where /isthe N X N identity matrix, and D, = diag[0Z, 0/, -, 62,
is a real diagonal matrix. Because H has zero principal diagonal,
then

2 -
o5 =

1
-, i=1,2,N 2
Yi @)
where y; is the ith element on the princneal diagonal of R
Define the random vector u = [u; 1 -+ uN]' b

u=[I- H]x 3)
so that x can be written as
x=Hx+ u. *)

Because H has zero principal diagonal, (4) represents each observa-
tion x; in terms of a weighted sum of the observations x; for all
§ # i plus an interpolation error u;. Using (3) and (1) one finds that
the covariance matrix of observations and interpolation errors R,,,
= E{xu*} is the diagonal matrix D,

R»\'U = DU' (5)

Consequently, u; is orthogonal to x; for all j # i. Therefore, the ith
row of H is the LMMSE mterpolator of x; fromthe x;, j# i,and y;
is the interpolation error. The covanance matrix o( lnterpolatlon
errors R, = E{uu*} is, from (3) and (1)

R,= D,R;'D,. ®)

The ith element on the principal diagonal of D,R;'D,, is, by (2),
2 Therefore, aZ is the LMMSE mterpolatlon error variance.

As described by Therrien [1], the covariance matrix R, can be

factored as

R,=LD,L* %)
where D, = diag[owoi,z, . ] is a real diagonal matrix, L is
lower tnangular with 1’s on the d|agonal and * represents con-
jugate transposition. Therrien shows that the rows of L, = ™" are
the coefficients of LMMSE prediction for orders 0 through N-1
and the elements of D, are the corresponding prediction error
variances. More specificatly, he shows that L, has the form

1
-5 1 0

Ly= -a - 1 ®)
« —aj_1—> 1

where a, represents the reversal of a, (coefficients written in
reverse order), and a, is the vector of linear prediction coefficients
for a predictor of order k.

The relation between triangular matrix decomposition and linear
interpolation follows directly from (7) and (1). Because

R;‘l = Lt—'lD;‘IL—'I

= 13D, C)
then
H=1-D,I%D; L, (10)

The extension of these results to the two-dimensional interpolation
problem is straightforward. The special case arising for wide sense
Markov processes is the topic of [2], [3].
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An Information-Theoretic Proof of Burg's
Maximum Entropy Spectrum
B. S. CHOI AND THOMAS M. COVER

It is known that the maximum entropy stationary Gaussian sto-
chastic process, subject to a finite number of autocorrelation con-
straints, is the Gauss-Markov process of appropriate order. The
associated spectrum is Burg’s maximum entropy spectral density.
We pose a somewhat broader entropy maximization problem, in
which stationarity and normality are not assumed, and shift the
burden of proof from the previous focus on the calculus of varia-
tions and time series techniques to a string of information-theoretic
inequalities. This results in an elementary proof of greater general-

ity.
. PRELIMINARIES

Let {X;}%2, be a stochastic process specified by its marginal
probability density functions f(xq,x;,-+,x,), n=1,2,--- . Then

the (differential) entropy of the n-sequence X, X,,---, X, is de-
fined by
h(X‘I!XZI"'/Xn) —ff(X1,"',Xn)

Anf(xq, 7, xp) dxydxy <<+ dxp = h(f). (1)

The stochastic process { X;} will be said to have an entropy rate

h(Xs, Xy, oo, X
b= lim 200X o)

n~oo n

@

if the limit exists. It is known that the limit always exists for
stationary processes.

H. HISTORY

Previous characterizations of the maximum entropy spectral den-
sity assume that the process is stationary and Gaussian. For such a
process, the entropy rate is given [1] by

1 4
=3 In(2ne) + "f_”ln (27S(A)) dA ?)
where the spectral density S(A) is given by
€0
5(7\)=2— Y a()e ™ *)
f=—oc

and {6(Z)}% _, is an arbitrary autocovariance function subject to
the constraints a(0) = ag, - -, 6(p) = a,. Burg [2], [3] was first to
find the maximum of (3). Subsequent proofs were exhibited in
[41-[13]. These proofs are deeper than the proof of Theorem 1 that
we give in the next section, perhaps because of the complexity of
the functional in (3). Such techniques as the calculus of variations,
complex integration, and linear prediction theory are used in the
proofs. A fuller set of references and further details can be found in
[14].

We shall see that the entropy maximization can be captured in
the information-theoretic string of inequalities in (6) of the next
section.

