COMMENTS ON AUTOMATA IN RANDOM MEDIA®

Martin E. Hellmant and Thomas M. Covert UDC 62-507

In this paper-several approaches are presented to the problem of optimizing the design of

a finite automaton for the hypothesis testing problem and the related two-armed bandit
problem. It is noted that the two-armed bandit formulation is equivalent to a fundamental
question raised by Tsetlin and his colleagues concerning the unknown optimal design of
automata in random media. A solution of this problem is given by appropriate application
of other work which is presented in condensed and unified form here. Closely related prob-
lems involving Markov switching hypotheses and muitiple hypotheses remain unsolved.

1. Introduction

We will consider two related problems with finite memory constraints. The first is the hypothesis
testing problem (HTP) and is formulated as follows: An infinite sequence of independent identically dis-
tributed random variable {Xn}";:1 is generated sequentially, where Xp, is distributed according to the prob-
ability measure P defined on the probability space (#, $. P), and the sequence is distributed according
to the corresponding infinite product measure. Consider the two-hypothesis testing problem:

Hy: P = Po,

i H] P= P:.
The a priori probabilities of hypotheses H, and H, are , and m = 17, and are assumed known. We wish
to make a sequence of decisions {dp}p =,, where dne{Ho- h,} dependson X;, X, . . ., Xp only through a
finite valued, updatable statistic T. To be explicit,

T = f(Tno, Xa)€{1, 2,...,m},
n=— d(Tn)E {HQ, H]},

where T, is the value of T at time n, We shall call Ty the state of the memory at time n and call m the
size of memory. The objective is to find the pair of functions (f, d) which minimizes the long run prob-
ability of error

(1)

(2)

1y
Pley=lm & Z_:l” n(e). 3
where

P.le) = Pr{d. # H} (4

and H is the underlying true hypothesis (which we may consider to have been drawn initially according to
the prior probabilities my, 7;). Let p* denote the minimum achievable P(e} given by
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P* =inf P(e). (5)
. d)

The second problem to be considered is the two-armed bandit problem (TABP) (1-14]. This problem
is closely related to the HTP and is stated as follows: Given are two experiments A and B. Whenever ex-
periment A is performed, the experimental outcome Y is distributed according to the probability measure
P4. Similarly, whenever experiment B is performed, the experimental outcome Y is distributed accord-
ing to PR. Two hypotheses exist concerning P4 and Pp:

Hy: Py = PyandpPy = p,,
(6)
H:Py= Piand Py = Py,
where P and P, are known measures defined on the probability space (4/, #, +) and % is the space of ex-
perimental outcomes with Borel field # . The a priori probabilities my and 7, are known. We wish to make
a sequence of choices of experiment {en}:=| where ene{A- B}depends on the first n—1 observations Xi = (eq,
Yi), i=1,2, ..., n-1, only through a finite-valued updatable statistic T. That is, for memory size m,

Ton=f(Tna, Xn)€{1,2,...,m},

en =e(Tw1)€ {4, B}, {7

Xn ={en, ¥n).
Note that an observation consists of the experiment e performed and the resultant experimental outcome.
Thus X¢{A, B} x Y= 2. Itis assumed, for all i, j, that Y; and Y; are conditionally independent, con-
ditioned on ej and ej, le,,

Pl‘{Yf, Yj]tj, e;.} = Pr{Y,-Ieg, ej}Pr{Y,-i_ei, 8,'}. (8)

The objective is to find the pair of functions (f, e) which maximizes r*, the expected long-run proportion
of uses of the experiment associated with Py. Therefore, under H, one would like to perform A exclusively,
while under H, one would like to perform B exclusively, Thus the TABP requires both a test between H,
and H, and utilization of the resuits of the test in order to obtain a large proportion of successes_(uses of
Py. Let ‘

r =supr (9)

e

denote the maximum achievable proportion of successes, where the maximum is taken over all algorithms
tf, e) with fixed memory size m. {The dependence on m will not be explicitly noted.)

It is obvious that both the HTP and the TABP with finite memory are closely related to the behavior
of finite automata in random media considered by Tsetlin and his colleagues [15-25]. The states in memory
correspond to the internal states of the automaton; the observations are inputs and the decisions are outputs,
The two hypotheses correspond to two different environments. In the HTP the automaton merely generates
a sequence of guesses of the state of its environment; while in the TABP the automaton is able to affect the
behavior of its environment by its actions (outputs),

Obviously, the maximal obtainable performance depends upon the nature of the restrictions we place
on the mappings f, d, and e. The most restrictive condition is that the mappings be constant., This is triv-
ial and uninteresting,

The first case of interest (and perhaps the most interesting case) is that in which the mappings are
time-invariant, deterministic, Borel functions. The quantities P* and r*, and the associated optimal (f, d}
and if, e), are not known for this case, unless Py and P, represent continuous probability distributions [26].
Next, consider the mapping f to be stochastic, but still time-invariant (18, 19]. In this case Hellman and
Cover [26] have found simple expressions for P* and r* and have characterized the optimal (f, d) and (f, e}.
In general P*> ¢ and r* < 1, so that finite memory of this type precludes the gathering of perfect informa-
tion about the environment,

Another option is to allow the mappings to be time-varying, That is, one specifies a sequence of func-
tions {fn}fl___l, where f, is used to update T at time n. In this case Cover {9, 27] has shown that P* = 0 and
r* =1, for any finite memory m.

