y)}4%: is a sequence of independent identically
distributed discrete random pairs with (X,,Y;) ~ p(x,y), Slepian and
Wolf have shown that the X process and the Y process can be separately
described to 2 common receiver at rates Ry and Ry bits per symbol if
Rx + Ry > H(X,Y), Rx > H(X|Y), Ry > H(Y| X). A simpler
proof of this result will be given. As a consequence it is established that
the Slepian-Wolf theorem is true without change for arbitrary ergodic
processes {(X,,Y;)}i=1 and countably infinite alphabets. The extension
to an arbitrary number of processes is immediate.

I. INTRODUCTION

Very roughly and somewhat incorrectly speaking, a sequence
of n rainy and fair days in New York City can be compressed
without loss of information into a binary sequence of length
nH(X), where H(X) is the entropy of the random process.
Similarly, Boston weather can be compressed from 7 bits to
nH(Y) bits.

Now suppose that both these compressed sequences are noise-
lessly made available to San Francisco. Can X = (X, - -,X,)
and Y = (Yy,---,Y,) be reconstructed? The answer is yes, but a
total of n(H(X) + H(Y)) bits have been transmitted. Clearly
the weather reports in Boston and New York are correlated. It
appears that only #H (X, Y) bits should be needed.
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Slepian and Wolf [1] argue that the ¥ information can be
sent as before with a message of length nH(Y) and that the X
information can then be sent with nH (X | Y) bits by conditioning
the encoding of X on the actual value of the Y sequence. They
then go on to show the very interesting result that this compres-
sion of X to nH(X | Y) bits can be achieved even if the value of
Y is unknown, and conditional compression is consequently
precluded. They show this for processes {(X;,Y;)}{-; of inde-
pendent identically distributed random pairs (X;,Y;) ~ p(x,»),
i=12,---,n for finite-alphabet sizes. The proof involves
2MHXIY) separate codes. They prove many related theorems, but
it is fair to say that this theorem is the heart of their work.

We shall consider the following encoding-decoding scheme
based on the asymptotic equipartition property. The idea in-
volves a single random code. Each y sequence is randomly
assigned an index j(p) in the set {1,2,- .., 2"EM+ and each x
sequence is randomly assigned an index i(x) in the set {1,2,:--,
MHEIN DY The assignment functions i(-),j(-) are known to the
receiver. A pair of sequences (x,y) is said to be typical if p(x) &
27X p(y) & 27D px,y) & 27HED | Given (7,5), the re-
ceiver decides (x,y) was sent if: i) (x,y) is typical, ii) i(x) =
Jj(») = j, and iii) there is no other typical pair (x’,y’) satisfying ii).
The proof that the probability of decoding error is small comes
from the observation that the expected number of typical se-
quences having a given index (i,f) is « 1.

Ahlswede and Korner [7] have found another proof of the
result of Slepian and Wolf using the code construction of
Feinstein. :

II. PRELIMINARIES; TYPICAL SEQUENCES

Let {(X;,Y)};>, be an ergodic process of discrete random
variables. Then {X;}~; and {Y;}2, are necessarily ergodic
processes, since they are projections of {(X;,¥;) e 1. If {(X;,Y) 124
is ergodic, we shall say that {X;};2, and {¥;}{>, are jointly er-
godic. By the asymptotic equipartition property due to Shannon
[2], McMillan [3], and Breiman [4], we know that

— L log p(X1, X+ XY, Yo ) > H(X,Y)
n
1
- ;’l- IOg P(Xl,' ¢ 'an) g H(X)
1
- 71 log p(Yy,---,Y,) = H(Y) ¢))
with probability one, where
H(X,Y) = lim l‘IJ(A,I,Afz,’ . ',X",Yl,Yz,' . ',Yn)
n—-w N
H(X) = lim L H(X, X0, X,)
n—»wo H
H(Y) = lim - H(YDYZa A
n—owo
H(X|Y) = H(X)Y) -~ H(Y). )

The proof of convergence with probability one was extended
to countably infinite alphabets by Chung [5]. Consequently, we
have the following lemma (see also [8]).

Lemma 1: For {(X,,Y;)}2 ergodic and ¢ > 0, there exists an
integer #» and a set 4 of typical n-sequences x = (xy,- - -,X,),
y = (¥4, * .y, such that

Pr {4} = Pr {(X,Y)e 4} = Y, p(x,») 2 1-¢ 3)
A



CORRESPONDENCE
and
—1logp(x,y) - HXY)| <
n 2
1 g
—=log p(x) — H(X)| < =
n 2

4)

- ,1, log p(») — H(Y)

< 5, for(x,y)eA.’

