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2. Toplcs in Statlstlcal Pattern Recogmtmn

T. M COVER and T. J. WAGNER

Pattern recognition, from the broadest viewpoint, is-the sfudy of how one puts

~ abstract objects or patterns into categories in a simple reliable way. We have -
chosen three areas to review: Nonparametric Discrimination, Finite Memory

Learning, and Pattern Complexity. We feel that these statistical areas will ulti-
,mateiy play a role in any g_lobal pattem recogmt:on theory which evolves.

2.1 Nonparametnc Dlscnmmatlon
_Zil ‘Introduction . . -

'A statlsnc:an observes a random vector X thh values in IR" and w1shes to esti-

mate its state 0e {1, ..., M}. For this purpose he ¢ollects datu X:8y), .. ,(X 8,)
" where two possible assumpuons representmg extremes in v1ewpomts wnll be
considered.

_(A) (X,.0,),...,(X,.0)is a sequence of independent, 1demlcaily dlsmbuted ran-

dom vectors with the dlstnbunon of (X, 6) which is given by

- Po=ji=m;, . l<1<M o : - (21a)

P{X $xj0=j} hasa probabllity density f;,  1SjSM. @b

(B) (X,,8,),....{X,,8)is a sequence of independent random vectors where for
each l<:Sn, X has a probability density f,. :

Assumption (A), the Bayesmn viewpoint, models 0 as'a random vanable with

a probability distribution (2.12) while (B), the deterministic vxewpomt treats

0, ..., 0, as a deteriinistic sequence selected by nature, If (X, 0) is independent -

of the data, the nonparametric discrimination problem is to determine how the
statistician should use X and the data to estimate # when he assumes only (A)
or (B) and that f},...,fy are almost everywhere continuous on R?’,

A discrimination rule, or, simply, rule or procedure, is 2 sequence {3,} whcre,

_ for each a, the decision 0 of the rule, is determined by
B, R X (IRY x {1, . M})"-—-»{O i,

=(5n|l"' ;ﬂM) ZJ’ 'I()'U'=| . _- - E 7 : '— {2.2) .

PO=jIX.(X 1, 03), s (X, 00} =3,y 1SjSM.

! Thts last assumption essentially restricts lhn statistician to not only dealing \ulh _measures

which are-absclutely continuous with respect 10 Lebesgue measure but ones which also have Riemann -

intégrable densities. This festriction is sometimes rehuxed or replaced by the assumption that fl _[‘,
are dISLI’EIC densities.

R
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Thus  is a random:zed decision drawn according toa distributlon 3, which is
allowed to depend on'the past observations. For each n, there are M’ conditional
plobabllmes of error for the 1ule {0.} given the data, namely,

Li= {O*JI(Xl. 61). .. -(X,,,O,,}, =]}, 1gj§M.

Liisa random variable whose value is the limiting frequency of errors made
"when a large number ef observations, all with state j, have their states estamdtcd
with d, and the gwen data. For the Bayesmn problem '

L P{B#B}(X, &), .. lX 0,.)}
, __Z‘;‘ ,n:-Lf .

is the probablhty of error for 8, gwen the data Its value is the hmlung frcquency‘

of errors made when a ldrge number of independent observations, whose states- -

now occur mdependent]y with the distribution (2.1a), have their states estimated
with 4, and the givén data. The Lis {and L,, when one can use the Bayesian
_assumption) measure the performance that the statlsucaan wilt get when he applies
the rule to his data.

It is also convenient to have rules- wlmh can make no demsmn. or re_;ect -
the obsenaﬁon Here :

BRI x (R x {l,...,'M})"—»{O. fpprt
B8y =(Bn0r - Oppe)s Y.ML 4 3,5=1
P{0=JEX (Xlsol, (Xn 01:)} np 0$J‘<‘M

- descnbes a rule where 0-—{) means “reject” or make no dectsmn One now has2M
: random vanables -

Li=P{0+j,0((X,, 00 ....(X;, 0., 0=j}, 1=jSM
Ri=P{#=0/(X,0,). . K 007} 1gjsM

representmg, respectively, the probablhty of error: for the rule given the data and
" P=j, and the probability of reject for the rule gwen the data and f=j. With the
'_Bayes:an assumptlon

Lnézll ﬁjL‘,’,
R,=Tin,R)

become, respectively, the probability uf error and the probability of reject for the -
rule, given the duta, with the analogons rrequeucy interpretations to those used
. earher.
One obvious rule that ml«-ht be xmployed in the Bayesmn problem is 10
estimate n=(n,, ..., My) f =(f,. ... fy,1 [rom the data and then use these estimates
in the Bayes procedure as thouzh the were mrregt Thu ctass of such rales that
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one obtains by using different estimates of f,, ....Jy from the data are called
“two-step” procedures. A sxm;!ar designation is also used in the determimstlc
“problem. .

Arule {3,}is terrned symmetnc if the order of the data (X 1 G ) (X ) ) is-
immaterial to the value of §, (e.g;, a permutation of {X p .. (X B ) leaves ' §,
unchanged). A rule is termed local if there is an integer r such that, with- proba-
bility one, 8, depends on X and at most its » nearest neighbors and their states. -
Local rules are, of course, symmetric. A local rule.is called consistent if, whenever
an observation is deleted from ‘the data, § remains unchanged as long as that .
observation is not one of the r, nearest neighbors of X where ro lS the smallest
integer r for which the rule satisfies the dehmtlon of bemg local.

Examples:

1) The Bayes rule for (2.1) does not dx.pencl on the data and is therefore a
consistent local rule with r,=0.

2) Let h be a positive number and let § be the state which has the most number
_ _of observations within a distance h of X. Ties are broken at random. This rule
is a two-step rule which is symmetric but not local.

* 3) The k-nearest neighbor rule (k-NNR) takes @ to be the btate which occurs
most often among’ the k-nearest neighbors of X. Two types of ties can occur, ties
in voting and ties-in distance. In the first case, say with k=5 and M =3, the votes

_of the nearest neighbors of X may be 1.1,2,2,3. In this situation the &-NNR
breaks the tie at random between states | and:2. Ties in distance occur with
probability 0 when the conditional pmbab:hty measures have probability den-
sities as we have assumed. The k-NNR is a consistent local rule with ro=k.

'4) Suppose d=1 and M=2. One looks at-thé data and finds a threshold .
stch that one of the two decision procedures

2, x<t.

: mmlrmzes the frequency of state 2 errors given Ihat the frequency of state 1-errors
is less than or equal to o, 0<#& < 1. This rule is symmetric but nelther two-step '
nor local:
One of the. questlons ‘that statisticians, ot at least researchers, always ask
-about a rule is how well it performs in the large sample case. In fact, the bulk
of investigation for the nonparametric descrimination problem so far has been
devoted to demonstrating asymptotic propertics of various rules.
For the Bayesian problem, rules of the form (2.2) are called asymptotically
optimal if ' T

L, L* in probability '

where L*= L*(n, f), the Bayes prob: lblhl} of error, is the smallest probability of
- error possible when the distribution {2.1) i+ known. Rules which allow rejects are
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* called asymptotically optimal if S
* L, L in probability

R,',-'—’>R in pi‘oﬁability

- where, when (2.1) is known, R is the smallest probabzl:ty of reject poss!ble among

* . all rules which have:a probability of error less than or equai to L.

For the deterministic problem, asymptotic optimality is difficult to descnbe

except in the case M =2. For this case rules of the form (2.2) are asymptotlcally o

.optlmal if

L‘—»L, in probab:hty
L,,——>L2 in probablhty

where assummg A fz are known, L, is the smdllest probdblhty of error pos.:uble
- given f=1 for all rules with a- probability of error, given (=2, less than or equ.il
toL,
_ Other nouans of asymptotlc ophmahty dre possxble in the deterministic case.
* One can think of the data: unfolding, one observatlon at a time, yielding a fre-
quency of errors after n observat:ons equal’ to.
i

212 1 Ilﬂ;n*ﬂ;ul

where 5':“ is the éstimﬁée of Q,;l from X;,, and (X, 0,),.. ) using 6, -

H L*(#, f) represents the Bayes probability of érror computed wnh the empirical

probabilities #y, ..., &y (from n observauons), one can now cons:der rules asymp-

—totxcally optlmal 1f

nlil 1 "'uu“*a,nf L ("f)‘*om probab:hty

uniformly in the sequences {#}). Such a rule has a robust character in that it
. drives the difference between the observed frequency of errors and its expected
empirical counterpart to zero regardless of the sequence {6,}. Nevertheless, the

quantity L*{z, f) which is being tracked is irrevocably linked to the past in that -

it tells us nothing about future performance unless the future empirical dlstnhu—
tion of the sequence {f;} is the same as that in the past.