Adaptive schemes have also been considered by Chandrasekaran, Shen, Varshavskii, and Vorontsova
{12, 13, 20]. Here the mappings are changed at each step, but the new mapping depends on the data. Th_at
is,
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) fn41 = F(fn, Xn}). (10
where F is a fixed mapping and f;, is a function defined on {1, 2, ..., m} x &. The mappings d and e are
similarly determined. Again, in this case P* and r* =1 (11, 12, 13, 20].

One can raise objections to each of the last three models. Randomized rules require generation of random
pumbers; time-varying rules require an infinite clock; and adaptive rules require additional (perhaps infinite)
memory capacity to store the current function f;,, The model chosen depends on the individual application.

The time-invariant, deterministic algorithms specified in Egs. (2) and (7) have finite memory in all
respects. If one believes that randomization requires no memory, or if one allows randomization by an
independent outside agency, then allowing stochastic updating algorithms wili not increase the memory.
Thus we shall be interested here in the study of time-invariant stochastic rules as models of finite memory
learning systems,

The next section gives a brief outline of the steps necessary to put bounds on P(e} and r, In $3 it is
shown that these bounds are tight in the sense they can be approached arbitrarily closely. In
§§2, 3, 4, the results of [14] and {26} are redeveloped from a unified point of view, This, together
with the application of these results to the Automata in Random Media problem, is the contribution of this
paper.

2. Bounds on Performance

Since we are concerned with randomized rules, the state transition function f may be VSpecified by a
family of mxm state-transition matrices indexed by x € X. That is, P(x) = {Pjj(x)], where

Pij(z) =Pr{Tn=§|Tn1 =1 Xn=7). (11)

From- this reformulation it is easy to see that under Ht, t = 0 or 1, the sequence Ty, together with some
initial state T,, forms a Markov chain over the state space S ={1, 2, ..., m}.

Similarly, in the TABP, the mapping e can be specified by the m-vector &, where
ai = Prie, = A|Tn_y =i}, P=1,2...,m (12)

In the HTP, although d is allowed to be randomized, elementary decision theoretic considerations show that
there is no loss in considering deterministic mappings only. Thus S may be partitioned into

So= {i €S :d(i)= Ho}andS§, = {i 6 S: d(i) = H)). (13)

As has been mentioned, the sequence T, forms a Markov chain under H, and under H;. Since P(x) is
the state transition matrix conditioned on X = x, the state transition matrices conditioned on H, and H,, PY
= [ng], and P' = [P;j] are given by

pl= ‘S,,P"' (@) dP, (=), t =0,1, (14)

for the HTP, while for the TABP
Py=q SP,:;{A, ndP @+ (1 —ay) SPﬁ (B, ¥)dP; (v), (19
& ' 4

wheret =0, 1 andt = 1-t.

The matrics P! and P! determine the stationary probability of occupation vectors i and p!, where

R 7 .
u.-'=;li—N—2.Pr{T,.=tng}. (16)
fe=]

(if P? or P! determines a reducible Markov chain, the initial state is also needed. However, it can be
shown [26) that these rules are suboptimal and may thus be neglected.) Finally, we may express

P(e)=ﬂOZP~:”+ﬂ12 pi! == morg 4 amn
i i€s; 168
and
r=m2 u,—p.;“+ruz {1 — e ps! = moro + iry. (18)
i€8 €5
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) In order to minimize P(e), we wish ,ug to be large for 1 € S, and small for 1 € S, while wishing the oppo-
gite behavior for p;. This may be achieved only if PV ig 'very different' from P!, (Similar remarks hold
for maximizing r),” The following lemma bounds this difference;

LEMMA 1, Let

1= sup-;:% and I = infﬁl’\gﬁ . (19)
where the supremum and infimum are taken over all sets A such that Py(A) + P{A)> 0. Also let
L = max{{, 1/1). (20)
Then for the HTP
I<PPIPALI, Vi jES, {21

while for the TABP

1,L<Pijolpiji<L. Yi €8, (22)

Proof. Letv= Py + P, and fi(x) = dPi(x) /dv(x), t = 0, 1, and I(x) = fy(x) /fi(x). Note that !_s Ux) =<7,
a.e, and that dP, = fo(x)dv = ix)f (x)dv and dP; =f,(x}dv. Then use (14} and (15) to obtain (21) and {22).

