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On the Possible Orderings in the Measurement
Selection Problem

THOMAS M. COVER, FELLOW, IEEE, AND JAN M., VAN CAMPENHOUT

Abstract—An aspect of the measiirement selection problem—the
existence of anomalous orderings on the probability of error tbtained
by selected subsets of measurements—is discussed. I is shown that
for any ordering on the probability of error as a function of the subset
of measurements (subject to an obvious set monetonicity condition),
there exists a multivariate normal two-hypothesis problem N{y,K)
versus N(— ,K) that exhibits this ordering. Thus no known nonex-
haustive sequential k-measurement selection procedure is optimal,
even for jointly normal measurements,

I. INTRODUCTION

N THE APPLICATION of classification or hypothesis

testing, one is sometimes concerned with the problem of
finding the best k-element subset of n measurements.

Suppose, for example, that measurements M ,,M ,,M ; dre
available. The question arises as to whether such orderings
on the probability of error are possible as

Pe(Ml) > Pe(MZ) > Pe(M3) > Pe(MZ’Mii) > Pe(Ml’M3)
> P (M ,M;)> P (M M,,M,)

It is well known that statistical dependence among the
measurements can cause the best k-element subset not to be
composed of the individuzlly best measurements. Even
conditionally independent measurements can exhibit such
an anomalous behavior [1]-[3].

We will show that essentially all possible probabitity of
error orderings can occur armong subsets of # theasurements,
subject to a monotonicity constraint. This work character-
izes all probability orderings and thus extends [1]-[3] from
consideration of single-element subsets and their relations
to the best k-clement subset, to the mutual relationships of
all subsets.

I1. PRELIMINARIES AND NOTATION

Let the item upon which the measurements are performed

belong to one of two classes, indexed by 6 and labeled

@, = +1 and 8, = — 1, which occur w1th the same prior
probability 1/2. Let Q denote the set {1,2, -+, n},and let Sbe
a nonempty subset of (3. Let |S| denote the cardinality of .
Let Xs=(X;, X, **, Xy) be the ordered vector of
random variables X ,i € §,i; < i, < --* < i5 The minimal
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probability of error (Bayes risk) P,(S) in guessing the class 6
using X is defined by

P (S) = Pr {§%(Xs) # 6| X}

= [ min {fo(esh fo,(x5)} dxs. 1)

‘Here, fy(xg), i = 1,2, is the class conditional density of X,

and 6*(xg) is the Bayes decision based on the observed value
of Xs:

* L if fp, (s} = fo,(xs)
s = {923 if fp, (xs) < fo,(xs). @)

If the densities f, (x5} are normal with a cothmon covariance
matrix K; and mean 6; g, ie., if

f 9,-(-"’3) = ¢_(8iﬂssKS)
1 .
= Wexl’ {—3(xs — Oi sV K5 Hxs — O, p5)},
, 3)
then P,(S) can be written
P(S)=Pr {fal(XS) Zfﬂz(XS)s 0=8,}
+ Pr {f,,(Xs) < fo,(X5), 6 =6} (4)
Since 8, = 1, 8, = — 1, this reduces to
Py{S)=Pr {ssKs ' X5 < 0]0 = 6,}. (5)

Since g K5 'X; is a linear function of XS, it is normally
distributed with parameters

E(us K5 ' X5|0) = ps K5 ' us0
and

var (K5 ' X5|0) = psKs ' ps. (6)
Hence, P (S) = ®(— (45 K5 ' u5)''?), where @ is the standard

cumulative normal distribution
t 2
() = (2m)" 12 | exp,(—fz—) dx.

The quantity (p K5 *us)*/? is called the Mahalanobis dist-
ance between the class means, and will henceforth be
denoted d(S).

It is our purpose to investigate the existence of the
possible orderings among the numbers P (S), as a function
of the subsets § of (2. One can observe that, independently of
the properties of f, (xs), these orderings are subject to certain
natural restrictions. Indeed, since additional information

(7)
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brought in by enlarging the set of measurements never
increases the probability of error, it is clear that any ordering

PS1)> P(S3)> P,S;3)> - > P(S,n) (8)

on P,(S) is subject to the monotonicity condition

S cS=P,[S) = PAS) (%)

The primary result is the following.

Theorem 1: Every ordering on the Bayes risk P (S) that
satisfies the set inclusion monotonicity constraints in (9) is
inducible. In particular, there exist n jointly normalrandom

_vectors '

" M, ~ N(6u;.K), i=1,2-,n 6e{-11}
such that P (S) = Pr {#* # 8| M,, i € S} has this ordering.