In the following two subsections we review recent work on the Bayesian

- problem and all of the work of which we are aware for the deterministic problem.
. .The emphasis in these subsections is on describing rules and their asymptotic
'properues, if any. The next subsection is devoted to error rate estimation. That

is, given the data and a particular rule, how does the statistician estimate the -

current performance of his rule? The final subsection is devoted o recent resuits
in nonparametric density estima tion.
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212 The Deterministic Problem o o
In this 'subsécti_on'.we review the known fesu_l;s,for the dctermihistic _;irobfem
‘where, for simplicity, we consider only M =2, The standard asymptotic result for
two-step procedures is due to Fix and Hopaes [2.1]. In particular, if f; is a con-

sistent estimate of f; from the data® for edch i and if {x:f,(x)=1t J3(x)} has zero

probability with each density, then

e {1 A0zt
12, [(X)/f(X)<t

yields® _ _

. Li-PO+ii0=i} 4L, in probability i=1,2

.\gvhevre‘ - ' R - ' |
e {.1;. KXY X)zt

12 "ﬁ(X}/fz'{X)ﬁf
and O'<t<' o ié'ﬁxed but arbitrary. The-Neyman-Pe.:arsoh"lefhma guarantees that
L;:is the smallest possible probability of error, given #=1, for any rule which

has a probability of error, given 0=2, less than or equal to L,. Thus if the set
{x:fi{(x)=tfy(x}} has zero probability with each density, then two-step pro-

- cedures’ using consistent estimates are asymptotically optimal. The convergence

of the L] can be strengthened to convergence with probability one if the require-
ment for consistent estimates is replaced by strongly consistent. estimates. While
the above two-step rules are asymptotically optimal, it is nevertheless assumed
that one has picked a suitable t for the given application. For example, one has
to be satisfied with the value of L, obtained. Finally, if f is any one of the usual

density estimates from the observations having state i we need only have ‘an -
infinite number of observations from each state in order to satisfy the given con-

sistency requirements, »

The rule suggested by Fix and HO_DGE,S. was the forerurinér of trhek-neérest"

* _neighbor rule of Cover and HaRrT [2.2] (see Ex. 3). In the context of the density
-estimation approach here, their rule is obtained by setting f(x)=M,;/n,V where
~a) n; is the number of observations in the data with state i

" b) V is the volume of the smallest sphere § about x containing at least k
~ observations from the data, oo IR

and . - o :

d) k=kin;,ny)—co, king,ny)n—0,i=1,2, when 1,1, - ¢ with n,/n, bounded

away from 0 and sc. . ' . -
The metric used in proving consistency of these densitics was the ordinary

Euclidean metric although the result holds for other metrics. There is. of course. -

_ " ? fiis a consistent estimate of f; if fi{x) " fix) in probability for each x at which £ is continuous,
The estimate is called strongly consistent il 1he conveegence is with probability one.
* The resultin [2.1] is somewhat strang-:r than -ated here.

¢} M; is the number of observations having state { which are contained in S,
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».1 very shght addmonal restriction put on the sequences {{J} m order to Obtdll‘l .
~the consistent density estimates of the above rule,

"Fix and Hopges [2.3], assuming simple cases for normal densmes computed

the average probability of error of each type for n, =5, and k=1, k=3. For’ the

univariate case these probabilities were compared with the corresponding ones

obtained by éstimating the parameters in the opt:ma! hnear discriminant function.
* Their conclusion was i

“If the populauons to be d:scnmmau.d are well known, and have béen investigated lo eslab]xsh .
- that the normal distribution _gives.a good fit ‘and that the variances and correlations do not change '

much when the means are changed, and il the classification 1o be miade warrants the labor of matrix

.inversion, then the linear disériminant function should-certainly be used. If on the other hand, the
“‘populations are cither not well known, or dre known not to be approxnmately normal, or to have

“very different covariance matrices; or if the discrimination is one i which small decreases in proba-

- bility of error are not worth extensive computations. then the SImple nonparametric sule, perhaps

with k23, seems 1o have the edge

, "KEeNDALL [2.4] dleUSth two procedures the fi rst one cailed the convex-hull '
'_method Here '

] . lf XEA]ZZ
B=32 if Xed,A,
O otherw1se

where A;is. the convex hull of the ObSEIthlOHS with state i. Desplte the stmplicity

~ of this procedure the statistician will, with probability one, be mdkmg no decision
. as ny, ny—>o0 for typical dénsities f;, f; which have a common support. KENDALL -
also described a procedure termed the order-statistic method. Here one looks at
_ -the coordinate with the best discrimination (e. g., most decnsmns) using the convex-
- . hull method. The remaining observations which are not discriminated are used -
~ with another coordinate in the same manner and so on. At the end of the process
one has a sequence of tests on each coordinate which are applied until X is dis- ..
criminated or until one exhausts the coordinates and makes no decision. This B

rule, while also simple, has the same difficulty as the convex-hull method.

" . QuesENBERRY and GESSAMAN [2.5] introduced a procedure using the theory
of coverages which, for the M =2 case, can be described as follows. Let P(-)
denote the probability measure on Bore! subsets of R? corresponding to the
density f,. If the data contains n; observations with state i, then, given a,, o, with
0<Za,, 2, =1, and using any ordering function which satisfies mild conditions,

- sets Ay, A, can be found for which Pj(4) is a random variable with a Beta dis-

tribution Beta[a;, n;—a;+ ], a; being the integer part of a;(n;+ 1). Letting
I on A4,
é= 2 .. on '22:4 l’
0 on A,4,uA,A,

thén yields the ineqt’iai_itiés :

Ly P4y
L2 PyAy)

fitl THva sy MK dartesmpuig s \. .
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" where, ini addition, P{4)-%+e; in probability, i=1,2. Thus one can control the
" two types of error probabilities asymptotically to. be less than or equal to 0y, &y,
~ respectively. The difficulty with this procedure is that ote cannot be sure that the

reject region has minimum probability for each state value and no procedure for

~constructing A, A, was given which guaranteed this unless f,, f, were kanown
to belong to special parametrically described families of densities. Even if one’

were willing 1o make one of these parametric assumptions the rejection rates
may still be too high for the given application. Finally, the method given, when

' extended to M> 2 states, requires regions of partial decisions, that is, if X' falls
inasetS; . then one merely asserts that X has one of the states iy, ..., ;.

.. In [2.5] the regions A, and. 4, are not speéiﬁcd even though one has already
picked the n,;-+1 blocks of each type. ANDERSON and BENNING [2.6] described a

~imethod for picking the ordering functions and Ay, Ay such that the region of no
" decision tends to have a small probability for each state value while, at the same
time, keeping the properties of [2.5] for controlling the individual error proba-
‘bilities. .. e
BeakLeY and TuTeuR [2.7] eliminated the no decision region altogether.

Methods for determining a sequence of stati_stiéally equivalent blocks Bl, By oy
for state 1 were given with the property that all n; observations from state 2 were
contained in-B;. Thus if : ’ o .
L i 2, Xe{Jr B,

R 1, XE U:‘l:ll ._Bi

then L} = P,((J7 B,) is a random variable with Beta [, n—m-+ 1] distribution, anid
mtt

L} canbecontrolled as in the QuEsENBERY and GESSAMAN case. 2 = Pz(U,,ﬁ. y By= .

1= P{{ JT B;) intuitively is being minimized since all of the state 2 observations
are- in B;. The conditions needed to insure the asymptotic optimality of this

. Henrichon and Fu [2.8,9] and ANDERSON [2.10]havé also discussed various

- discrimination rules but little is known analytically about their proposed pro-
- cedures. OWEN et al. [2.11], for the two-state univariate case, described a scheme
- which asymptotically locates the extrema of F,(x)—tF,(x) where F; is the dis-
~ tribution function corresponding to f,. The procedure requires that (a) the set of

extrema is finite and (b) the smallest distance between the extrema is known.

| . Thus the regions {x:f,(x}/fy(x)=¢} and {x: Ji(x} fx{x)<t} can asymptotically be

found for these assumptions and, in fact, the procedure is asymptotically optimal
in this case. GEssAMAN and GEssaman [2.12] experimentally compared various

rules for three different sample sizes and three different choices of bivariate

normals for f;, f,. :
In [2:13] VAN RyziN, using kernel estimates for the densities and empirical

{frequencies for the states in Bayes rule, showed that estimatin 6,,, from X,,,

and (X;;0,).....{X,, 6,) yiel_ds
B ,'—,Z'i Ig,.,s800 1= L*Gt, )5 O-in probability

unifdrm!y in all sequences {0,}.
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2.1.3 "I‘lre Bayéisnr?'roﬂe_i_n '

_In this subsection we review the recent work on the Bayesian problem where, for’

. the most part, we use the review paper of Cover {2.14] as our starting point. .
- Two-step rules are asymptotlcal!y optimal if one uses reasonable esnmates

of TP VS fis - fM In parneular af :

-,é .,',TI},G{X)ZTC f(X)s 1<!<M
{ties are broken arb:tranly

: then '

L LN L* in probablhty

" when- Ay rrM, fl, ey fM are cons:stent eanmates of s eis Mg 15 ees g frome -
the data In fact, ' : . T

L & L* w1th probablllty one

"~ ifthe estunates are strong]y consisterit. This Bayesnan analogue of the Fix-Hopces
result for the deterministic problem does not appear specifically in the fiterature

- (see, however, RosBiNs [2,15], VAN RyzIN [2.16], SCHWA.RTZ [2.17] and GLicK
.[2.18] for similar versions).

