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“ 1. INTRODUCTTON -

Since any system is in fact finite, the problem of learning with finite memo-
ry is of great importance, The.real problem is to formulate a model which ia
both appliegble to the real world and amenable to theoretical stiidy.

In thig paper we will be concerned with several models and, not/ unexpec-
fedly; therétis an inverse refation' betweex: theoretical isimpli¢ity'‘and real
world applicability. However thee models are all related and ‘are outgrowths
of ong advanced by Hellan and Cover [1, 2, 3]. This madel was motivated
by earlier works [4, 5] but was the first to ‘yield an optimal solution.

We'are given a sequence of independent, identically distributed observa-
tions {X,/}~ ' where each .observation X is drawn according to the pro-
bability measure P. There are two hypotheses H, and H, with ¢ priori
probabilities 7, and o, =.1 — x,, where under H,, P = P, for ¢ — 0.1.
We assume that m,, x,, P, and P, are known, and that P, -« P, almost
everywhere. - o e : : ' R

Let d,, ¢ {H,, H} denote the decision made at time n. If 4, is allowed to
depend on X, X,, .. ., X, then a standard likelihood ratio _test yields a pro-
bability of error tending exponentially to zero in the sample size n. However
the'likelihood ratio is real valued and to store it exaetly requires infinite
memory. We could try to estimate the degradation introduced in this method
by the use of finite memory, but prefer to take the ‘mote fundamental view-
point: diseussed below. ! S T ’

~_ A'finite memory algorithm consists of the sextuple ol'= (%, D, 8, d, f,T,).
% is the space of allowable observations {i.e. X, € %), D is the space of allow-
able deeisions (i.e. d, €D = [H,, H} in our example), § is the finite state
space or memory, d: 8:— D is the decision function, f: 8x% —~§ is the

- state transition function, and 7', €8 is the initial state of memory. The
interpretation is that at time zero memory is in state 7';. At time one X,
is observed causing a transition to state T, = (T, X,) and a decision d; =
= d(T). At time two X, is observed causing a transition te state T, = f(7,,
X,) and a decision d, = d(1';) and, in general,

Tn = f(T!l-—ll" X) € 8
d, = d(Tn) €D. (11}

We measure the size of memory by.the number of states in 8. That is memory
is of size m if 8 = {s),8,, ..., 5,). We will prefier to represent $ by {1, 2,
-« -»m} for notational convenience." :

Letting e, equal 0 or 1 accordingly as d, = H, or d, = H,, where H, .
denotes the true hypothesis, define

Poh) = Be, - (1.2)

. and :
Pol) = lim 13p () (1.3)=
® -—.N»n N é me -
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Fizl;'yher, for a given problem (i.e., 7y, my, Py, P;}, memory size m and sample.
sizé n < oo define '
P*(m, n) = inf P, (R). (1.4)
14T,

The value of P*(m, n) depends on the class of algorithms considered. For-
.example, should randomized mappings f and 4 be allowed? At first it would -
seem that since randomized mappings tend to add noise, their use would
only increase error probability. However this is not so in general, and we
will explore the differences between deterministic algorithms and randomized
algorithms. Of eourse, when a randomized algorithm is used, the randomiza-
tion must be independent of the data to avoid hidden memory.

The infimum in (1.4) will be taken over all m-state algorithms, randomized
and deterministic. Therefore we define

Plm, n) = inf P(oR) (1.5
where in (1.5) the infimum is over the class of deterministic automata. Clear-
1y for all problems, m and

P¥(m, n) < P¥m,n). (1.6)

In Section 2 we will review the work of Hellman and Cover [1, 3], finding
explicit expressions for P*(m, cc). We will see that for large memory sizes
P#(m, o) goes to zero exponentially in m. This is a dual result to that for
infinite memory but finite sample size. There, for large sample sizes, probabi-
lity of error goes to zero exponentially in the sample size.

In Section 3 we will explore the differences between randomized and
deterministic automata when n = co. Following Hellman and Cover [6]
we will find that there exist problems for which randomized rules are arbit-
rarily better than deterministic rules. However we will then see [7] that
deterministic rules are asymptotically optimal. These two statements seem
contradictory but, in fact, are not when precisely stated.

The first statement becomes: For any m < co and 8 > 0 there exists a
problem such that P*(2, o) < 9, while P¥(m, co) > 1/2 — 4.

The second statement becomes: For any problem there exists & b < co
such that for all m, P4(m2°, o) < P*(m, o). That is, adding b bits to me-
mory makes deterministic rules competitive with randomized rules.