Definition: For each y, let the set of the x that are jointly
typical with y be defined by

T, = {x: (x,y) e 4}. ®)
Lemma 2: For n satisfying Lemma 1
|Ty| < MHEXIY)+) (6)

Proof: x € T, implies (x,y) € A. Thus for each y,

1=Yp(x(p) = LBV
x = p(»)
- p(x,y)
xe1y p(¥)
2—H(H(X,Y)+E/2)
a) = <5F, 2 MHD~e/2)
b) — 2—n(H(X|Y)+e)IT| @)
¥y
where inequality a) follows from (4) and b) follows from (2).

Q.ED.

This is the uniform bound that we require on the size of the
set T, of conditionally typical x-sequences for a given y and is
the primary reason that {X;} and {¥;} are assumed to be jointly
ergodic.

III. THEOREM AND PROOF

Theorem 1: Let {(X;,Y)}2; be an ergodic process, where
X, eZ, Y, e¥, and &,% are countably infinite. Then, for any

Ry > HX|Y), Ry> HY|X), Ry + Ry > HX,Y) (8
there exists an integer » and mappings

DX 1= {1,2,--+,2"’x}

Y- J={12,... 2R}

g Ix JoX"x Hy" )

such that

Pr {g(i(Xla' ‘ "Xn)’j(Yls' . 5Kx)) = (Xl" <5 XY, ’KI)}

=1-e (10)

Remark: This theorem implies that {X;}j_, and {¥;}{~ can
be independently compressed from n# symbols each to nRy and
nRy bits, respectively, with negligible probability of error in the
reconstruction of {X;}j=; and {¥,}{-, where the reconstruction
is based on the knowledge of both compressed sequences.

Remark: For the finite-alphabet case, the probability of error
of this encoding can be made zero while achieving the preceding
compression by the standard method of mapping the nontypical
sequences one-to-one into long binary strings that have not been
used for the encoding of i(x) and j(y). Since the nontypical strings
have total probability less than ¢, the change in the compression
in bits per symbol can be made arbitrarily small, and all
(x,») e Z&" x %" will be perfectly recovered.
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Encoding Technique for Theorem

Let A be the set of typical (x,y) n-sequences of Section II. We
shall prove that (Ry,Ry) = (H(X | Y),H(Y)) is achievable. The
achievability of the pair (H(X),H(Y | X)) follows an identical
argument. The remainder of the boundary follows by time-
sharing these two schemes. Let By,B,,B,,: « -,By, M = 2"Rx, be
a random partition of Z". Specifically, let Pr {x € B;,} = 1/M,
Vi, Vx e ", and independently assign each x € 2" to some B,
i =12,---,M. (Actually all that is needed is a random uniform
partition of the finite set of typical x sequences {x: (x,y) € 4,
for some y} = L T,.)

Then the encoding is as follows. Let j(y) be the index of y in
a fixed enumeration of the (not more than) 2"MEM+ typical
sequences y € S. Let j(p) = 0, y ¢ S. Let i(x) € {1,2,- - -,2"Rx} be
the index of the set B; containing x.

Decoding Algorithm

Given (i,/), let » be the solution of j(p) = j. Let £ be the
unique element in B; n T if this set contains one and only one
element; otherwise declare an error. Thus g(,j) = (£,9) is the
decoding.

The decoding consists of choosing the only jointly typical pair
(x,»y) € A consistent with (7,j), unless there are none or more
than one.

Proof of Theorem

For H(X,Y) = o, the theorem is vacuously true. Assume
H(X,Y) < oo, Consider the following exhaustive error events:

Ey: (X,Y) ¢ A4, ie., (X,Y) is not typical. an
E,: (X,Y) € A, and there exists x" # X, x’" € By, N Ty,

i.e., some other conditionally typical

x’ € Ty has the same index { as X. 12)

The random variables in these events are X,Y, and the random
partitioning (By, - -,B,) of Z". Setting X,Y) = g(i(X),j(Y)),
let

13

denote the probability of a decoding error, where the bar over
P, indicates that the probability also includes the random choice
of partition. We see that

P, = Pr{X,Y) # (X,Y)}

P, = Pr {E, U E,} < Pr{Ey} + Pr {E,}. (14)

Clearly, Pr {E;} < ¢, by the definition of 4. It remains only to
prove that Pr {E,} < e. However,

Pr{E} =Pr{(X,Y)e 4, 3Ix' # X, x' € Ty, x' € Byxy}

Y p(x,y)Pr 3x' # x, x' €T, x' € By}

(x,y)e4d

Y p(xy) Y Prix'eBy,}

(x,p)e 4 x'Ex

x'eTy

Y p(xy) Z;e 27"Rx

(x,y)e A

il

IA

a)

i

b)

x'eTy

IA

Y ppIT, 27 R

(x,y)ed

E p(x y)2n(H(X|Y)+£)-nRx
b
(x,y)e 4

<)

