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Abstract

Let x &£ [G,l]m and x{n) = {xl,xz,...,xn}. Consider a sequential
gambling scheme on binary sequences defined informally as follows:

1} The initial capital S(A) is one unit;

2) The amount wagered on the outcome x is a function solely of

k+1

the observations xl,xz,...,xk;

3) The amount wagered is never more than the current amount of
capital S(x(k}):
4) Wagers are paid at even odds.
The gambling capital S(:) will be shown to be achievable by a sequential
gambling scheme iff Yn, ¥x(n), s(xfn))2 © are the marginal distributions
for some stochastlc process {Ki}:. As a censeguence, it will he shown

that 1f {X is a Bernoulli sequence with parameter 1/2 and S is

@
i]1
a r.v., there exists a sequential gambling scheme achieving En -+ 5 wp 1
if¢ S22 0, EB= 1.

Let C{xl,xz,...,xn] denote the length of the shaortest binary pro-
gram which computes the sequence x{n) € {D,l]n, where no program is
allowed to be the prefix of another, This is the algorithmic entropy of

Chaitin, which is nearly equivalent to the Kolmogorov complexity. A

TPﬂrtinna of this paper were delivered at the International Symposium on
Information Theaory, Tallin, Estonia, U.5.8.R., June 1973 and at the IMS
annual meeting, New York, N.Y.,K6 December 1973. The research was supported
by contract AFOSHR #F44620-74-C-0068.

Submitted September, 1974 to Annals of Statistics.




n=-Clx{n))

universal gambling scheme will be exhibited achieving S{x{n)) =2 2
¥n, ¥x ¢ [ﬂ,l)m. The gambling scheme yields what we feecl to be a satis-
factory inference procedure achieving the goals of Solomonoff.

Thus the initial capital is doubled n - C times where C 1is the
length of the shortest "law" of the sequence, and n - C represents the
remaining determinism within the sequence. It is alsao shown that 1if

{xn_ n=1} is an ergediec binary stochastiec process with entrapy H

T

this same gambling scheme will achieve capital that grows as aqu{nfl-foj}
with probability one., The larter result generalizes Breiman's results an

gambling in favorable independent games.




L5 Introduction

In this paper we investigate sequential gambling schemes in as

concrete detail s possible. We shall find that any distribution of
final capital is achievable subject to a certain simple conctraint.
This provides the underlying reason Ior the exponential growth of capirtal
in the work of Kellev [6, and Breiman (1] and yields immediate extension
of their results to arbitrary ergodic processes. This work also extends
the investigations in Cover [4].

In particular, when we apply these results to a gambling goal in-
timately related to the Kolmogorov complexity of sequences (due to
Kolmogorov | 7] and Chaitin [2]), we show the existence of a sequential
gamhling scheme which doubles the gambler's money approximately n - K
times on a binary sequence of length n, where K 1is the length of the
shortest binary description of the sequence. Thus the holmogorov com=-
plexitv is invested with a quantitative aperational significance in terms
of gambling and prediction, The gambling approach to complexity has also

been investigated by Schnorr [19,11] who applies his results to the def-

inition of random sequences.

2. Preliminaries

W
Let [0,1} denote the set of all binary sequences of finite length,

L= -] ]
including the empty sequence. For any x = (x .0y € (0,1} L (0,1) ,

1'%’

let x(n) = (xllx ""xn)- denote the first n terms of x. Let [ (x)

o

denote the length of x for x € {0,1] .

Definition: Let b(:/+) : (0,1) x [0,1] - R be called a sequential

gambling system if the following conditions are satisfied;




ba b

Yuas (1)
xz h[lxk+1|x(k:nj =1,
k+1
x K
for all k = 0,1,2,..., and all x(k) « [0,1}".

The interpretation is that tl{:-:k+1FxI:k):l is the proportion of the
current capital S(x(k)) which i1s ket that the next ocutcome will be

% . The winning het is paid off at even odds.

k+l
The gambling system induces the following sequence aof capitals on

the sequence x ¢ (0,1]

S{A)Y = 1

s(x(ne1)) = 20 |xm) s{xm)) .

Hera A denotes the empty string, and S(A) = 1 1s the initial capital.
Thus h(l|x(n)) indicates a gamble of all the current capital on

1, thus resulting in 8 = 0 (now and for all future time) if

X
i+l

X .1 = 0: while ufllx[n}1 = 1/2 corresponds to keeping all the current

capital in the gambler's pocket until the next bet.

-
Definition: We shall say 8§ : {D,1)] - R is achievable if there exists

a sequential gambling scheme with initial capitel S5 (A) = 1 achieving

-
S(x), for all x € ([0,1] .