If {6,} is 2 symmetric rule then L,, and R, if rejects are allowed, are symmetnc -

functions of the data. The HEwITT-SAVAGE 0—1 law [2.19,.20} implies that such se-
quences. of random variables converge -with probability one to a constant or
. diverge with probability one. This appealing all-or-nothing behavior for sym-

_ metric rules appears to be difficult to take advantage of, however, in analyzmg o

" any particular rule.

. In some situations the étatlsttcran wants to estimate the state of a spec:fic X

where it is demanded that a decision be made after each new observatlon in the
data. If he uses a two-step- procedure, then he wants one which, in some sense,

"can be recursively updatable for each value of X as the data.unfolds, one ob- -

servation at a time. For M =2, VAN RyziN [2.21] demonstrated the asymptot;c
optimality of a two-step procedure which- essentially uses recursive versions of
kernel density estimates for f;, fz For a similar procedure, WOLVERTON and.

WAGNER [2.22] showed that L, L* wnth probabnhty one and that '

P[Uk—n{Lk L*>g}:[SA/n(2d+l)

for a partacu]ar choice of window width in the densny est:mates ReiTé and - -

Rivesz {2.23], with additional assumptions on the derivatives of f,, f;, have -
shown that

P[L L*>£]<e—‘4,,(d¢n el

for a scheme similar to [2.22]. In each of the above procedures symmetry has
‘been sacrificed to obtain a recursive procedure
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: - - One of-the difficulties-in applying the rule of ex_am_pl-eZZ) in. Subsection 211
. is that the statistician does not know, how to choose the value of h*. A nice idea
- 'was investigated by PeLTo [2.24] who, for M =2 and known' n,, n;,"examined
different ways of choosing # from the data. One method consists of chioosing'an i
which minimizes - ' R : - Lo
’ ..ﬂ:i:';'ﬂzitf  ' o 7 7
E whe»r;e'i.},',' i are_t}-xe-"delct'e‘d esti_rrjaies,o’f 15 L2 from the data (see Subsection 2 1;4).7 -
‘An argument was given which indicates that this method yields an asymptotically

- -optimal rule. Unfortunately the argument is incomplete since it does not ‘take
into-consideration the fact that the k chosen is now a random variable. Also dis-

_cussed was a second method for choosing which heuristically has a smaller - -

. biasin estimating n, L} +m,12. :

- The k-nearest neighbor rule [see example 3) of Subsection 21’.}} was initially

investigated by Cover and HarT [2.2] who, among other things, showed that _the'
single nearest neighbor rule asymptotically “plays nature against itself”. For ex- )
ample, for M=2,- = . = o L . S

- Zﬁtfin—zfz g 4 :
. EL,,—' s —"2x £ 1)
e |
_-‘>'whic.h is-the"samé pr(_)_babii{ty _c;f etror bbtained_ixsin’g the rule -
8(X)=j with probability ‘n {(X)/(m, f(X)+ 7, f(X), j=1,2,

that is, the rule that chooses state j with its a posteriori probability given X.
However, for a finite amount of data, the single nearest neighbor rule is a deter-

ministic rule (with probability one) which achieves its effective randomizZation in
the large sample case by partitioning each small neighborhood of x into many . -

- small subregions where, on each subregion, the decision for a given state is con-
. stant and where the total fraction of subregion areas for state J is approximately
7, fi(x)/3 ¥ m; fi(x). What, of course, makes the rule interesting is the tight ine- -
quality [2.2] B o : ' '
LASL)S2LM1 - I¥),
Beyond ihis Cover and HART showed, for the k-nearest neigﬁhqr rule, 'ihat
EL, LK)
rand gav'e tight bounds for L{k} in terms of L* WAGNER [2.25]_d_emonstréted that

L, (k) in probability

estimites of f,, ..., £, with a kernel width had a kesnel which is uniform over the unit sphere cen-
tered at the origin (sce Subsection 2.L.5). - : :

* This rule is the two-siep rule obtained Ly using tlie empirical estimates of @, ... my and kernel - -
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- with convergcnce bemg with probability one if all components of X have a ﬁmte
‘first moment with the density ZM n; f. Frz [2, 26] has-shown that the above
convergence for the single nearest neighbor rule is always with probability one -
and that P{|L,— L(1)}=¢} is asymptotically dominated by 4 exp(— BW} where A
and B are functions of ¢ and d but not of the distribution of (X, 0).

- Suppose the statistician is looking at a large amount of data with n, =7, = 12
and f, =N{=1;1), f,=N(1, 1). For positive values of x, state 2 observations will
_ be denser than state 1 observations, while for negative x the reverse will be true.

- For example, for x greater than 0, one will tend to see each state 1 observation

- surrounded by strings of state 2 observations, One reasonable thing to try to do

-is “edit out” the weaker class. WiLson [2.27] took this approach by first editing

the data with the k-nearest nelghbor rule and then usmg the nearest neighbor rule’ )
-on the edited data set: For example,

| 1) et é; buhe k-NNR estimate of 6; from X j and the data wnth (X P 8,) deleted .
, IS;<N and . . S . . -
: 2) edit (X;, 8) from the data if 9,# a;.

The smgle nearest neighbor rule is now: used with the edzted data set to estimate
the state 6.of an unclassfied observatnon X. Wu.son showed that

EL,,—»LE(k) ‘ _ )
. .‘ jwhere LE(k}< D(k) for ail k and for the fi rst 3 odd values of k

: L*__S_. L‘-"(l) < 120
CL*SLE3)S1.1490%
L <LE(5)< LI0L* 5.

_where for companson. the k-nearest nelghbor mie has

o L*é'L(l)é2L"‘-_
*<LO)YS L3I
L"‘<L(5)< 12L%. '

Thus, by editing out the less densc observations wnh the k-NNR, one not only -
reduces the storage requirements for future classification but improves the
asymptotic performance over the k nearest-neighbor rule as well. This rule is
symmetric but not local since, for example, an arb:trary number of nearest neigh-
bors of X can be deleted in the editing process Also lt is not known if L% LEkY
in any sense. )

Other rules have been sugga.sled whose primary purpose is to reduce the data
before the necarest neighbor rule is applied, for example, the condensed nearest
neighbor rule and the reduced nearest ncu_.hbor rule [2.28-31]. CHang [2.32]
has c.ons1dercd reducing the d: 1a by merging two nearest vectors of the same

s There is a flaw in WiLsoN's argument which muy m.:kc these bounds only approxlma!e
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N .state into a wenghted average of the two as long as the recogmtlon rate on the
* data_ is not lowered. All threg rules are nonsymmetric and nothing i is’ known'
- analytlcally about their finite or asymptotic performancs.

~ HEeriman [2.33] considered modifying the k-nearest-neighber rule to aliow
rejects. The modified rule makes the decision of the k-nearest-neighbor rule only
if all k nearest nelghbors agree; otherwnse n makes no deasmn It was shown that

EL'-—>L
ER —>R

' where, for the gwen asymptot:c reje\,t rate R, the correspondmg probablhty of ’
'error L sat;sﬁes : : _ _ .

- L<{1+k,'2)L*

: Here L§ is the- smallest p0831ble probablhty of error for all rules w1th a g:ven

probability - of reject less than or equal to R and the constant (1++k/2) is the

~ smallest possible. Thus, when k=2 and when errors are twice as costly as rejects,

the above rule always performs better than the single nearest-ne:ghbor rule. The

modified rule is symmetnc, local and consistent, :

B _Cuow [2.35], in one of the carliest applications of decision theory to pattem
- recognition, modlﬁed ‘the Bayes rule to allow’ I'EJCCtS In particular if

r{x) I-—  max {n.f (x)/f ()}
 f9= Z‘“rrf(x) '

'then the ru]e S

_é {] when 1— (n,f,(X)/f(X)) r(X)<f o
0whenr{X)>t ' -

, yxelds a probabxhty of error- L and a probablhty of .reject R Wthh are functlons

~of t, 0=t <1, and, furthermore, for each ¢, R(z) is the smallest reject probability
of any rule with an error probability less than or equal to L. In [2. 34] Chow
exhlbited a simple relatlonshlp between L and R, name]y,

L(t}=—j' t'dR(t") = j{,R(t )dv —tR(1).

214 Probablllty of Error Estimation

Est:matlng the probab:hty of error that a statistician has w1th a part:cular tule
and his data, sometimes called-error estimation in the literature, is the topic of
* this subsection. The emphasis is on the existence of distribution-free bounds for
" these estimates and, because such bounds occur infrequently in statistical
' problems, we f rst describe a distrik:ution-1i ee bound for estimating distrlbuuon
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» functlons Wthh wrll be used later for probability of error esumates thh a par-
ticular class of rules S

Let X,,X,,...be a sequence of mdcpendcnt ldcntlcally distnbuted random -

variables with a common distribution function F. Suppose F is unknown to us

~ and we wish to estimate it from X,,..., X, If F, is the empirical distribution

. function for X j,..., X, [e.g., F,(x) is the frequency of the first n observations less
than or equal to x] then the Ghvenko-CdmeIh theorem asserts that )

"D, -sup[F (x) F(x)[—->0 with probablhty one.

