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Appropriately enough, Claude Shannon was
asked to give ‘the first Shannon Lecture in
Ashkelon, Israel, in 1973. Perhaps noting the self
referential nature of his award, Shannon chose to
speak on examples of feedback. Most of the Shan-
non Lectures since then have contained welcome
- autobiographical components. I'm thankful for
this tradition, because I would like fo do.the same.

" Our field plays a unique role in communication
theory, staking out as it does the extreme points of
the subject, the limits of data compression and

- transmission. Of course there is some stated con-
cern that it might be too theoretical and therefore
irrelevant in a pragmatic society. Such attitudes
will always be with us and it’s good to realize that.
Similar objections have been raised to asymptotic
results. Maybe a good response to the relevance
objections to asymptotics and to the debate on
theory versus practice would be that an asymp-
totic limit is the first term in the Taylor series
expansion at infinity. And theory is the first term
in the Taylor series of practice. Anyway, there can
be no doubt that information theory provides
guidance and confidence in practice. But we are
here not to defend the success of information the-
ory, but to celebrate it. '

There are a million reasons to do research, espe-
cially in an exciting field like information theory.

1. This is a synopsis of the 1990 Shannon Lecture, delivered
january 1990 at the IEEE International Symposium on Infor-
mation Theory, San Diego, Calif.

2. Stanford University, Departments of Electrical Engineering 7

and Statistics.

In my case, I have especially admired theorems
expressing the unexpected. Such theorems are like
good jokes. A joke has a certain setup which leads
to a comfortable point of view, which is ‘then
dashed by the punchline of the theorem. Or a joke
may simply be a puzzling statement followed by
a pithy and pleasing resolution. Or it could be a
paradoxical juxtaposition like Mark Twain’s re-
mark about Wagner’s music: “It’s better than it
sounds.” In short, a good theorem has surprise
value.

I will try to illustrate the quirky nature of mathe-

matics and my own particular interest in eccentric
results. In the interests of space, I will omit the
details of some of these examples. The primary
new contribution in this talk is the development of
a universal portfolio which achieves universal in-
vestment goals precisely parallel to the goals
achieved in universal data compression. My sub-
jects will include the following:

¢ an idiosyncracy in the restoring force for the
law of averages;

* a proof that in some strong sense all sporting
contests are equally exciting;

¢ a proof that longer contests do not necessarily
favor the stronger player;

* a method of deciding which of two numbers is
the largest when observing only one of them;

* an information theoretic proof of Hadamard’s
inequality; -.
_continued on page 3
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» a proof that feedback at most doubles the capacity
of anvadditive colored noise Gaussian channel;

e a review of the proof that the capacity of a linear
threshold device is twice the number of variable
weights;

* a conjecture that any feed-forward neural net has a
capacity which is at most equal to twice the number
. of variable weights in the network;

e a proof that at least half the information in a set of
labelled training patterns is contained in the nearest
neighbor;

¢ a development of the main ideas in the degraded
broadcast channel capacity region;

e adiscussion of the Slepian-Wolf theorem for simul-
taneous data compression;

* a universal investment algorithm that outperforms
the market.

Restoring force of the law of averages. We all know that
there is no restoring force to the law of averages. On
the other hand, the strong law of large numbers says

that X, = W 2 X converges to I, where X;, ) CHAND: &

are independent identically distributed random vari-.

ables with expected value p.

However, it can be shown that if X has a positive
probability density function, then Pr{|Xa,—p| <
| X, —ul} > Y. The punchline is that this is true not only
for u = EX, but for any real number p whatsoever. Thus
the sample average of 2n i.i.d. samples is closer at least
half the time to any real number than is the sample
average of n samples.

All sporting contests are equally exciting. This seems un-
reasonable at first glance. Why would, for example,
basketball, football and bowling be equally exciting?
However, there is a strong sense in which they are. Let
p(t) be the probability that A wins a contestas a function
of time. Thus p(t) is a random process reflecting the
probability that A will win the contest given all the
information about the contest up through time ¢t. It can
be proved that p(f) is a martingale tending to one or
zero accordingly as A does or does not win the contest.
- If onelooks at the game closely enough, it is reasonable
to assume the p(t) is continuous. Thus, if one looks at
the level crossings of p(¢), say for p(t} crossing points in
the set {0, %10,%0, ..., %0, 1}, the martingale induces a
random walk. All sporting contests with continuous
p(t) give the same probability distribution on this ran-

dom walk. So in that sense, all sporting contests are
equally exciting.