Itl.  THEOREM AND PROOF

We prove the following theorem.
Theorem 1: The stochastic process { X;}%2, that maximizes the
differential entropy rate h subject to the autocorrelation constraints
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k=0,1,2,--,p
AT )

is the pth order Gauss—Markov process satisfying these constraints.

Remark: We do not assume that {X;} is a) zero mean, b)
Gaussian, or ¢) wide-sense stationary. Nonetheless, the maximum
entropy process over the larger set of stochastic processes remains
the same. Apparently this wider maximization forces a natural
proof, while an (unnecessary) assumption of Gaussianity leads to
the maximization of (3), which is a difficuit result to prove rigor-
ously.

Proof: Let X,, X,,---, X, be any collection of random variables
satisfying+(5). Let 2,4, Z,,- -+, Z,, be zero mean multivariate normal
with a covariance matrix given by (5), and let Z7, Z5,---, Z}, be the
pth-order zero-mean Gauss—Markov process satisfying (5). Then, for
nzp

EX/‘XH-I( = ay,

B(X) Xy Xp)

(a)
<sMZ,,2Zy,0.2Z,)

Z,)+ X h(ZdZior . Zy)

k=p+1

(0)
=h(zwzz’...,

n

Q)
Sh(Z,.Zy,,2,)+ Y, h(ZdZior Zeey . Ziep)

k=p+1
n
=n(z.25-.z,)+ X W(ZdZizr . Zh,)
k=p+1
@ A
=n(z1.25,-.2,)+ 2 h(ZiZior, . 27)
k=p+1
=h(z21,25,---.2}). ©)

Here (b) is the chain rule for entropy, and inequality (¢) follows
from the conditional entropy inequality h( A|B, C) < h(A|B). Equal-
ity (d) follows from the Markovity of {Z/}. Inequality (a) follows
from the information inequality

f
D(fI9) £ [fin 2 >

where f(x) is the density of x € R", and ¢(x) =
(1/(Zw)"/leP/z)e_Wz”‘K ¥ is the n-variate normal density with
mean 0 and covariance K = {xx'f(x) dx given by the autocorrela-
tion matrix for f. (See Berger [1, p. 108, Theorem 4.5.1}.)

Thus the pth-order Gauss—-Markov process Z3, Z5,- -~,Z,’, with
covariances ag, aq,- : *, a, has higher entropy h(Z7, Z5,- -, Z;) than
any other process satlsfymg the autocorrelation constramts Conse-
quently

lim —h(X1,--

n—oc

. 1 , ,
X)) < nlex;h(zj,--',zn) =h ()

for all stochastic processes { X;} satisfying the autocorrelation con-
straints, thus proving the theorem.

V. EQUIVALENT CHARACTERIZATIONS OF THE SOLUTION

It is straightforward to provide an explicit characterization of the
maximum entropy process specified in the theorem. The pth-order
Gauss—Markov process { X;} satisfying the correlation constraints is
given by

Iel
= —Zaixn—i+zn (8)

i=1

where Z,,Z,,--- are j.i.d. normal random variables with mean 0
and variance @2, and a;,d,,++,a, and o2 are determined by the
Yule-Walker equations

P
Eaja,_,=0, £=1,2---,p 9
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where
o
=1 o= aa
j=0

Then {X;}2, is the desired maximum entropy process. Equations
(8) and (9) force the remaining autocovariance values to satisfy

o
a,= Z aja(_l',

j=1

£zp+ 1. (10)

Thus as was observed by Burg, the maximum entropy stochastic
process is not obtained by setting the unspecified covariance terms
equal to zero, but instead is given by letting the pth-order autore-
gressive process “run” according to the Yule—Walker equations.
The Fourier transform of ay, a4, - - - given in (5) and (10) yields

S = ¥ aeia 1 ()
P, ! 27 p 2"
Zaie”"
j=0

This is Burg's maximum entropy spectral density subject to the
covariance constraints ag, ay,* - -, &,

V. CONCLUSION

A bare bones summary of the proof is that the entropy of a finite
segment of a stochastic process is bounded above by the entropy of
a segment of a Gaussian random process with the same covariance
structure. This entropy is in turn bounded above by the entropy of
the minimal order Gauss—-Markov process satisfying the given co-
variance constraints. Such a process exists and has a convenient
characterization via the Yule-Walker equations. Thus the maximum
entropy stochastic process is obtained.
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Fig. 1. Block diagram of the measuring system.

A Digital Tachometer for Measurement of
Very Low Speeds
MUKHTAR AHMAD

An induction-type digital tachometer in which the number of
pulses is proportional to the speed is described. Even for very low
speeds the number of pulses is high, making it very suitable for
extremely low speed measurement.