Then in Section 4 we review recent work of Flower [8] and Freedman [9] .
on the behaviour of P*(m, n) as a function of sample size n. =

2. BEHAVIOUR'OF P¥(m, )
In [1] Hellman end Cover show that

. e Vrmpyn-t -1
PH(m, co) = mm{ ;:mlz)l — > % nl} (2.1) _

where y is 8 measure of the distance between H, and H,. When ny = m; =
= 1/2 we have

P*(m, co) = 1 (2.2)

T ogptmeni 17
“The parameter y is defined by » :
‘ y=l>1 (2.3



219

“wihere
i — sup Do)
{ = sup 2= 2.4).. .
c511131,)1(A) (2.4)
1= ing Lol4) (2.5)
P{4)

and the supremum and infimum are over all measurable sets 4 such that.

Py(A4) + P(A) > 0. That is, [ is the essential supremum on the likelihood

ratio /(X}, while [ is the essential infimum. Clearly I > 1,7/ < 1 and y > 1.
Since y > 1 we see that

P*(m, co) ~ 1™ (2.6)

where r = p~12 < 1. Thus P*(m, co) goes to zero exponentially in m.
The form of the optimal machine is of interest and is derived in [1]. Here
we will merely examine its structure. Let

W= {z €% : Ux) > [(Y]) + &1} (2.7
and i
Jo=1{eeX:l)<l+ ). (2.8)

'hus for-small &, ¥, and 3, have likelihood ratios close to I and I respectively.
Furthermore Py(3(,} > 0 and P(§,) > 0 by the definitions of [ and l.

~ Consider the machine which transits from state i to ¢ + 1if X ¢ H, and
i <m — Ly fromitod — 1if X €§,and s > 2; and stays in the same state
otherwise. This machine changes state only on a subsequence of high infor-
mation observations, thereby making maximal use of its limited memory
to store information. However it is seen that states 1 and m are the states
in which we are most certain of our decisions. Therefore once in an end state
*we would like the machine to stay there for a long time before leaving.
Using randomization we can effect this. :

If in state 1 and X € H, move to state 2 with small probability é (and
stay in state 1 with probability 1 — §). If in state m and X € §, move to
statem — 1 with probability 4 (and stay in state s with probability ¥ — k8)
Leave all other transitions as they were. ,

The purpose of not fixing & = 1 is to allow asymmetries in the structure of
the machine to compensate for asymmetries in the statistics (e.g., my 5= @y,
ete.). For symmetric problems the optimal value is & = 1.

In [1] it is shown that with % properly chosen, as &, 6§ — 0, P, () —
— P%(m, o) 8o that this is an optimal class of algorithms. The simple strue-
ture of this elass is pleasing, and somewhat unexpected, since no constraints.
were placed on the ‘“‘complexity” of the mapping £.

" Note that randomization is necessary to approach P*(m, co) if ¥ is a

Jfinite space. If % is continuous, randomization is not necessary (i.e., P*(m,
o0) = P¥%{m, o)) since then we can obtain low probability deterministic
transitions. -

3, RANDOMIZATION

‘We have just noted that randomization is not necessary if % is a conti- -
~auous space. Here we examine the differences between randomized and .
~deterministic rules- when % is discrete.
 First let us show that randomized rules are arbitrarily better in the :
-sense that for any m << co and & > 0 there exists.a problem such that -
- P*(2, o0) <[ 6 while: P4(m, ) >}/ — 8. Not surprisingly it suffices to

consider Bernoulli distributions whers % = {0, 1} since these are the anti- -
thesis 6f cenbinuous distributions. - -
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Let p, = Pr(X = 1| H,) and p, = Pr(X = 1] H)), and ¢, =1 — Pp,
g =1—p. I Dy = 83j4 and p, = 14 then UX = 1) = polp, = 3 end
(X = 0)=13.Thus I =3, I=13andy=9Ifn=m= 1/2 we have,
from (8), that P*(5, co) = 1/82. )

Ifp,=1— 10"Pandp, = 1 — 10-° we have I = po/p, > 1, I 58 dla =
=1/10and y > 10. Thus P#(5, co) < 1/101. The optimal five state Tandom-
ized machine actually has a lower probability of error for this problem
than when p, = 3[4, p; = 1/4. 1t is fairly obvious that a five state determin-
istic machine cannot achieve an error probability much below 1/2. Thus
P%(3, co) < PY5, o). Weo can make the discrepancy even worse. If weo
make py = 1 — 107" and leave p, = 1 — 1079 then y ~~ 10*® and P*
(5, o) ~~ 10.72°, while Px(5, oo) is still close to- 1/2. On the other hand if we
keep the ratio gofg, fixed but make p, and p, even closer to 1 this does not
affect y and hence P*(m, o), but does cause P¥5, oo} to be even closer to
1/2 (e.g., po = 1072, Py = 1 — 10-1). By combining these two effects we
can, for any m < oo, make y arbitrarily large (and thus P*(2, oo) arbitrarily
small), and yet keep Pg(m, o) arbitrarily close to 1/2.