We shall prove this theorem by constructing a multi-
variate normal mode! inducing any given allowable order-
ing. Univariate measurements inducing the same ordering
can be created by the artifice of using a standard invertible
map, such as digit interleaving, from R* to R. In the
Appendix, however, we will give a direct derivation of a
univariate model.

III. AN ANnaLocous IDea

Suppose there are 2" safety deposit boxes, one for each
subset S {1, 2, -, n} = Q. Box S contains an amount of
gold g{(S). Suppose also that there are » individuals M, M ,,
-++, M. The ith individual has a ring of 2"~ ! keys K 5, one
for each box § such that i € §. Box S has | S| keyholes, one
for each individual M, such that i € S. Box S will open ifand
only if all keys K, 4, i € S, are available.

We see that if the individuals M, where { € S, gather
together, they will be able to-unlock an amount of gold

6(5)= 3 4ls) (10)
We ask whether-all (2")! orderings on G(S), S = Q, are
obtainable by a proper choice of g{S),§ < Q. The answer is
yes if the values of g(S) are allowed to be arbitrary real
numbers. If g(S) > 0, for all S, then clearly only orderings on
G(S) satisfying 8’ € S = G(5') < G(S) can be achieved, and
the lemma proved below establishes that all such orderings
can indeed be achieved. This model wiil now be translated
into statistical terms.

The underlying idea in modeling the action of the keys
K, s, i € 8,is described in the following example. Consider m

jointly normal random variables T, i= 1, 2, ---, m, dis-
- tributed according to.
T=(T, T, , To) ~ N(OuK)
where
p=(L 1,1 1Y
and
' a2, ifi=j
By=y 2
[mZT1 fisj, 4,j=12-,m

m—1

Let A, denote the average of any r-element subset of the
random variables 7;. Then we can write

( AR

so the expected value of this average is 6, irrespective of r.
The variance of 4, behaves much differently. Indeed, as one
can easily verify, we have

(m ~ 1) s \?
r{m——l)z(m—l)’ O<r<m
var (4,)=0. (11)

If o is large, it is clear that any proper subset of the random
variables T;, i = 1,2,---, mis virtually useless in estimating 6,
while the empirical average of the entire population is
precisely equal to 8.

The above. distribution is degenerate, in the sense that
det(K) = 0. A trivial modification can remove this degener-
acy while retaining the essential idea.

Equation {7) establishes that the probability of errorina
normal two-category case can be expressed as a monotone
decreasing function of the Mahalanobis class distance d(S).
In the case above, d(S)is arbitrarily smallforall § < Q, butis
indefinitely large for § = Q. One can also observe thatin a
multivariate normal two-category case, where the vector of
random variables can be partitioned in mutually class-
conditional independent subvectors, P, is a monotone
decreasing function of the sum of the squared Mahalanobis
class distances computed over these subvectors.

With these ideas in mind, we can proceed with the
construction of our normal model.

E(4,) =

var (4,) = ¢*

IV. THE NorMaL MODEL

Let each measurement M,, i € Q, be a vector of 2"~ !
conditionally independent random variables X, 5, where S
ranges over all subsets of & containing i. Let the random
variables X; ¢ that are indexed by the same fixed set S be
grouped into a vector X where

XS = (Xl'i.S) Xt')_,S% Ty Xiis|,s);

i1<£2<"'<ilsl, I'J-ES, (12)

‘which is normally distributed with mean 6; g5 and covar-

iance matrix Kj,

fo(XS) = qb(efFSsKS)s i== 192 (13)
The total population of all vectors X, @F# S <, is
distributed according to

fa,-(Xs;s Xsp s stn-;) = H

BFISN

&{0; ps. K). (14)

The analogy with the “gold in the boxes” model will now
become apparent. The amount of gold g{S) that a set of keys
K¢ ={K,s! i € §} can release corresponds to the Mahalan-
obis distance d(S) computed over Xs. As in the example, we
can choose K such that the Mahalanobis distance
computed over any proper subvector of X is arbltranly
small.
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The probability of error incurred by using only measure-
ments M, for which i € § can then be written as a monoton-
ically decreasing function of .

D)= ¥

BEESSS

d*(S') + a(S), (15)
where «(S) represents the sum of the squared Mahalanobis
distances arising from the partially known vectors X, for
which S* A S # ¥ but §” ¢ §. The following lemma estab-
lishes the key fact needed to prove the theorem.