‘While this reassures the statistician that, for large n, F, should'be a good estimate-

.of F in-the sense of making D, small, he cannot miel say, how ]arge n should be -
in order to msure that .

P[D 28355

where £ 5 are two pre-ass:gned 4rb1trary p051t1ve numbers What is bemg sought

here is very similar to finding confidence intervals- for éstimating an unknown

parameter, ‘the main difference being that this problem i$ nonparametric and we

want an n here which will work for all F. A mce result of DVORETSKY et al.[2. 36]
is that

P[D,,2£]<C g-2ein

: where Co isa umversal constant Wthh does not depend on \ F. Choosmg thc
smal!est n such that - : :

'1 Co e-2=‘"sa

. satisfies our requlrements The bound above whlch works for all F is called
: drstnbut:on frée because it does not depend on F.- :

_Probability of error estimation is the problem of how the statrstrcran esti-
mates the current performance. of his rule, that is, the performance he will get

when he applies the rule to his data. In parncular in the Bayesian problem, the
statistician would like to estimate L, from the given data while in the deterministic
* problem he would like to estimate L1 1< M, from the data, and, indeed, he
may wish to estimate these latter quantities in the Bayesian problem as well. In

- addition, the statistician may wish to estimate the ultimate performanceof the

rule, if any, with the data In the Bayesian problem, for example, suppose he has
a rule for which

L, Lin probabll:ty .

where L is not necessarily equal to L*. L then is the performance of the rule with
~ an infinite'amount of data. In those situations where there is the possibility of
gathering more data, the statistician would be interested in L if only because a
large value of L would indicate that ‘he proposed dlscnmmatmn i unfeasrble.
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Generally:'tﬁdﬁgh,j ihe 'in._t_e'rest is in L, since the data is alrwaysr 'ﬁnite.; We,\'vil_l“
comment on another aspect of these two differerit problems later in this subsection. .
‘ToussaINT [2.37} has recently published an extensive. bibliography on the

* estimation of error_probabilities to which we refer the reader for an historical -

perspective and a completé survey, while we concentrate here oi distribution-free -
aspects of the error estimation problem. The recent review by Kanar [2.38],-

particilarly the section on' error estimation, is also highly recommended. The -

estimatés ® which have-been considered Exgghsively—rar'e-as follows:

N ) : P | . "7»“'._ L o )
- {A) Resuybstitution Estimate: L, £ ;'Z'i"][é; +, Where 0, s the estimate of 6; using

3,with X, and all of the data, § P
IR : g 1 - I A . S ;
(B) Holdout Estimate: L, 4 Eﬂ-m,,,lléjﬂj] ‘where 0; is the estimate of 0, .

using &, ,, With X; and (Xy; 0,), ..., (X oy —ap By ), fi— <j<n. The frac-

tion of the data “held out” is o and we have assumed that an is'an. integer.

v' . A I . a L S - ) ._:_ -

(C) Deleted Estimate: L, & '—IZ','_ Iis, 46, where 8 is the estimate of 6; uising 4, , .
~with X;and the data with (X, 0, deleted. R

(b) RgﬁtatioyrEstimate; f,n 4 ;Z'; 1i6,+0, Where 91 is the eétimatc of §; gsing 8,4 '

- with X;and the data where the I-block that contains (X, 6)) is deleted. Here,
. lis.aninteger which divides n (e.g, n=ml) and the data is partitioned into m
S consecutive F_b!OCkS . (Xﬁ_ i+ 1 .9“—. 1;-“- l)_’ .} (X“, Bi,), 1 Sigm.

- Obviously the deleted estimate is a special case of "_th'f; rotation ,e_s_timété with - -

I=1. The rotation estimate and the holdout estimate are, in general, not -sym-
metric since they depend on the order of the observations. With I=n/2 the rotafion
estimate is just the average of two holdout estimates, the regular one and the one
with the data reversed. The re-substitution estimate is frequently an optimistic
estimate of L,, but has been shown by FraLick and ScorT [2.39] to be a con-
.- sistent estimate of L* for a wide class of asymptotically optimal two-step pro-
- cedurés. With the nearest néighbor rule, for example, (4) always yields an estimate

of 0 for L. The deleted estimate can require considerable computation but, with -
local rules, the computation is reasonable and its intuitive appeal can be taken

- advantage of. —

The aspect which interests us here is whether these estimates have distribution-
free performance bounds for any types of rules. In [2.40], for the Bayesian
_problem, it is shown that for any consistant local rule using k nearest neighbors -
22+ k2 '

_"3,;2—f~ + ;‘. , . ’ . (2.3) .

! ' .
BL-Lyps @D,
. n

where L, is the deleted estimate of L,. Thus, for a giveng, 6> 0, ann can be specified
using (2.3) and Chebycliev’s inequality to insure that '

P|L,~L)2¢]<5

" *® For simplicity we consider these estrinates fis the Bayesian problem. Their counterparts for. )
the deterministic problem are wsually ohvious. .
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’regardless of the nonparametnc d:scnmindnon problem considered. The n ob-

i %-talned through the use of (2.3), however, is- probably far from the smallest poss1ble

-Several comments are appropnate First, the variance of I, usually a focus
of study in the literature, is more or less irrelevant since the pertment mean-

" square quantity is E(L,— L,)*. Second, the result (2.3) seems surprising since it

‘does not depend on d! Thus, if the statistician uses a local rule he does not need

1o be concerned about extraneous or irrelevant components affectmg the accuracy
of the deleted estimate. Finally (2.3) is valid for arbrtrary conditional measures, "
which may include atoms, prov1ded ties are broken in a sansfactory way. For -
example,’ suppose Z,, Z,, ... is a sequence of independent random niambers from
‘[0, 1] where Z, is “attached” to (X, 8) for each i=1,2, ... If ties in distance are

" “broken by choosing the observations with the smallest attached numbers then

the ordering of the neighbors of X is specnﬁcd w1th probabihty one and {2. 3) holds
" for local rules-using this ordering.
" This result can also be used to select the best set of I out of d components

for use with a local rule. For example, if one has m different subsets of the d com-_ - f

ponents and picks that subset with the smallest deléted risk estimate, then the :

_probability that he has picked a subset whose L, is within 2¢ of that of the best - -

~ subset of those tested is = 1—(mA/e?) where 4 is gwen by the rzght-hand-snde of :
(2 3) Puttmg m= (':) then allows the se]ectmn of the best set of | components,

although the n required.in the bound to be useful, w:l] probably be quite large
While. it seems to be true that deleted estimates work well for local rules, one
- should not conclude that they will necessarily work well for all rules or that any
other estimate will work well for local rules. One might wonder why it is that
. locat rules, using k-nearest neighbors, havea performance bound which does not -
depend on 4 but only on k. Intuitively it seems that local rules exchange k for d; -
for example, the nearest nelghbor rule essentlally reduces the discrimination pro-
- cedure to one dimension since only dlstances from the observations to x are -
factors in the decision. :
. The re-substitution estimate, often cnt:c;zed in the llterature also yields a
~ distribution-free performance bound on linear rules. First consider the deter-
, tmmsua problem for M=2 and d .-l w1th rulcs of the-form

2, X>t
1, X<t

- where ¢ is some function of the data. If n; observations have state i, and if F;
- represents the empirical distribution function for the observations with state i,
~ then_ Fz(t) is the re-substitution estimate of P{f+2|0=2}=F{t)=L2? while

1—F (¢t} is the re-substitution estimate of P{0%110=1}=t—F =L Thus
for all functions ¢, _

PlIEL— L1251 S Coe™ e
P2 -I12j2e]<Che 2,

- This result-may generalize (o hlghu dlmenblons but for the presem remains
an open question. For example. let Z, Z,, Z,, ... be a sequence of independent,
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| 1dent1cally random vectors with values in IR™ and suppose that we can extend
. the Kigrer and WOLFOWITZ (2. 41] resuft from semi-infinite rectang!es to half-
“planes, namely, to .

fztrjffﬂfz.éc,]vP[angm 25}§Co€_c"“_ ey

B P_{sup

where CoC depend on'm but not on the dlstrlbunon of Z Con51der rules of ~
. “the form- : .

" -é_:?{z, AT X)Z0

APX) <0

oo fa\ o fedX)
a={1 4, ey

) 7 o]

and X takes values in lR" The “@-functions” are ﬁxed and the vector &'is a fanc-

_ . tion of the data. (See Cover [2.42] for the development of the g-function ap-
" proach -and-rtelated capacity theorems) By taking m=2, d=1 and ¢,(x)=x, -

tpz(x)- —~1:we obtain the previous rules with a,=1 and a;=t. As before, we
- recognize that the first term on the left-hand side of (2.4) corresponds to the
re-substltutlon estimate of L‘ SO that for all vectors a.

P[{L‘ L'|>s}<c g~ Cme? i=1,2.