. INTRODUCTION

There are many industries which require drives running on very
low speeds (in the range of 1-5 r/min). The measurement of such a
low speed particularly for the purpase of control is still one of the
major problem. A simple method based on the principle of induc-
tion is suggested here. .

This tachometer works on the principle of an induction machine.
It must have windings on the stator as well as rotor. One of the
winding is connected to the supply. When the rotor of this tachom-
eter is coupled to the drive, the frequency of EMF induced in the
rotor winding will depend on the speed of the rotor. Since the
speed of the drive is very low, the frequency of the induced EMF is
in the same range as that of applied voltage. This frequency can be
easily measured using counters.

fl.  BASIC THEORY

The basic theory underlying the operation of this tachometer is
the same as that of a doubly fed induction motor. If a supply is
given to the stator of a slip-ring motor and the rotor is rotated with
the help of a prime mover, then the frequency of the induced EMF
in the rotor circuit is a function of rotor speed [1]. For example, if
the machine is wound for P number of poles, its stator is con-
nected to a supply of frequency f hertz and its rotor is rotating at
the speed of N revolutions per minute, then frequency of the
induced EMF in the rotor winding is given by

PN
b= (re25) 0
or
PN
f—f=sp @)

or the difference in the two frequencies is proportional to the
speed of the drive. Since the supply frequency is substracted, and
its effect on the rotor frequency is nullified, any variation in the
supply frequency will not affect the operation of this tachometer.

Itl.  IMPLEMENTATION

The block diagram of the components used for the measurement
of low speed is shown in Fig. 1. The construction of the tachometer
is similar to that of a slip-ring induction motor. The stator must
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have three-phase windings and can be connected to a three-phase
supply. The rotor has only a one-phase winding. The number of
turns in the stator and rotor winding can be made equal, so that the
magnitude of the EMF induced is the same.

The signals obtained from the stator and rotor windings of the
tachometer are first converted into pulses. Since the speed of the
drive is low, the frequency of these pulses will be in the range of
supply frequency. Using a source of high frequency, these frequen-
cies are multiplied by a factor of 10° and then locked to a reference
signal of the same order using phase-lock loops [2]. Using a sub-
stracter the difference between the number of pulses in the rotor
and stator circuit is obtained. If the rotor is stationary, the dif-
ference will be zero and a counter is used to count the number of
pulses during a particular interval of time.

Example

Suppose P = 6, F = 50 Hz, and N = 1 r/min, then £, =50 + 0.05
(the sign depends on the phase sequence of stator supply).

After multiplication by a factor of 10°, the two frequencies
become as given below

ff = £, X 10° = 50.05 X 10° (taking the +sign)
and
' = £x10° = 50 X 10°.

The difference £ — f” = 5050 pulses/s. However, if the counter
counts the pulses for a time of 20 ms only, it will count 100 pulses
and indicates the speed of 1 r/min. Now suppose the speed is
changed by 1 percent or the new speed is 1.07 r/min. Then

6 X 1.01
120

and f; — f’ = 5050 pulses/s or 101 pulses in 20 ms. Therefore, this
tachometer can measure the speed of 1/100 r/min accurately.

f, =50 + = 50.0505

IV. .RESPONSE TO SPEED VARIATION

The response of this speed measuring system to the variation in
speed is quite fast as will be shown here. This is an important
property for adoption if this system is in a closed-loop condition.
As previously discussed, the tachometer is essentially a generator,
however, its field system is being rotated at constant speed, de-
pending on the supply frequency and the number of poles. For the
above example the speed of the rotating field is (120 X f)/P = 1000
r/min = 16.66 r/s. Since the rotor is rotating at a very low speed,
we can neglect its speed in comparison with the speed of a rotating
field. Therefore, the time taken up by 1 revolution of the field = 60
ms. Hence, any change in speed will be detected in less than 60 ms.

V. CONCLUSION

A very simple type of digital tachometer is described. It is shown
by an example that the system is quite accurate and fast. It will be a
very useful device for the measurement and control of low-speed
drives.

REFERENCES

{11 B. M. Bird, and R. F. Burbidge, “Analysis of doubly fed slip ring
machines,” Proc. Inst. Elec. Eng., vol. 113, pp. 1016~1021, June 1966.
[2] F. Gardner, Phase Lock Techniques. New York: Wiley, 1966.

0018-9219,/84,/0800-1096%01.00 ©1984 IEEE

109

PROCEEDINGS OF THE IEEE, VOL. 72, NO. 8, AUGUST 1984