Now let us turn to the other statement: For any problem, there exists &
b < oo such that, for all m, PY(m2?, oo) < P¥(m, oo). That is, deterministic
rules lose at most b bits. The basic idea [7] is to demonstrate & class of deter-

ministic machines which has error probability go fo zero exponentially in
m, the number of states. Say P(m) ~'sm for some 8 < 1. Since P*{(m, co) ~
~o #™ where 1 = p 12 <1 we know that s > . However there must exist
I < oo such that s¥ < 7. Setting b = [log,kl* yields the desired result.

Since the solution to the Bernoulli problem (ie., € = {0, 1}) is easily
extended to the general problem we only consider it in this review. 1f
po > Y2 >y then:the algorithm which moves up on gtate when X = 1
{unless in state ), down one state when X =1 (unless in state 1), and
decides H, in states i > m{2 and H, in states i < m/2 has probability of
error P(m) which goes to zero exponentially in m. That is P(m) ~ s™ where
¢ = max{(gglpe) % (Drf0:)"?}- ,

If po > P > 1{2 (or 1/2 > po > p;) then the above machine does nob
have Pigm) ~ s for any ¢ < 1. This is because under both hypotheses there
is a drift to higher (respectively lower) numbered states. Since the problems
pg > Py > 1/2 and 1/2 > py > Py are equivalent by interchanging the roles
of X = 0 and X = 1, we consider only the former.

We can always find integers N, > N,. such that (pMgd+) >1 and
(pMijgls) <. 1. Thus a achme which moves up one state whenever & block
of N, observations consists of all 1’s and down one state Whenever the first
N, observations of the block are all 0’s, has a drift toward higher numbered
states under H, and a drift toward lower numbered states under H,. If such

o machine were to decide H, in states i > m{2 and H, in states i < mf2 ik
would have P(m) ~ s™ where s = max { (g /pd)"*, (plefgtyey < 1. of
.course this machines reguires a state transition function f which maps
SX%EM to 8, violating -eur definition for an m-state, finite memory decision
rule. However it is possible to implement such a rule using a finite memory
rule with at most (2¥: — 1) m states. (Essentially construct & machine with
w super-states each comprised of 2N —1 regular states.) Thus P(m) ~
o [SlEN -1y ]m ‘whieh still has the desired form.

"The extension of these results to non-Bernoulli problems is straightfor-
svard since we can always quantize the observation space more coarsely.
The extension to more than two hypotheses is also nob too difficult [7].

iHoros [10] has also examined the differences between randomized and:

dJeterministic machines. He expands the decision space D to {Hy Hy, @} ‘!

where d,, = @ indicates that no decision is made. If such decisions incur no
cost, he finds that P3(m, co) = P*(m, o) for symmetric problems {i.e-,
& =1 is optimal). '
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4. FINITE SAMPLE SIZE

All analysis up to now has dealt with infinite sample sizes. The importance
of the finite sample size problem is evident, but one can no longer use equi-
‘librium conditions, making analysis rather difficult.

Flower [8] has investigated the symmetric Bernoulli problem (i.e., p, =
=1 —p, and 7y = m; = 12) for finite sample sizes. Using a computer
‘search he has found that the optimal rule moves at most one state per trans-
dtion. If X = 1 (or X = 0) the transition is to the next higher (or lower)
numbered state, or to the same state. The probability of such transitions is
1 if the move is away from the middle of the machine, but is strietly less
than one if the move is toward the middle of the machine and the sample
size » > m. Experimentally it was found that P*(m,n) — P*(m, oo)
approaches zero approximately as 1fn. Analysis indicates that the actual
form is (log n)/=.

Freedman [9] has studied the speeial problem where % is the real line,
Py =R+ 1,1), P, = R(—11), my = m, = 1/2 and m = 2, Fer this Gaus-
sian problem y = oo g0 that P*(2, oo} = 0. This would seem to indicate
that a two state memory is not better than an infinite memory. However
P2, n) ~ exp[-—2 |2 Inn], whereas P*(co,n)~ exp[-an] where o« > 0.
Thus the difference between m = 2 and m = co is quite marked for finite
sample sizes.

5. DISCUSSION

It is seen that the theory is very general when applied to randomized
algorithms and infinite sample sizes. Although deterministic algorithms are
not as easily analyzed, their practical importance tempts us to exert additio-
nal effort. Similarly, finite sample size problems lack theoretical simplicity
but not practical applications. ’

Future work will thus probably continue to pursue these two lines of
research. In addition it may be possible to take account of the complexity
of the functions f and d. As noted it is surprising that with no constraint
on complexity the optimal f and & are rather simple for the infinite sample,
randomized algorithm problem. It is therefore possible that even when
a suitable such constraint is imposed, there will he little change in the
optimal algorithm.
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