" The actual dependcnce of C and Co on min [241] is unknown although it is
. known that C decreases with m. The performance bound which might bé obtained
here; while distribution-free, requires that the amount of data needed per state-
'depend on m, the number of features selected. This has been observed before
" .using linear discriminant functlons with Gauss;an data, the latest analyms being .
FoLey [2.43]. :
' Returnmg to an earlier discussion suppose that the statistician wnshes o -

estimate the uitimate performance of his rule from the data where, for simplicity, . - -

we will assume that the ultimate performance is L*. We now give an example

that shows that no reasonable estimate of L* will have a distribution-free per-

formance. If L* is any function of the data used to estimate L* then its per-
 formance is distribution-free if, for each £>0,

'~ sup P[|L}— L*I>8]-*0

=f . - - . . -
" where the supremum is taken over all distributions for which f;; ..., f,, are almost
everywhere continuous. It is easy to see that this is equivalent to ’

sup(ElEX ~L¥)=0. o Qs
ny - N . .
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‘Taking M=27,=n;=1/2and -

2k =7 - 2k

’ (. 2j—2 o i :

B P - L R

- h= : ) .-
L0 elsewhefe

2L ”2;'

'fz=[2’ T S¥<ge o Jmbeok
' Oeisewhere :

- we have L*=0. Furthermore we see that if, for each fixed @,, .;.,9,,, i: is an
almost everywhere contmuous funcuon of Xiseins 't theh S

El3=Y,, . 0871 J L*«xl, e ,<x,,, ,,))f;le)
S AT N
‘-"Za e,.(z}"jo IoL"((xp 1): s (x 9))dx1

‘ 'I'hus, as k—> 0, EL* tends to 1ts average estimate of L* for the™ ‘no information”
experiment {e.g., 7, =n,=1/2 and f,, f, both uniform on [0, 1]). For reasonable -
‘estimates of L* (for example, consistent estimates of L*) this last quantity does -
not tend to 0 with n. Thus (2.5) is violated. Bounds on performanoe of estimates-
of L* thus necessarily involve quantities which require more a-priori mformanon
than is available for the nonparametric discrimination problem. :
Estimating L* from the data can be done in many ways. For example, one

" could take any two-step procedure and use the estimates considered earlier for

- L, For M=2 and assuming that
[ﬂnft(x)‘l'nzfz(’f)]d‘f

b txfl(x)“*z.f:(-‘)i :

all of these estlmates afe consistent esnmates of L* when' consistent estimates of
7, 71, f2, f; are used [2, 39, 44]. ‘Also, GLick [2.18] has shown that if: one uses
cons:stent estimates nl, o Toags Siseenfyy then ’

L"—l— Imax(nxfl, o Fopg S

is a consistent estimate of L*. Other techniques- for estzmatmg :L* have ut:llzed .
unlabeled observations, an idea first proposed by CHow [2. 34] For example, -
- L*=1—EnX) where, as in Subsection 2.1.3, -

H{x}= max {ﬂlfl(“) ey anM(—")}.'r./ (x1.
So= Z” ;f (x).

Thus one can estlmate r(t) from the labeled obsermnona with, say, J(\‘) and then

~ estimate Er(X) by

_fZ’[ﬂY.-_}
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WHere Y,... YT are the unlabeled observations. Vdnous techmques for estimatmg
= () from the labeled observations have been consndercd by FUKUNAGA and
' KBSSELL [2.45], and FukunaGa and HoSTETLER [2.46].

- Finally one may be interested in recursive estimates of L* One posmblhty is ; ‘

: the est;mate used earher by VAV RYZN [2. 13] namely, '

R
':nl

Zlq [9;+1*9jn]

' wvhere GJH is the est:mate of 8;,, using §; thh XJ+1 and (Xl,el) ,(Xj,Bj).r S

Strmghtforward arguments (e.g., WOLVERTON [2.47] show Ehdt if

.L,,-—»__L in p_robabaluy (or with probability one)
then BRI o ‘

= 1 Zl' {e, R l*g x ;1“’ Lin probdbahty (or with probablhty one)

2 1.5 Densny Estunatmn

: Nonparametne densny esnmatlon has its raison d’etre rooted in apphmtxon{ ,
- like the two-step rules for nonparametric discrimination. After looking at density -

~ estimation from a more ‘basic point of view we discuss the results which have

~ ‘been presented since the two paper revnew of WEGMAN [2 48, 49] and the paper-

. of Cover [2.50]. ,
. Density estimation can be. viewed as a. speclai case of Iearmng the lawofa

sequence. This rather basic viewpoint, though certainly not original, singles out - - -

a natural error-criterion from the seemmgiy many ad hoc ones which have been

considered [2.48], Suppose X, X,,... is a sequence of independent, identically -

distributed random vectors with values in R? and a2 common probabxhty measure
pon the Borel g-algebra f¢ of R?. Estimating the law of the sequence is the.problem
of ﬁndmg an estlmate Jin of i from X....X,. K the Borel set is fixed then

p(B) £ ;Z’l‘ lixien

is the obvious choice as an estimate for the value #B) smce it is the minimum
variance unbiased estimate of pu(B). As a function on P, u, is called the empirical

'probablllty measure for X, ..., X,. The Glivenko-Cantelli theorem states that it

s a uniformly good estimate of intervals (— 2o, xJ, that i is, -

s f;;,,(B)—p(B'n-’»o with p'robability one.

P
(B:B={— w0, x!

Wh:!e it is true thdt the supremum above can be extended to a ]arger class of
subsets of B it nevertheless cannot-be e:mnded in general to all Borel sets, see
Rao[2 51] S
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Now, however, assume that we know that p.is absolutely. continuous with
respect to Lebesgue measure with an almost everywhere continuous probablllty

density f. The empu‘lcal probability measure scems inappropriate as an approxi-
_ mation to y since it is atomic with mass I/n at X, ..., X, and, necessarily, .

sup mn(B'),—mB)l =1.

Ts there,then an est:mate ,u,, in the absolulely contmuous case for wlnch

'sup[,u,,(B) u(B)[—’O with probdblhty one. ' . (26)

._ - Stlppose we choose some estimate it, which is absolutelj,r contmuous wnh a
" Radon-Nikodym derivative f, so that we may thmk of j; as an estimate of f from.
X,,.. X, Because o

i#n(B) #(B)I~IIBf.,(x)fH~ Iaf(x)dXi :
= (fslhu= S1AXS feal f)— f(x)Idx

we conclude that (2 6) follows whenevu'
j[f(x:) f(\:)idx —»0 wuth probablhty one. L o '(2 7} - 7

From the v1ewpomt of estlmatmg the law of a sequenoe the natural dlstance-

between f and its estimate f, thus appears to be {|f,(x)— f{x)|dx. GLick [2 52},

" extending SCHEFFE’s theorem [2.53], showed that (2.7) follows whenever f, is an
" appropriately measurable probabnlity denslty for all n-which is strongly con-

sistent. In addition, he shows that 1f fisa probab:hty denslty foralln ‘which is
- just-consistent, then . . S

j[j;,(x)'ff(x)ldxfﬂiio pro.bability_. e '(_2.8)_':1

If f, is not a probability density for each n it is also possible to give conditions
‘which insure (2.7} or (2.8), although they are not always easy to apply (see GLICK’s
corollary B). -

-The kernel estimate of f from X,, ..., X, is given by

L9=Y1 K((x— Xirfnrt

‘ where K, the kernel, is an arbntrdry probabahty density and {r,} is a sequence of
- "positive numbers. The kernel estimate is a probability density for each n and’
always satisfics the measurability requirements -of Guick referred to above.
Dependmg on the conditions put on K and {r,} [2.54-57] the kernel estimate
is consistent or strongly consistent and {2.7) or {2.8) then follow.. .
One of the disadvantages of the ke nel estimate of fis that the sequence {r,}
is chosen wnhoul regard to th data. Since r, controls the de;,ru. of smoothing
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of the kernel esfimate f,, about the observatlons Xy X, it seems desirable to

have the data itself play a role in the amount of smoothmg If in the deterministic

discrimination problem, one lets fl Si=f then theFn-HopGESestimate of f;

and f2 can be combmecl to yield -

f f1+f2 M j;(v)wheren,=[n/2],?!z=_;ﬂ-:”ir:'

' and V is the volume of the smallest sphere, centered at X, wluch contains at- least ko

of then observat:ons. In particular f is a consistent estlmale of f whenever

k(n)—»oo - '.

k(n)/n—»O

This - result - has- usually been attributed ‘to LOFrSGAARDEN and QUESENBERRY.