IA

d) < 2n(H(X|Y)+e)—nRx

(15)
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where a) follows from the union of events bound on {x’€ T,
x’ € By}, and the observation that the only random variable in
this event is the random partitioning {B;{; b) follows from
Pr{x' e B;} = 27"Rx foralliand allx’ e 2", &’ # x;c) follows
from (6); and d) follows from ¥, p(x,y) < 1. Thus for Ry >
HX|Y) + e+ (loge)n, Pr{E;} < ¢ therefore, P, < 2.
Since ¢ > 0 can be chosen arbitrarily small, and » can then be
chosen arbitrarily large, we conclude that Ry > H(X|Y),
Ry > H(Y) implies the existence of a sequence of block codings
of length n, n = 1,2, -+, such that P, -» 0. Finally, if P, < ¢,
there must exist at least one deterministic partition By,B,,« -+, By,
M = 2"Rx  sych that P, < &, We have now shown that there
exists a deterministic encoding i(x),/(y) and a decoding g(/,j) =
(£,9), such that Pr {(X,¥) # (X,¥)} < e

Finally, by precisely similar arguments, using the asymptotic
partition property for the collection of M jointly ergodic sto-
chastic processes {X;™}2,, m = 1,2,-- -, M, we have Theorem 2.

Theorem 2: M jointly ergodic countable-alphabet stochastic
processes can be sent separately at rates R;,R,,--+,Ry to a
common receiver with arbitrarily small probability of error, if
and only if

Y R = HxXW ieS| X%, ies)

ieS
= HX®,XP,. .., x") — H(X®D, ie5) (16)

for all subsets S < {1,2,---,M}, where S°¢ denotes the comple-
ment of S, and H denotes the entfopy of the set of processes
indexed by S conditioned on the processes indexed by S°.

We have used the obvious extension of (2) to define the entropy
H. Note, in the particular case M = 3, that these equations
coincide with the following equations exhibited by Wolf [6] for
the independent identically distributed case:

R1 > H(X(l) I X(2), X(3))
Ry = HX®| XD, x®)
Ry = H(X® | XD, x)
Ry + Ry = HXWV, X® | X))
Ry + Ry = H(X®, X® | x)
Ry + Ry = HXW, X® | x®)
Ry + Ry + Ry = H(XD, X x®),

A%

\Y

amn
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Optimal Source Codes for Geometrically
Distributed Integer Alphabets

ROBERT G. GALLAGER, FELLOW, IEEE, AND
DAVID C. VAN VOORHIS, MEMBER, IEEE

Abstrac—Let PG) = (1 — )6 be a probability assignmient on the
set of nonnegative integers where 6 is an arbitrary real number, 0 < 6 < 1.
We show that an optimal binary source code for this probability assign-
ment is constructed as follows. Let / be the integer satisfying 6* +
9+t < 1 < 8 + 6% and represent each nonnegative integer i as
i =l + r when j = li/l], the integer part of i//, and r = [{] mod
Encode j by a unary code (i.e., j zeros followed by a single one), and
encode r by a Huffman code, using codewords of length |log; /|, for
r < 2bos 1+1) . | and length [log, /] + 1 otherwise. An optimal code
for the nonnegative integers is the concatenation of those two codes.

INTRODUCTION

The Huffman source coding algorithm [1], [2] is a well-
known algorithm for encoding the letters of a finite source
alphabet into a uniquely decipherable code of minimum ex-
pected codeword length. Since the algorithm operatés by succes-
sively “merging” the least probable letters in the alphabet, it
cannot be directly applied to infinite source alphabets. In this
correspondence, we show how the Huffman algorithm can be
used indirectly to prove the optimality of a code for an infinite
alphabet if one can guess what the code should be first. Naturally
it is not always easy to guess the structure of an optimal code,
but if the structure is simple enough, and if one starts with the
simplest cases, guessing ofteh works. :

The particular case that we deal with here is that of the non-
negative integers with a geometric probability assignment,

P = (1 - 98, i=0 6))

for some arbitrary 8, 0 < @ < 1. This particilar distribution
arises in run-length coding, where if one has an independent
létter binary source, with § being the probability of a zero, then
P(j) is the probability of a run of / zeros. The distribution also
arises in other ways such as encoding protocol information in
data networks.

Golonib [3] has derived optimal codes for the probability
assignment in (1) for the special case when 6 = 1/2, for some
integer /. The result in this correspondence can be interpreted as
showing that Golomb’s code for a particular value of / is optimal
not only when ¢’ = 1/2, but more generally for @ satisfying

9+ 0l < 1 < 8 + 01, 3}
It is easy to see that for any 6, 0 < § < 1, there is a unique
positive integer [ satisfying (2).
DERIVATION OF RESULT

For this section of the correspondence we consider 8 as fixed

" and / determined by (2). For this 8 and /, we define an m-reduced

source, for any m = 0, as a source with m + 1 + [ letters with
the following probabilities:

(1 - 0)6',
Ba) = 01 = 00
1 -6

0<i=m

3)

, m<i<m+l
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