Do longer contests favor the stronger player? It is intui-
tively obvipus that longer sporting contests mag-
nify the advantage of the stronger player. Let

P, = Pr{2?=1X,- > ZLY,-} where Xi, X5, ... areii.d. ~ F(x)

and Y3, Yy, ... areiid ~ G(y). Then if Py > V4 it seems that
is should be true that P, > ... > P,> P;. However, it is
easy to find distributions F and G such that P, starts off
near one, dips near zero, then comes close to one, dips
down again to zero and so on. Such an example {1] can
be made by letting the distribution of X—Y; have sparse
mass points, both positive and negative, with the ap-
propriate probabilities. Necessarily, the expected value
of X~Y does not exist. Thus there are games where the
identity of the strongest player depends on the length
of the contest.

Choose the largest number [2]. Suppose malicious nature
chooses two numbers and randomly gives you one of
the numbers. Is there a means by which you can deter-
mine whether the number x in your hand is the largest
of the two numbers? At first it seems that the prob-
ability is one half that the number in your hand is the
largest. That’s true. It also seems that there can be no
means, by inspection of this number, since the two
numbers were arbitrarily chosen; for one to know
which number is largest. That’s untrue. Simply let or)
be any monotonic strictly decreasing function with
range [0,1] designating the probability with which ene
asserts that the other number is the largest. Then, since
one is more likely to switch from a small number to a
large number than from a large number to a smull
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number (because of the monotonicity of ¢), the prob-
ability of selecting the larger number will be stncﬁ?r
greater than one half. ., . R S

Hndmnard 5 mequalzty Hadamard'’s 1nequahty states
that the determinant of a nonnegative definite matrix
is less than or equal to the product of the diagonal
values. It turns out that this and many other famous
matrix inequalities can be obtained most simply by
information theoretic mequahhes [3,4]. In this case, the

relevant inequality is H(Xj, ..., X} < Y HE ). Let X be

normal with mean zero and covariance matrix K.
Plug this in to the entropy inequality and one deter-

mines by inspection that det(K) < [] K, thus proving -

Hadamard's inequality.

“The capacity of a channel with feedback. In addition to the
great structural results of Shannon in information the-
ory, there were a number of counterintuitive results.
The first is that one could send at a positive rate (up to
capacity) with probability of error tending to zero. The
next is that if one allows feedback in a discrete memo-
ryless channel, the capacity does not increase. Finally,
we have the results of Pinsker and Ebert which show

 that feedback increases capacity by at most a factor of
two for time-dependent additive Gaussian noise chan-

nels. Incidentally, the easiest proof of this result uses

simple information theoretic inequalities [5].

Conjecture on neural nets. The capacity of a single neuron
(a linear threshold device) is two patterns per variable
weight; any number of patterns less than twice the
number of variable weights is very likely tobe correctly
classifiable by the neuron, and a number of patterns
greater than twice the number of variable weights is
almost certainly not classifiable. For this reason, many
researchers have advocated the use of feed-forward
neural nets with an arbitrary number of neurons to
form some final weighted vote. I would like to con-
jecture that the capacity of such a feed-forward neu-
ral net is less than twice the number of variable
weights in the structure. Thus feedforward neural

nets may have no more classification and learning .

power than a single neuron with the same number of
degrees of freedom.

Nearest neighbor pattern recognition. Here is a result in
pattern recognition that has some relation to informa-
tion theory. Let (Xy, 61), (X2, 82) ... be i.i.d. according to
some joint distribution where 6; takes values in the set
{12} (the classifications) and X; takes values in a sepa-
rable metric space. Here the 6/’s are the classifications
and the associated X;’s are the observations. Given a

new pattern X similarly drawn, what should be the
classification assigned to X?