. [2:58]. Additional. conditions on k insure strong cons:stency [2.59]. 'The nice

feature of the Fix-HODGEs estimate is that the data does play a part in the _- B

smoothmg of the estlmate about X X However,

Inaf(x)dx— 0

for all n'so that.(2.6).is not p0551ble for this estimate. WAGNER [2 60] has con- - B

“sidered letting r, be a function’ of the data in the kernel estimate of S feg,

r=riX,,... ,X,)] and has, for d=1, given general conditions for consistency. - -

One particular example of these conditions combines the features.of the Fx-

HobpGEs estimate by letting 7, be the average of the distances of X to its k(n)'

nearest neighbor from X,,..., X,.
' Recently, spline methods have been investigated for density estimation

- [2.61-63].-Here, for d=1, one fits a spline, usually a cubic spline, to the empirical -

distribution function of X1, ..., X, with the derivative of the spline being the
resulting density estimate. How one chooses the degree of the spline, the points

for the knots and the boundary conditions are part of the investigations mentioned. |

In [2. 64) WAHBA estabhshes the best possible convergence rate for

E[Sf (X) Foor

' where ﬁ,(x) is any estimate of f (x) and where f is assumed to- belong to the -

Sobolev space of functions W™. In addition, conditions are given for the various
types of density estimates to achieve this rate. :

2.2 Leaming with Finite Memory

. There was great emphas:s in the e.trl) 1960's on recursive or adaptive methods
for learnmg The work of ABRAMSON and BRavERMAN [2.65] initiated interest in
recursive learning algorithms that were computationally simple. For example, if
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: X, 1 X 24« . are iid. normal random vanab!cs N(G 1), thh unknown mean B and
ifa has a normal prior “distribution, then p(6lX,,X,,..., X,) is also normal -

wnh a mean "given by a s:mple recursne function of the sufficient statistic

}:X Th1s work ‘was generdhzed by FRALICK [2 66] and 1mbedded in the 7

structure of conjugate pnor ‘distributions (RAIFFA and SCHLAIFER [2.67)) by
SPRAGINS [2.68]. Subsequently, -however, this work was misinterpreted because
of the emphasis on the :nterpretatlon that distributions f(x|0) with finite dimen-

_ sional sufficient statistics fequire less memory than those that do not. However,

- when invéstigated closely, this interpretation is difficult- to, support_ While it is -
true, for the example, that X, is a sufficient summary of X, X,, ..., X, it is also.
true that the interleaved decunal expansion X of X;,X,. X represents all -

" the information in.the sample and X and X, are both single 1eal numbers

.One way to make sense out of what is meant by less memory of the past is

to restrict-the-memory to be finite and pursue. the quesnon of which problems
_ are easiest under this constraint. But how are we to know which of our real

valued statistics are well behaved when quantized, and how should these quan- -
tizations. be updated? These questions led Cover [2.69] to mvesngate learning -

algorithms of the form Toe1=f(T,, X o4y, m), where T,e{1,2, ..., m} is the current
‘state of memory. I fis mdependent of n, the algorithm is said to be time-invariant,

otherwise the algorithm is time-varying. The memory size is m, and T, is the state.

_ of memory at time n. It was found that ease of }earmng has nothmg to do wnb
,the existence of sufficient statistics.
In this section we shall survey past work on these questlons and present

) _-»some of the current difficulties and open problems.

We are given a sequence of mdcpendent identically distributed observations
{X,}"., where each observation X, is drawn accordmg to the probability mea-
sure P. There are-two hypotheses H, and H,; with a priori probabxht:es 7, and

. gy =1—m7,, where under H,, P=P, for r—-O l We-assume thdt g, Ty, PT, and P, - '

-are known, and that Py+ Py.

Letd,e{H, H .} denote the decision made at tlme n. ¥ d, is allowed to depend o

- 'on X, X3, ..., X, then a:standard. likelihood ratio . test yields a probability of

error tendmg exponentlally to zero in the ‘sample size n. However, the likelihood . .~
" ratio is real valued. Tt requires infinite memory to storé it exactly. We could try <~
to estimate the degradation introduced in this method by the se of finite -

“memory, but we prefer to take the more fundamental viewpoint d:scussed below.
~We: shall consider algonthms & of the form’ .

. 7:-=f(7;.--»1va"}a
d,=d(T,),
'1:,6{1,:2,...,m},

: d,,e {Ho. H,}, va.

If fisa am;,le valued mapping. then o is suid to be a detemummr rule, if f
is o randomized mapping, ther o i called o randomized or stochastic rule.
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' 'Elementary dec:smn theoretic considerations show thdt the error probabxllty

o _cannot be lowered by randomization in d or Tp.

The probablhty of error at tlme nis deﬁned by
P{m,n) Pr{d(T)=|=H} _ R o (2 IO)

where H is the true hypothe51s, d(T)i is the dec1s10n at nme n, and mis the memory
-size.- We shall denote bya star ‘the optlmai probablhty of error’ _ '

P"‘(m,n)—ml'P(m,n), sl " @iy

'where the class of automata & (e. g., lime-invariant, tlme-varymg) will be-clear

"~ from the context. Fmally, con81der the limit for an infinite number of. samples

P(m,oo)-l:msupP(m,n) _ P*(m 00)= mfP(m,oo). (2.12}* '

The ob_}ectwe is, l'or glven m, n, Po, P, 7g, m, tofi nd the algonthm ( f d '1'],) which
minimizes the probability of error P(m, n) or P(m, oc). .

Parts of the following review of the finite memory hterature have been con-
mbuted by M. HELLMAN » :

. 2 2.1 TlmVamng Finite Memory

In themﬁmte sample, ume—varymg, two hypothesrs problem, COVF.R [2 69] has
shown-that a four-state memory (two bits) is sufficient to insure that the proba-
bility of error tends to zero. Basically, one bit is used to remember the current
-favorite hypothesis and one bit to keep track of the success or failure of test.
blocks which become increasmgly larger. KopLowirz [2.70] has recently shown
- that CoveRr’s rule can be reduced to a 3-state form. He also demonstrated that

an m-state, time-varying memory has an asymptotic error probability of zero for N

. any (m-1)-hypothesis problem. Further, KorLowITZ proved that, in general,
~ m-states are necessary for this behavior. HRscHLER and Covewr [2.71] showed
‘that eight states are sufficient to determine the rationality. or lrratlonahty of the

- parameter of a coin, given independent coin flips,

MuLLis and RoBerTs [2.72] investigated a sequential decuslon problem with
time-varying finite memory. The cost for an observation and. the cost for each
- type of error are variable. They find necessary conditions for an optimal design
- and used. an iterative technique fo find an approximation to the optimal rule.

WaGNER [2.73] applied time-varying rules for esttmatmg the mean of a dis-
tribution. For Bernoulli observations WaGNiR's scheme i is very close to optimal -
~ since its maximum absolute error is at most [/m with 2m states in memory.

For the finite admple problem Muise and BOORSTYN [2. 74] eslablish that the
optimal time-varying rule essennally stores a quantized version of the llkehhood
_ ratio, although the quantization is not of any stmple form. Using detectors of

" the form given by Muise and BoOrsTYN will result in the fastest decay of error
probability with increasing sample size. The result that 4 states allows the error
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probablhty to decay to zero cannot be (or at least to date has not been) mferred

from their work.
. RoBerTs and TooOLEY [2.75] attacked the problem ol‘ esumatmg a parameter

_with a time-varying finite memory. They restrict ‘their rules to be of a special
- form which, although not optimal in general, does make sense (and is probably
-optimal) for many problems of interest.

KopLowrrz and RoBERTS [2.76] unified and extended this work. In particular,”
their demonstration of necessary and sufﬁcxent conditions for the optunal state. '
transition function should prove valuable. '

TooLey and RoBeRTS [2.77] extended these ideas to estlmatmg random pro—'A B
‘cesses with finite memory. Baxa and Novtz [2.78] used rules similar to those of
- "RoBerTs and. ToOLEY for the detection problem Their rules, while suboptlmal :

show good performance for even three bits of memory. -~
Cover et al. [2.79] established the existence of an optimal rule for the finite

: sampleproblem This work also demonstrates that knowledge of the sample size N
.- can be of use in lowering the error probablhty In particular, there is a problem o

testing whether the bias-of a coin is 107!° vs, 107 2% withi a two state memory) .
B

. for which:the e—optunal infinite sample solution has P*2, 00)=:10"3, while the.
. optimal finite sample solution has P*(2, n}< 2x 107° for sample sizes n22x 101,
* This paper then goes on to examine the structure of optimal time-varying algo- o
. rithms for finite n. First it shows that the optimal rule is deterministic. The proof -

notes that'a randomlzed rule can be thought of as a collection of deterministic -
rules indexed by a random. variable w. The error probablhty of -the randomized

rule Pe) equals EP(elw) where the expectation is over . There then must be

at least one value w, such that P,{ejw,)< P.{e). By using the deterministic time-

. varying rule induced by wq we thus suffer no greater loss. i
This reasoning fails to go through for time-invariant rules because the deter— ’

ministic rule induced by @, need not be time-invariant, even though the original
randomized rule was. Even so, it indicates that the source of randomization need -
not be a true random number generator. '

‘Still considering the t:me—varymg problem, thlS paper then shows that the i

optlmal rule-is liketihood ratio in form. That is, under an appropriate renumber-
ing of the states of memory, higher likelihood ratio observations cause transitions
to higher numbered states. This resull s:mphﬁes the earlier proof establlshed by

Muisk and BoorsTYN [2.74].

RosBINs [2.80], SamuELs [2.81], Cover [2. 82}, TANAKA [2.83-91] and TARUMI -
(2.92] have proved similar results [such as P*(m, c0)=0, for m24] for the Lwo-
armed bandit problem with a time-varying ﬁmte memory constraint. -

2.2.2 TimeInvariant Finite Memory

In [2.93] HeLmaN and COVER demonstrated that

: ']/'““.;n;——r_ e ,
- P*(m, «c)= mi_n{_z_._n_"i’"-“r | ,no,nl} L S _(2.13) i
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 where 3 is a measure of the dlstance between HO and H e When no—nl=1/2 ‘
we have .