" Definition, Let v =1/1 for the HTP and vy = L2 for the TABD,
Definition. Let the state likelihood ratio of state i be denoted by
Ao = pdfpet. (23)

LEMMA 2. For an irreducible automaton, if the state likelihood ratios are arranged in nondecreas-
ing order, then

My /M <<y for «;ﬂl i (24)
P_roif_. Suppose the lemma were false, Then for some k €8, Ay /Ak >v or
RO/t << Ay for i6C = {4, 2..... k) (25)
and
Rt > My for i6C = {k +1, E+42,...,m}. (26)

When the Markov chain is in the steady state, the probability of a transition from C to C must equal
the probability of a transition from C' to C [30). That is,

ZZF;'P,{;:ZZ p.i'P,'j’, =101 (27
iEC jEC’ i€c’ jEC

Considering the HTP, use (21) and (25) to obtain

2- Zu:“Ps,-“ < MZ Zu,fp,,-l, (28)
Hd S

G e

and (22) and (26) to obtain

; ; P> M (1) 1) l;; TRV (29)

But, using (27), the right-hand sides of (28) and (29) are equal, as are the left-hand sides, a contradiction,

Note that the Markov chain must be irreducible to obtain (29),

Definition, Let the spread of an automaton be the ratio of its maximum state likelihood ratio to its

minimum state likelihood ratio.

LEMMA 3. The spread of an m-state automaton is less than or equal to M-t

Proof. If fhe automaton is irreducible, m—1 applications of Lemma 2 yield the desired result, If
the automaton is reducible, it can be shown {26} that the spread is less than 'ym'z, an even stronger bound,
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THEOREM 1: For the HTP

* = min {:rto. m, Z(HT:T:) :' —1 } (30)
is a lower bound on P(e}, and for the TABP

7t —max g, , 2nmym D7) (31)

is an upper bound on r, Note that if 7y = 7, =1 /2 then (30) and (31) reduce to
P =1] (™2 4 1), {32a)
17 == bR [ (yim-nz ), (32b)

Proof. From Lemma 3, there exists a real number k such that

Epd/pr! < kymt, ViES. (33)

Then for the HTP
aZp;";kZp;‘:k(1—2m')=k(i—ﬁ) (34)
i€8,

i€S, i€s
and
p= EZ pit = (1/kym) (1~ a) (35)
or
o = (1/y") (1 —a) (1—B). (36)

But Lagrange minimization of P(e) = My« + 8 subject to the constraint (36) yields the expression (30) as
desired,

For the TABP the constraint is
ror << Y"1 —ro) (1 — i) (37

and maximizing r = myry + mr; subject to the constraint (37) yields the desired expression (31).

3. A Class of e-Optimal Automata

In the previous section bounds were established on performance. In this section it is shown that these
bounds are the tightest possible.

First, consider the HTP. Let ¥ ={x:l(x) =1} and ¢ ={x: l(x) =1}. For the moment assume that
Pt =P(¥) and q = P4(F), t =0, 1, are all nonzero. Thus by definition of I(x)

p/p=leq/ =L _ {38)
_ We claim that the automata with state transition algorithm

1, f zeHadI<ji=i+1<m,
e zeJadl<j=i—1m -2, =9
Pyi(x) =<5, if zeHadj=i+1=2
ko, if zeJadj=i—1=m—1,
0, otherwise

and decision function

()= Hy, i>m/2, 40)
O={g i<me ¢
can achieve P(e) = P* + ¢ for any € > 0, merely by proper choice of 6 and k; i.e., this class of automata is
e-optimal.

That this is 8o can be seen by solving (27) for y® and g!, yielding

i1
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w={(a/8 a(po/ q),a{po/ qu)%...,a(ps/ go) ™1 / k8), {41)

BE=(8/8, b(pi/q), b(pi/ q@)3,..., b(p, gui)™-1/ ks), (42)
~ where g and b satisfy Zuf =Zpl =1. Now & —0 implies that w—0, fort=0,1andi= 2,3 ..., m-1.
Thus
B+ pmt 1 fr £ =0,1 {43)
Also
a=P(e/H)—~ 1, . (44)
B="P(e/H\)—> pnt. (45)
Thus
b
aﬂ—»,‘io; (p/q)™t , (46)
and
_ ab m-1L
(t—a)(1— B) e (po/go) ™. 47
But py =7p, and q, =g, 80
(P!qo )"“1 . . ’ .
af — o (1—ea)(1—8) (48)
= ({/D)™t(1 —a} (1—p) , (49)
= ({1/y)m1(t —e)(1 —B). (50)

This is just the equation (36) of the lower boundary of the operating characteristic. Since « can be
forced to any value between zero and one by varying k, any point of the lower boundary can be approached
as closely as desired. For the optimal value k = k*, P(e) —~P*as 6 > 0 tends to zero. Note that & = 0yields
P(e}> P* in general. Thus the limiting automaton is bad.