If the underlying distribution is known, Bayes’ rule can
be used, achlevmg a probability of error R*. It is some-
what surprising [6] that if one assigns to X the clas-
sification of the nearest neighbor to X among the
labeled data set and lets the size of the labeled data
set go to infinity, then the probability of error of this
nearest neighbor classification algorithm is less than
2R*(1-R*). Thus at least half of the classification infor-
mation in this training sample is contained in the near-
est neighbor..

Broadcast channels. I was in a car with Dave Slepian and
Peter Elias in Haifa, while attendmg a conference in the -
late 1960s. I was interested in schemes for sending
information snnultaneously to several receivers. One
wants a code that is compatible with each receiver. So
I asked, “Is anything known about compatible codes?”
They craned their necks around and said, “What do
you mean by compatible codes?” That shocked me into
silence because I wasn’t sure.

After some work, I found that if one receiver is a
stochastically degraded version of another, one can
precede the input of the channel by a fake channel and
code for the overall transmission from the beginning
to the end for the worst receiver, and then use the
degrees of freedom at the actual input to the channel
to encode some extra information for the better re-
ceiver. This leads to a determination of the capacity
region for the degraded broadcast channel.

This work [11] received some credit for starting multi-
ple user information theory, but it was Shannon (7],
really, who was the first person to write a paper on
multiple user information theory in 1961. Other early
workers were Ahlswede and van der Meulen. Inciden-
tally, the general broadcast channel capacity region
remains unknown.

Slepian-Wolf theorem. One of the main results in multi-
ple user information theory is the Slepian-Wolf theo-
rem [8]. It turns out that the techniques needed to prove
broadcast channel results lead to a jointly typical se-
quence argument which leads to a simplified proot [4]
of one of the most fundamental results in multiple user
theory — the Slepian-Wolf theorem. Their theorem
states that one can separately data compress an X
source and a Y source at respective rates H(X) and
H(Y | X) and still recover both sources, X and Y, from
the compressed strings.

I would now like to focus on a universal investmunt
strategy which has goals analogous to those of univer-




sal data compression strategies. (This work [10] was
published one year after this lecture.)

Universal portfolios. Information theory divides natu-
rally into channel capacity theorems and data compres-
sion theorems. One of the successes over the last 20
years has been the advent, due to Davisson, Gray,
Schalkwijck, Lempel, Ziv, Rissanen and others, of uni-
versal data compression methods. Universal data com-
pression is robust in the sense that one doesn’t need to
know ahead of time the underlying distribution of the
source. A typical way in which universal data compres-
sion sucgeeds is by first describing the empirical distri-
bution P, of the source (for example, the number of

ones in a binary sequence) and then describing which -

of those sequences was observed. It typically requires
about log n bits to describe the empirical distribution
and then nH(P,) bits to describe the sequence which
gctually occurs, given this empirical distribution. Since
P, — P, one has a data compression procedure which
asymptotically achieves the compression rate H(P).

There is a certain duality between data compression
and gambling. Roughly speaking, one can say that the
log of the amount of money that one wins, say, betting
_on a binary sequence, plus the entropy of this binary
sequence is equal to a constant. Thus, the lower the
entropy, the more money one makes. To achieve this
maximal amount of money, one must use propottional
gambling and bet on each sequence in proportion to its
probability of occurring. :

One wonders whether there exist universal investment
algorithms for investing in the stock market which
perform as well as if one had known ahead of time the
empirical distribution of the daily stock performances.

There is one extra difficulty that a universal investment”
algorithm must face. In universal data compression,

one sees the entire sequence in advance and then is
allowed to describe it. However, in investment one sees
the data unfold as time goes on. One cannot look into
the future. One does not know ahead of time the em-
pirical distribution of the market.

We now consider a sequential portfolio selection pro-
cedure for investing in the stock market with the goal
of performing as well as if we knew the empirical
distribution of future market performance. Moreover,
we do not make any statistical assumption about the
behavior of the market. In particular we allow for
market crashes such as those occurring in 1929 and
1987. The actual sequence of stock outcomes can be
chosen by a malicious nature, and we hope to do as well

as if we had known the sequence (up to permutation)
ahead of time.