1

P*(m 03) (m 1uz+1 . (-2.-1'4)
The parameter y is deﬁned by 7

where Tis the essential supremum on the hkellhood ratio l(x) and 1is the essentlal
infimum. Clearly Py P, implies T>1, f<1 and y>l Smce y>1 we see that'
P¥(m, o0) goes to.zero exponentially in m.
‘The form of the optimal machine was derrved m [2 93} Here we w1ll mere!y
' examme its structure, Let

f_-g-’—"j{Xff(x)?_[(lﬁ)'*'?]—l} Y .;-_(2.5_16)' B
f’{x“ﬂ<H¢} R _f .'_ L '(2n)
Thus for small e, Ji” and T; have likelihood ratios close to T and A, respectwely
Furthermore Py z)>0 and P({7)>0 by the definitions'of Tand J.
" Consider the machine which transits from statei to i+1if X eX andism—1;

from i to i—1if Xed, and i22; and stays in the same state otherwrse ‘This
machine changes state only on a subsequence of high information observations,

" thereby making maximal use of its limited memory to store information. How-

ever, it is seen that states 1 and m are the states in which we are most certain of
our decisions. Therefore once in an end state we would like the machine to stay
there for a long time before leaving. Randomization achieves this. '
- Hinstate t and Xex',, move to state 2 with small probabrhty & (and stay in' .
state 1 with probability 1 —4). If in state m and X €7 ,, move to state m— 1" with"
probabrhty k5 (and stay in state m with probabrhty 1-k3). Leave all other tran-
sitions as they were. _

The purpose of not fixing k= 1 is to allow asymmetnes in the structure of the :
machine to compensate for asymmetrres in the statistlcs (e.g, mo¥m,, etc.). For
symmetric problems the optimal value is k= 1.

In [2.93] it is shown that with k properly chosen as g 00, the probab;lrty
of error tends to P*(m, co), so that this is an optimal class of algorrthms The -
simple structure of this class is pleasing, and somewhat unexpected, since no
constraints were placed on the “complexity” of the mapping f.

Randomization is generally required to &-achieve P*(m, o0) [2.93]. In fact, for
- discrete distributions, HeLLmMan and Covir [2.94] showed that there can be
arbitrarily large discrepancies between the performance of randomized and deter-
ministic rules I'or a fixed memory size. On the other hand, HFLLMAN [2 95]
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déniongtraied. that dete:ministié. rules are 'asymptotically ‘o'p'timal- for large

. memories, if memory size is measured in bits.

FrLowrr and HeLiMaw [2.96] examined the ﬁnitci_.;samp-lc prdf)lcm' for Ber-. -

noulli observations. They found that most properties of the infinite sample solu-
tion carry over: For optimal designs, transitions are made only between. adjacent
states, and randomization is' needed. However, in the finite sample problem
randomization is needed on all transitions toward the center state (i.e., on'tran- -
sitions from states of low uncertainty to states with higher uncertainty). Sama-
NIEGO [Z97] proved that this structure is optimal for m=3 when attention is
restricted to symmetric machines and problems. o - R
- “LyNN and_BoORSTYN [2.98] examined the finite sample problem for-obser-
- yations with continuous symmetric distributions. They calculated the probability

" of error for algorithms of a particular form which they call finite memory linear - .

detectors. For this type of detector & transition occurs from state i to i~1if
iSm—1and X,>D; a transition occurs from state i to i~1 ifiz2and X ,<—D;
. and the transition-is from state i to itself in all other cases. The threshold D is
optimized over the non-negative real line. The authors noted that this form of
_ machine-is somewhat restrictive, but that its simplicity makes it attractive. It
-resémbles the e-optimal solution to the infinite sample problem in many respects.
- SHUBERT and ANDERSON [2.99] studied a form of generalized saturable counter
. and found performance to be close to optimal. The simplicity of this class of rules -

makes it attractive for implementation on binary data. SHUBERT [2.100] also
studied a variant of the Bernoulli hypothesis testing problem in which the ma-

chine observes not only {X,}; but also two reference sequences {Y.} and {Z,} '

with biases p; and p, respectively. He showed that if memory is increased by one
_ bit then a deterministic machine can perform better than the optimal raridomized
_ machine. . - . . : R -
. "SamANIEGO [2.101] investigated the problem of estimating the parameter of
a Bernoulli distribution and, restricting attention to a certain form of machine, - '
finds minimax solutions using a variant of the mean-square-error loss criterion.
" If p-is the true value of the parameter and p is the estimate, his loss function is
" {(p—pP/(p(1—p)). The inachine is restricted to make transitions only between '
‘adjacent states, and to move up on heads and down on tails. : -
_ HEeLLMAN [2.102] examined the infinite sample, Gaussian estimation problem
‘and showed that the problem can be reduced to a quantization problem. This
result also applies to a larger class of infinite sample estimation problems. ]
SHUBERT [2.103] has recently established some interesting results on the
structure of optimal finite memory algorithms for testing k hypotheses, for k3.
. This problem remains unsolved, but SHUBERT was able to exhibit a counter-
" example to the natural conjecture that the optimal algorithm has a tree structure.
for its transition rule. Other relevant references in finite memory include [2.14,
1041117, . . o _ _ -
. The outstanding open problens in this area are
- i) k-hypothesis testing with finitc memory
ii) estimation with finite memory 7 _ .
iii) establishing optimality of likelihood ratio transition rules for finite-sample.
time-invariant rules. : o ,
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23 Two-Dlmensmnal Pattems and Their Complexuy

Human visual pattem recognition deals with two- and three-drmensxonal scenes. -

, What we need for a systematic investigation of statistical pattern recogmtion
applied to two- and three-dimensional scenes are the following:

1) A systematic description of two-dimensional scenes. This description should
allow for degrees of resolution. It is very clear in practice that many scenes that

differ point to point may in fact be perceived by a visual system as the same . =
scene. Thus-a suitable metric.on the set of all two-dxmens:onal scenes must be .

developed. - :
2 A sequenoe of” sequentlaﬂy more refined partitions of the pattern space

For example; one standard scheme of representing a two-dimensional image is -

to quantize it into small squares, each square of which has associated a brightness
~ level belonging to some finite set. Alternatively, one might have a metric defined
on the pattern space and describe the scene to e-accuracy by finitely describing
* some pattern that lies within ¢ of the true perceived pattern. Thus the representa-
tlon of a pattern would consist of a canonical pattern P and a real number £>0.

- 3) There should be an algebra on the pattern space corresponding to the

usual mampuianons-—umon intersection, obscuring of images, complementa-

tions, rotations, translations, etc. Some notions on developmg an algebra on the»

space of man’s senses are discussed in Cover [2.14].

4) There should beé a notion of a universal intrinsic complexzty of pattems
At first the idea seems absurd that a Martian, a Human, and 2 member of some
. far away galaxy would all perceive the image of a cabin by a lake with smoke

* coming out of the chimney as having the same intrinsic complexity. While it is

~ certainly true that there are certain familiar stored scenes which facilitate an 7
efficient description of the image, it turns out that this cultural bias manifests ..

itself as an additive constant which is washed out by scenes of sufficient com-

plexity. Indeed, using a modified notion of KOLMOGOROWSOLOMONOFF-CHAmN, BRI
[2.112—114] complexity, in which the complexity of an image is defined tobe the -~

length of the shortcst binary computer program’ that will cause a computer to
_print out-the image to the desired degree of accuracy, we can prove that the
intrinsic complexity of an image is universal. We shall develop some of the pro—

- perties of the complexity notion for patterns. , :
The intrinsic complexity of patterns sits by itself as the most efﬁc;ent descrip-
tion of the pattern, but we wish to invest this notion with further operational -

. significance. For example, of what use is this information in allowing one to infer
the classification of new, as yet unseen patterns? We find that by putting this

problem into a gambling context in which one’s degree of belief is immediately _

reflected in the amount of money gamblcd that there is an absolute duality
between the amount of money which can be won in sequential gambling schemes
on a pattern and the number of bits of compression that can beachieved in the
‘pattern by taking it from its raw form to its shortest program.

Furthermore, in addition to being able to make an exponential amount of ~

-“money on the inference of patterns cxhibited bit by bit, we find _that we can also
infer the classification of new patterns. We show here that the amount of moncy
that can be made corresponds to the complexity of the classification function

e s e ST T B N
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which classifies each pattern into its appropriate category. So although the under-
© lying classification function is not known, sequential inferences can’be made in
a universal way about this unknown classification function in such a manner - '
__ 'that the amount of money S, -achieved after n patterns have been presented is -~
- given by 2" "X, where K(f) is the length in bits of the shortest binary program E

describing the classification function f. As a particular application, we shall show
- that the standard linearly separable, quadratically separable, and spherically

separable pattern sets yield an inference procedure generating an amount which :
* is given by. §,~ 2" ~#E@m), where d is the number of degrees of freedom of the -~
classification surface, n is the number of points being classified, and H(p)=. -

— plogp—q logq is Shannon’s entropy function.

