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The Best Two Independent Measurements Are Not
the Two Best

'THOMAS M. COVER

Abstract—Consider an item that belongs to one of two classes, § = 0
or & = 1, with equal probabilify. Suppose alsc that there are two mea-
surement experiments F; and E, that can be performed, and suppose
that the outcomes are independent (given 8). Let E,’ denote an independent
performance of experiment E;. Let P.{E) denote the probability of error
resulting from the performance of experiment E. Elashoff [1] gives an
example of three experiments E,,E;,E; such that P(E;) < PAE;) <
_ PAE;), but P(E,,E;) < PJE,,E;). Toussaint [2] exhibits binary valued

experiments satisfying P.(E,) < PAE;) < PJE), suchthat P(E,,E;) <
PAE,E;) < PAE,F;). We shall give an example of binary valued
experiments E; and E, such that P(E;) < PAE.), but PE,,E,") <
PAE F>) < PAEE,"). Thus if one observation is allowed, E; is the
best experiment, If two observations are allowed, then two independent
copies of the “wors{” experiment E, are preferred. This is true despite
the conditional independence of the observations.

I. INTRODUCTION

In the classification or hypothesis testing problem, it is well known
that the most informative & element subset of » measurements is not
necessarily the union of the £ individually most informative measure-
ments. Aun easy example can be generated by allowing statistical de-
pendence among the measurements, thereby making it redundant to
use the two measurements with individually lowest probabilities of

error,

" If one goes no further than this example, one might be Ied to believe
that the difficulties in finding the best & measurements arise solely from
dependence among the measurements. Elashoff [] and Toussaint [2]
have shown that the essence of the problem is retained even when all
the measurements are (conditionally) independent. This correspon-
dence provides another such example.

1. FaMiLy oF EXAMPLES
Consider the following example:

Ey E,

ls I,!’
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0,1_171 01 1"'?’1

where Pr{d = 0} = Pr{0 = 1} = 4. Also, let (E,E/) denote two
independent repetitions of E;. Thus, for example, for (Ey,E,),
Pri(x,X) = (1,0)] 6} = po(l — po).
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[2) G. T. Toussaint,

The Bayes probability of error is given for a discrete random variable
X by

PAE) = ¥ min {Pr {0 = 0}Po(x), Pr {0 = I}P,(x)}.

Thus, for example,
PE;) = 1 min{l — po,1 — ps} + § min {po,p:}

= i1 = |po — pull.
Choose
Po=0596,p, =004,r, =09,r, =0.
We then have
PE)) = 0.04
<PAEz) = 0.05
and

Pe(Ez,Ezr) = 0.005
<.P¢(E1,Ez) = 0.022
<P;(E1,E1') = 0.040.

Interpreting this, we see, for example, that two observations of the best
experiment E; vield no decrease in the probability of error 0.04, while
two observations of E, decrease the probability of error 0.05 by a
factor of 10.

III. CoMMENTS

The main idea of this example is that experiment £, has a moderate
probability (ro + r:) of yielding an observation (¥ = 1) of very high
information (conditional probability of error approximately zero).
Thus two independent observations of E, will yield such an observa-
tion with much higher probability. Experiment E,, on the other hand,
has no events of outstandingly high information. In fact, since we have
chosen po = 1 — p, in E;, two experiments are no better than one.

The set of values, ro,r:,p0,p1 for which the desired ordering on

experiments is induced is fairly large. In particular it is not necessary to .

choose ry = 0, nor is it necessary that the prior probabilities be equal.

In general, whenever the divergence measure J yields a different
ordering on E; and E, than does the probability of error P,, then n
independent repetitions of the high P, experiment will yield Iower P,
than » independent repetitions of the lower P, experiment, for a
suitably large value of .
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