In order to examine the performance of this so-called
universal portfolio algorithm, we look at natural goals
for the growth rate of wealth for arbitrary market se-
quences. For example, a natural goal might be to out-
perform the best buy-and-hold strategy, thus beating
an investor who has been given a look at a newspaper
dated in the future.

We propose a more ambitious goal. To motivate this
goal, let us consider all constant rebalanced portfolio
strategies. Let x = (x1, Xy, ..., X)) denote a stock market
vector for one investment period, where x; is the price
relative for the i stock, i.e., the ratio of the closing to
opening price for stock i. A portfolio b= (by, s, ..., b,)
is the proportion of the current wealth invested in each
of the m stocks. Thus § =b'x = 2L 1bx; is the factor by
which wealth increases in one investment period using
portfolio b. We will now consider an arbitrary se-
quence of stock market vectors x;, X, ..., x,.. Each of
these vectors lies in the positive orthant of m-dimen-
sional Euclidian space. Here x; is the price relative of
stock j on day i. A constant rebalanced portfolio strat-
egy b achieves wealth

S.(b) = [ b
' i=1
Thus S,(b) is the amount of wealth that would accrue

from rebalancing one’s investments in the m stocks at
the end of each day in the proportions by, by, ..., b... Let

Sy =max S.(b)
b

denote the maximum wealth achievable on the givcn
stock sequence maximized over all constant rebal-

anced portfolios. Our goal is to achieve S;.

We propose the universal adaptive portfolio strateus
given by :

o111y [bSubyib
il IV R TR el =T
! m m m ! jsk(b)db e

where the integration is over the set of (m-1)-dimco
sional portfolios




m

b20, ) bi=1.

i=1

A
The wealth S, resulting from the universal portfolio is
given by

Hi
At
= H bkxk.
k=1

'Thus the initial universal pogtfolio b1 is uniform over
the stocks, and the portfolio by at time k is the perform-
ance weighted average of all portfolios b.

Consider now m=2. We are able to show [10] that

A 2n
S.= In S : )

plus terms of lower order in n for every sequence of
stock vectors. Here ], refers to the curvature of S,(b)
at its maximum. Thus S, achieves, to first order in the

exponent, the same growth as the target wealth S;.. We

“observe that YlogS;, plays the same role in universal
investment that the entropy H plays in universal data
compression.

The main idea of the portfolio algorithm is as follows
Give an amount db to each portfolio manager indexed
by a constant rebalancing strategy b. This portfolio
manager will make S,(b)db. Thus, when the perform-
ances of all the portfolio managers are pooled together

S.(b)db is

achieved. But the integral is approximately equal to
Sy, because S,(b) is exponential in n and the arithmetic
average of exponentials has an exponent given by the
maximum of the exponents. The precise proof [10] uses
some techniques from Laplace’s method of mtegratlon

at the end, an amount of wealth S,=

In the calculation of tomorrow’s portfolio bk,,l, we sim-
ply add together (on paper) each, portfolio manager’s
buy and sell orders, resulting in by, as given in (1).

Notice that, unlike the universal data compression al-
gorithms, in which one looks at a mixture of all data
compression schemes indexed by the underlying dis-
tribution, we do not index the portfolio investment
algorithms by the underlying distribution on the stock
vector (first, there isn’t any underlying distribution,
and second, there are too many such distributions) but
instead we index the portfolio algorithms by b, a point

in the simplex of all constant rebalanced portfolios.
Thus we place a uniform distribution over all algo-
rithms, not a uniform distribution over all underlying
distributions. This also eliminates the unnecessary in-
termediate step of estimating the (nonexistent) distri-
bution F(x)} of the next outcome.

We have investigated the actual performange of this
algorithm on real stocks and found that S, and S,
typically exponentially dominate the best buy-and-
hold strategy. Thus, the motivation of universal data

compression has led naturally to a universal invest-
ment strategy.

In closing, I believe that information theory shares with
physics a certain coherence and beauty. The history is
dramatic and powerful, but [ believe that the full co-
herence and extent of the field is yet to be discovered.
I've been proud to work with the many engineers,
physicists, mathematicians, and statisticians who have
made this field their intellectual home.
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