- .

Technically, the approach given in this section is not statistical in that we .~

‘make deterministic statements about the intrinsic complexity of a sequence and

the arount of money that a gambling scheme will surely have earned on this

" sequence. However, the universal gambling schemes have the property that they -

contain-all known finitely describable statistical inference procedures as a special
case. In addition, they have an optimality property which guarantees that the
amount of money earned is earned at a rate which is the maximum possible,
giveri known statistics. ' o R -

23.1 Pattern Complexity .
In this secnon we shall consider ihe intrinsic complexity of patterns and the -
extent to which' this notion is well defined. Past work in the computer science

- and. artificial intelligence literature on the decomposition of -pictures into- their
. basic buiiding blocks is consistent with our motivation, but we shall look at the

- simplest description over all possible descriptions. Also, work on computational - »

geometry and Perceptron complexity by Mmsky and PAPERT [2.115] is an

attempt to-measure picture complexity with respect to Perceptrons. We shall

" -consider picture complexity with respect to so-called universal computers.

L Kalmgomp.Complexity'

Let N denote _the'natufal numbers {0, 1,2, ...}. Let {0,1}* ﬂenote all binary se- ‘ '

quences of finite length, Let xe{0,1}* denote a finite binary. sequence and let
© x(nm)=(x,, X3, ..., X,} denote the first n terms. Let A be a partial recursive func-
tion 4: {0,1}* x N—{0, 1}* Let l(x) denote the length of the sequence x. Then

K {x(n}m)=" min I(p) is the program complexity of KoLMoGORoV et al.

) . Alp.n)=x(n)
[2.112-114].- We know that

) K(im S Kelxmin)+C,
forallneN, V¥x, VB _

i) [{xe {0, 1} K)=k}SY,
VkeN. - ’

ey
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. Now we define a complexity measure for functions f:D—{0, 1}, where the do-
mam D is some finite set Let 4 be a universal parnal recursive I'unctton

x}=fix) -

Defnmon KA(f{D)«» mm I(p) R A (Z%ﬁlg.—-'ﬂ-:-"'

,st.

We assume throughout that the inputs (p, nyand (p, x} for A are sultab]y presented

lothe computer (partial recursive function) A. Thus the complexity of f- giventhe ° -

‘domain D is the minimum length program p such that a Turing machine A, or )
equwalently a mechanlcal algonthm A, can compute f(x) in finite tune for each
xeD. -~ _ , :

ExampIe t LetD {0 13

Yx=odd »
in-—even‘ -

Let S0 {

Then K{f |D) =¢, where ¢ is some small constant mdependent of d The pauty R . -

: ’funcuon above is easy to descnbe and thus has essentially zero- complex1ty

: Pattern Complexlty

-Let D ={1,2, ... m}x {1 2,00 m} denote a retina and x denote a pattern
" x:D-{0,1}. The interpretation is that the cell (i, j) of ‘the retina 'has brightness ..
level x(i, ). Let 4 be a-universal partial recursive function. We shall cons1der A -
fixed and henceforth drop the subscript in K,

Dej' nition: The pattem compiex:ty of the pattem x is given by
K= mi t(p)

AlpiGi, m=x(r g
vii.heD

We have the followmg properues

. 1) K(x)SKB(x)+c, Vx, VB,
i) K(x)sm*+¢, ¥x: )
Here are some examples without proof: . : '
. i} The blank pattern x,=0 has K(x,)= 0(1), where 0{1) denotes a (small)
'constant independent of the retina size m. - _
' _u) The smgle spot pattern

ji-., (l’j) (‘0:]0)
0 otherwnse

- x(i, )= {
‘has
K(x)=2 logm +0(1)

iii) If x is the pattern correspondmg to a rectangular subset of D then
K(x)S6logm+0(1). = = -
ivi Let Chea circle thrown down on the retina, and let x(i, jl— {if and oni\
il (i, DEC Then K(\)<6!0gm+0(l} : :
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2 3 2 Inferem:e of Clasmﬁcatwn Functlons :

A Thxs section follows, the presentanon in COVEE. {2 116] Gwen a domam D of

patterns D= {Xy, Xz, ..; X,.} anid an unknown classification fanction f:D-{0,1} - R R TIa

- assigning the patterns to two classes, we ask for an intelligent way to learn f as
the correctly classified elements in D are presented one by one. We ask this ques-
tion in a gambling context in which a gambler, starting with one unit, sequentially
- bets a-portion of his current- capital on the classification of the new pattern. We
find the optimal gambling system when f is known a priori to belong to some -
family F. We also exhibit a universal’ opnmal learning scheme achieving

©exXpa [n-K( f1D)—log(n+ 1)} units for each f, where K(f|D)is the length of the. . - |

shortest binary computer program which calculates f-on its domain D. In par-

ticular it can be shown thata gambler can double his money approx:mately .

n{i— H(d/n)} times, if f is a linear threshold function on n patterns in d-space.

" Let F denote a set of (classification) functions f:D={0,1}. For example,
F_might be the set of all linear threshold functions. Let |F| denote the number
- of elements in F. The mterpretanon will be that D is the set of pattems, and f ('c)
is the classification of the patternx in D.

‘Consider the following gambling situation. The elements of D are presented L

~in any order. A gambler starts with one dollar.. The first pattern x, e D is exhibited.
The gambler then announces amounts b, and b, that he bets on the-true class
being f{x,)=1 and f{(x,)=0, respectwely Without loss of generality we can set

b, +be=1. The true value f(x,) is then announced, and the gambler loses the o

mcorrect bet and is pald even money on the correct bet. Thus h:s new capital is

g {2!:1, fe=1
12k, flx))= 0

. -Now a new pattern element x,eD is exhibited. Again the gambler announces - .

o proportions b, and by of his current capital that he bets-on f{x,)=1and f (x,) 0,
- respectively. Without loss of generality let b0+b.-—1 Thus the bet sizes are
b8, and b,S,. Then f (x)»ls announced and the gambler’s new capital is o

, Sz— {Zblsi- .‘.'f.(xz)z,l .

~ 12645, fx)=0. 0

" Contmumg in lhlS fashton we define

. b{:’{xﬂ{th(x:)} o §%e t’f(‘fl. 1)}} xeD

and biP'=1-b{¥, b"">0 b“">() asa gdmbhng scheme that depends only on the“
previously ﬂbserved propc.rly classitied {lmmmg) set. -
The accrued Ldpstdl i

; {21"1*151—1- K (-\'ﬁ’—-l
k

= 23
W8 Sld=n - (’-'”.
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for k=1,2, ..., nand So=1. Let
b'={'{-'b“’ bm} {bm bzz;} {b(n) bﬁ"’}}-f ot i

_denote a scqucnce of gamblmg l‘unct:ons

- Theorem 1. For any FC D'%1, there exists a gambhng scheme b* achieving
S, f )= 8% =20~W8IFl ynits, for all f in F and for ali orders of presentation of the
elements xeD. Moreover, there exists no b-that dominates b* Vf; thus b* is
minimax. Thns gambling scheme is gwen by the expressnon

loeFio()= fedi=1,2,.. k= landg(x)=_lr}]_-

S %y =
bl W= - HgeF:glx)=f(x), a-1 2. k=1

e2) T

: Remark This gamblmg scheme simply asserts at tlme k; “Bet all of the: current _— : :
~ capital on-the hypotheses f(x,}=1 and- f(x,)=0 in proport:on to the’ numberof . 7

functions g in F that agree on the training set and assngn thc new pattcm X to

g R classes g(xx)=1and g(x,)=0, rcspectwely

. Example: Let D denote a set of n vectors in Euchdcan d-spaoe IR" Let us also
" assume .that {xl,xz, . X,}=D is in general position in the sense that every

d-element subset of D is linearly independent. Let F be the set of all linear threshold - ;

» functmns on D i.e, feF implies there exlsts welR" such that

f(x)?sgn(erT), Vxep,
where R ’
' i, ¢ '0

’sén(t)={0’ £<0.

_'fThen from Cover [242), we have |Ft ZL-o(n l) vd, n. Usmg bounds o

' denved from Stirling’s approx:matlon it can be-shown that -
| 1og('22:=0("; ))an(:—:) for n22d, . ey

" Thus we conclude, for n>2d, that an' amount §,=2"! ~H#¢M can be won if in
fact the n patterns are linearly separable in R%. Note also that H(d/n) is the Kolmo-
gorov complexity of most of the linear threshold functions feF. Finally, we observe
‘that 8, is not n‘u’wh_ greater than ! until n=2d, at which peint S, grows expo-
nentially. This is yet more evidence that n=24 is a natural definition of the
capacity of a linear threshold pattern recognition device with d variable wenghts
{2.42]. This result is a special case of the following theoreni:

Theorem 2: There exists a betting scheme b* such that the tota! accumulated
capital satisfies S{f)22"~ ROy —logm 1y :

Other aspects of complexity and mfen.nce can be found in COVER {7 1173
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