Lemma: For any fixed & > 0, and for each linear ordering
O =8,<8; <8, < <83, =Q, §; S, satisfying

Scs =8<S", (16)

there exists a set of positive numbers {d*(S): S  ©Q} such
that

S < 8" =D(S) — x(S) < D(S) — oS —e.  (17)

Proof: For notational simplicity, denote D(S) — x(S) by
D*(S). The set of equations (15) can be inverted by the
Moebius inversion for the lattice to yield'

&)= T _(~1FIDHS)

SeS

scQ . (18)

Let us choose values D*(S) consistent with the set ordering
in (17) in the following way:

DAS,.) = max |D¥S,), ¥ 25| +e,
LT
where p=0, 1, -, 2" — 2 and D*(S,) = D¥{&} = 0. One
observes the following,
i) D*(S,, ) is well defined, since by (18) and the mono-
tonicity condition {16), the sum

Y, dis)

S'cSp+i

(19)

can be uniquely expressed in terms of D¥(S,), 0 <k <p.

Hence, {19) can be solved recursively.
ii) Equation (19} implies '

D*(S, 1) = D*(S,) + ¢,

thus S < §' = D(S) — a(S) < D(S") — a(S") — ¢ is satisfied.
iii) By (15) and (19) we can write

d2(8) = DX(S)— ) d*(§)=ze>0. (21)
8'cS

Thus the values d2(S) are positive as required. Then i)-iii)

imply the proof of the lemma. Now we are in’a position to

prove the main theorem.

V. PROOF OF THE ORDERING PROPERTY
FOR THE NormaL MoDEL

We will exhibit a choice for psand K, § < Q,such that the
numbers d(S) as established by Lemma 1 ean indeed be
obtained.

It is here that we will use the properties of the simplex
distribution demonstrated above, the idea being that each
vector X, only contributes negligibly towards classification
unless it is completely known. On the other hand, when X, is

(20)
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completely known, the reduction in the misciassification

probability obtained by using X can be set to an arbitrary

value for each § < Q. This can be achieved as follows.
Let :

s = (1! 1: Tty 1)'5
and 7
(KS)ij = _bs + (|S|bs + a.%)éij’ i,j S {1, 2, Tty ISI}.
(22)

Here, b > 0, and §;; is the Kronecker delta. It foliows from
the definition that

d(S) = (HsKs l.“s)”2 = (%)m’ (23)

while for any m-element subset of S, 0 <m < |§|, the
Mahalanobis class distance is given by

20~ {57

Thus d(S) > 0 can be chosen freely for each S, which makes
the lemma applicable to the orderings on D*(S). An upper
bound for «(S) is given by the sum of the maximum values of
all terms that can appear in the expression for any a(S):

|S7| —1
bg
Hence, if we choose bg such that
pid —
by 2USL=1),

(24)

0<alS)< Y

BFESSQ

for all S= Q. (25)

D+SSQ,

then afS) < &, S < Q, and the ordering on D*(S) coincides
with the ordering on D{(S). This completes the proof of the
theorem. ‘

(26)

VI A NuMeriCAL EXAMPLE WITH n = 4 FOR
" THE NOrRMAL MODEL

In this example, we let ¢ = 0.1. Suppose we want to
establish the ordering:

P: P,(1}> P(2) > P,(3) > P(23) > P.(4)
> P,(3,4) > P(24) > P.(1.4) > P,(1,3)
> P,(1,2) > P,(1,2,3) > P,(1,2.4) > P,(13,4)
> P,(1,2,34).

Note that the best 2-element set is composed of the two
individually worst measurements, and that neither of the
best subsets of cardinality 3 or 2 includes the best subset of
the next lower cardinality.

By applying Lemma 1, we obtain parameters and error
probabilities as listed in Table I. These values are obtained
by letting ' '

_r(s| -1

bs .

+10, forallSsQ  (27)

Fig. 1 graphically represents the monotonicity condition
with the nodes ordered vertically according to P.
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P
-]
¢ 05
{1} —0.3632
—0.3189
-0.0359
-10.0338
P .
{|,2.3'4} —-10.0050
-lo
Fig. 1.
TABLE |
P(5)
2 [s
S os - b a. + p_(s)
- S S s'cs 6?. [
{1} 10.00 ——- 1284 L3632
{2} . 5.00 ——- 2218 L3189
{3 3.33 - .3215 .2854
{4} 1.43 - .7204 1980
{1,2} 1.67 170 1.5386 1078
11,3} 2.00 179 - 1.4385 : 151
(1,4} 4,00 170 1.3390 1236
(2,3} 26.00 170 .6389. 2121
(2,4} 6.67 170 1.2386 .132¢
(3,4} 20.00 170 1.1393 L1630
{1,2,3} 30.00 330 . 3.0399 .0437
{1,2,4 30.00 330 3.1395 .0383
{1,3,4} .00 330 3.2395 .0359
{2,3,4} 1.88 330 3.3407 .0338
{1,2,3.4}§ 40.00 490 6.9000 .0050

VII. CONCLUSION

The existence of orderings as depicted in Fig. 1 {or even
more anomalous orderings in cases with n > 4) indicates
that published algorithms searching for the best k-element
subset (k < n) by successively enlarging the best j-element
set with the conditionally best measurement, forj = 1,2,--,
k — 1, will in general not yield the correct answer. The heavy
line in Fig. 1 represents the sequence of subsets so obtained.