Now dropping the assumption that % and 7 have nonzero probability, we can approximate 5 and 7
for I < e, by

and He={r:l(z)<T— e} (51)

Te={zr:l(z) =1+ &}. (52)
The case | =« is easily disposed of by a separate argument. From the definitions of 7 and i it is seen
that Py{ 5 5) and Py 9 o) are both nonzero for any £ > 0. By letting £ — 0 and & — 0 with ¢ > 0, 6 >0 and

k = k*, we again approach P* as closely as desired. Thus P* is a tight bound, even though it cannot be
achieved [26].

The e-optimal solution to the TABP is very similar to that of the HTP. 1f 7< 1 /7 thenL =7 and if
Lyo) = folye) /Ti(ys) = ¢ = L then x, = (A, Yo} is the observation which most supports Hy, and x, = (B, y,) is
the observation which most supports Hi. If v(yy) > 0, then the automaton with

H ze=rand2ej=;1 T m (53)

1.
Pi;(‘f):J o r=nandl Ci=i—1<m—1,
G, otherwise

and
. 2iCm—1,
a; = 6, i=1, {54)
1—]‘6. i=m,

approaches the upper boundary (37) to the operating characteristic, and for the optimal value k = k¥, r — p*
as 6 > 0 approaches zero.

Ifl< 1/4, then L = (1/1). Now, if Uy) =1 and ¥(y)> 0, let x, = (B, y,) and X3 ={A, y,). Then the
automaton with
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N i, if x=z,md3<1=z+i<m
of =Tl j=i-1m -2,

Pi@)={8, #f z=Xandj=i+1=2 (55)
6. if I = Ty,
0, otherwise
and 0, i=1,
(],i= %' 2<i<m_1v (56)
1 i=m

approaches the upper boundary (37) to the operating characteristic. Again r —r¥* for k = k*,

If v(yq) = 0 or »(y;} = 0 then, as in the HTP, suitable approximations can be found so that r —r*.

4, Examples

We are given two coins, A and B. One coin has probability P, of showing heads and the other has
probability P, of showing heads. It is not known which coin has which bias, and there is equal probability
of either labeling (wy =m =1/2).

a) f Py=3/4and Py=1/4then7=3, I =1/3 and L =3. Thus v = 9 for both the HTP and TABP.
A five state memory (m = 5) can e-achieve P* = 1 fy{m-1) /t41) =1/82andr*= 4im=1) /2/('y(m'l)/2+1) =81
/82. Thus the limiting probability of error is1 /82 for the HTP and the limiting proportion of uses of the "best®
coin is 81 /82 for the TABP,

b) If P, = 0.99. .. 99 and P; =0.89. .. 90 then ~ 1, 1 =~1 /10land L. =~ 10. Thus v =10 for the HTP
and ¥ =~ 100 for the TABP. Thus, for a five state memory P* ~1/101 and r* ~ 10,000/10,001, Note the
much improved "probability of error® in the TABP with respect to the HTP, Inthis case, two coins are
better than one.

¢) 1f Py = 0.501 and Py = 0.408, then L =7 = 1/1 ~1.004. Thus for a five-state memory P* ~ 0.496
and r* =~ 0.504, little better than with no memory at all. In fact, approximately 500 states are required to
obtain P* = (.01 or r* = 0.99,

5. Conclusions

The outline presented here of recent results on optimal algorithms for the finite memory constrained
hypothesis testing problem (HTP) and the two-armed bandit problem (TABP) points out the similarity of the
two problems. Both problems require artificially randomized transition rules, unless (in the HTP) P, and
P, represent continuous probability distributions.

A notable feature of the e-optimal algorithm is its simple nature: move up one state on extreme ob-
servations which support H,, and move down one state on extreme observations that support H,, If the num-
ber of trials is finite, the optimal algorithm is not yet known. However, for a large but finite number of
trials, the optimal algorithm should be similar to the one presented here, High (or low) likelihood ratio
observations will still cause upward (or downward) transitions, aithough the events need not be as extreme
a8 before and transitions need not be between adjacent states. Furthermore, randomization will still be
required, although the optimal values of 6 will not be arbitrarily close to zero.

It is not clear to us what the optimal algorithm would be in the important *switching environment® for-
mulation put forth by Tsetlin {15, 16], in which the underlying hypothesis (state of nature) H, or H, is not
constant from trial to trial, but obeys a Markov process.

We wish to thank D. Sagalowicz for his contributions to the ideas in this work and T, Kailath for de-
livering a talk for us on the subject of this paper at the Dubna, USSR, Conference on Information Theory,
June, 1969. :
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