A closer observation reveals that not only does this
procedure fail to be optimal, but so doees the so-called 2-1
algorithm [5] which proceeds by enlarging the current set by
the conditionally best pair and then discards the condi-
tionally worst measurement. Also, the corresponding back-
wards procedure which starts out with  and eliminates
measurements does not find the best 2-element set.

In the derivation of the monotonicity constraint, we
tacitly assumed noninterfering measurements. However,
measurements that involve the application of stimuli to the
test item can interfere, because these stimuli might alter the

tesponse of the test item to simultaneous or subsequent

stimuli. In those cases, the monotonicity condition need not
be satisfied, and the existence of all (2"}! orderings can then
be achieved.

APPENDIX
A UNIVARIATE MODEL

The “gold in the boxes” model is also very suitable for the
construction of a univariate stochastic model exhibiting the
anomalous ordering property. In this case, the dimensiona-
lity of the stochastic space on which the model is built is
limited to the number of measurements n. Thus it is not
possible to model the “deposit boxes™ as disjoint subspaces
spanned by independent sets of random variables. Instead
we will use the following approach.

Consider n scalar-valued measurements M,,i e Q@ = {1,2,
--+, n}. Lét .# be the n-dimensional space spanned by these
measurements and let M = (M, M 5, -, M,) denote meas-
urement points in this space. Consider 2" — 1 disjoint
regions R in .#, one for each nonempty subset S of Q, such
that its projections Rgs, on the subspaces spanned by M,
i eS8 =q, are disjoint. _

Let these regions carry the total probability mass, i.e., let

ps=Pr{MeRg|0}, where ) ps=1 (Al)
SEN

In this case, the expression (1) for the probability of error can

be written as

PAS)= T | 4 min (@Fy(m)dFomg) (A2)

SIS Ryis
where

Mg= (M, M,

22

y MEISI)’
i1<i2<"'<igs|, IJESEQ,

and F{myg)is the conditional probability distribution of M.

The key idea then is to assign probabilities to the points in
Rs, S < Q such that the integrals in (A2) equal 0 on all
regions Ry, s for which $” < S, and equal 3ps. for all other
regions Rg. 5. In that case, (A2) can be written as

Pe(S}='§ ) Ps'=%(1— ) ps,),

STES hig=$3

(A3)

to which the lemma can be applied. Obviously, the numbers
p¥ generated by the lemma have to be scaled to satisfy
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Yscq p% = 1, but this in no way alters the ordering induced
on P(S) :

We will now construct regions Rg and a probabiilty
. assignment satisfying these requirements. The following
two-dimensional example clarifies the underlying idea:

Consider a checkerboard aligned with the x and y axes
and let a piece be on black if @ = 6, and on white otherwise.
A two-dimensional view unambiguously determines the
color, and hence the value of 8. However, in the projection
on either axis, black and white squares overlay in the same
number in all positions, and therefore no information on the
" value of 8 can be obtained from a single coordinate of
the piece. This idea easily generalizes to hlgher dimensions
in the way described below.

Let the nonempty subsets of @ bedenoted S,k = 1,2,
2" — 1, in lexicographic order. Let the regions Ry be the
vertices of disjoint n-cubes, given by

Rg, = {2k, 2k + 1}", fork=12+,2"
Let I (n) denote the indicator function for Rs,, ie.,

' 1, if all components of m belong to
{2k, 2k + 1}

0, otherwise.

I(m) =

Define the class conditional probability distribution of M by

P(m|f)=2"" 2"2:, Ikm)pSk(1+9 H (“1)"') (A6)

ie§ k.
If = 1, this function assigns a probability 2~ Dps, toall
vertices of Ry, that have an even number of odd values
among their coordinates m;, i-€ S, and zero to all other
vertices of Rg,. If # = =1, the latter vertices are assigned a
probability 27~ Vpg  and the former zero probability. The

— 1. (A4)

(A5)
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class conditional distributions of Mg, S — (, can then be
shown to be

2601
P(mgs|0) = 27l kzl' Ii(ms)ps,
(1+asw 1 -1r) an
ieSins
where
0, S-S+ g
é W8) = {1, otherwise.

Finally, the probability of error P,(S) is given by
26—1

Ps)=27F"1 ¥ %

- k=1 mse Ry s

. min{(l + a,‘(-S)' I

ieSy n8

(1 —as) 1 (—1)»“)}.

This reduces to (A3} in a straightforward way.

Ps;
(-1r),

(A8)
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