The fallowing simple theorem 1s the key to the results obtained in

this paper. e




Thearem 1.

k|
a) The capital function S : (0,1} = R is achievable by a sequen-

tial gambling system 1f and only if
Vn, Vx(n), S(x(m)27" = p(x(w) (3)

==
arse the marginal distributions for some stochastic process [xi]l.

b} Equivalently, S is achievable if and only 11

;]

S{x) = 0
Sx) = :i: Sex1) + % 5 (x0) (4)

E
far all x € (0,1} .

{.e., 1ff 5 1is a martingale with respact to Bernoullil measure.

Remark: The extension of this result to finite valued alphabets with
g = [1,2,.i.,m]. -+ R with wagers paid at m -1 to 1 odds yields the
condition that S[x{n]}m_“ must be the marginals of some stochastic

process.

Proof: It is well known that any sequential gambling system yields a

martingale. The converse, that any martingale-consistent 5 can be
achiesved by & sequential gambling system, yields all the results in this
paper.

To prove that b yields 8 satisfying Eq. (4), observe from Eq. ¢ 5

that




S(x1) = 2b(1]x) S(x)

(3}
S{x0) = Ebtﬂ{x} g5(x)
and hence that
256 + sG] = {ba]x) + bC0[x)) Sex)
' (6)
= S{x), ¥ x ¢ [ﬂ,l}' 3
Also, b=z 0 and Eq. (2) imply that
n L
Sfx{n}W = 2" .r h{xklx{kill] & (A
k=l c7)
=0, Yo, ¥Yx(n) .
Convarsely, to achieve a given S(-) satisfying Eq. (4} K6 =set
b ) = s a8 | . H
uhxk+1|xfk)J 5 S{x{k}xk+llff Elx{k?} . (8)

This ©» precisely satisfies Eq. (2} and thus gualifies as a sequential
gambling system. That b achieves 8S(-} follows from

3" (x(n)) = h{xklx{k-l))

1

L2
o
__13

k

" T ((x00x,,, ) /25(xt0) ) (9)

k=1

= S(ﬂ(n}leﬂﬁﬁ] = E{x{n])




-
Finally, to prove part (a), note that p : (0,1 - R 1is the set

of marginals for a stochastic process if and only 1f

p(A) = 1, p(x) 2 0
p(x(k)) = p(xCA1] + p(x(k)0) (10)

K
for all k, for all =x(k) = [0,1]" .

-4 {x)

Substituting pl(x) = S(x) 2 from Eq. (3), we see that S5{-) satis-

fies Eq. (10) and conversely. Thus (a) and (h) are eguivalent.

Corollary: Egquivalent expressions for the betting scheme achieving S(-)

are given by

(1) by (x00)) s(xtkn_}//’(s(xmﬂ) . s(x{k}l})

s(x(k)1lff(25(x{k})) (11)

(iii) h1{x(k]) = p(xk+1=l|xik)) \

(1) hlix[k})

where p 1is the probability assignment induced by S given in Eq. (3).

L 1 Special Cases

Theorem 2,

] n
For a given integer n, the function S : (0,1]" =+ R 1is achievable

by a sequential gambling system if and only if




i) s(x()z 0, ¥x(n) € {0,117

f12)
i1y a2t Y s{xrn)} & i

xfn)

Proof: Let p{x{n}) = (1/21" s(x(n)), ¥x(n) ¢ [ﬂ,l]n. From conditions

i} and ii) we see that p satisfies the conditions of Theorem 1. Thus

5 15 achievable. The betting that achieves S5 is seen to be

]

hl(xikl] p(x(kﬁl) p(x(k})

= E: - Ecx(n}ixff; E: S(x{n}) .

(13)

x(kJ1lC (kY S x(n)
where x(k)C x(n) means that x(k) is the prefix of the sequence x(n}.

- n
For a given subset T 2 [0,1], define

§ = max min s(x(n)) ; (14}
b “x{nJeT

where S¢A) = 1 and the maximum is taken over all sequential gambling
aystems. Thus S* is the maost that can be guaranteed, given knowledge

only of the subset T 1in which x(n} lies.

Theorem 3.

n
5§ = Enf|T1, where ]T1 denntes the number of elements in T.

Proaf; Clearly S({x(n}) = Enf|T|, x{n) € T; S8{x(n)) =0, x(n) £ T, 1is

minimax and satisfies Theorem 1.

Exampla 1 (Bar Bet): Suppose one has a deck of n = 52 cards, 26 of




them red and 26 of them bhlack. Then a minimax gambling scheme will

achieve

* n 52 /(52
52
units uniformly in all EEJ sequences of red and black. This is egquiva-

lent to knowing three cards perfectly. The betting scheme that achieves
this goal is to bet a proportion B/(B+R) of the current capital on
hlack and RA(B+R)} oaf the current capital on red, where B and H a*a

the respactive numbers of black and red cards remaining in the deck

n
Example 2 (Random Time}: Suppose it is known a priori that E::xi = 1.
1

l.e.,
n
T:{:-:-fn] IR 1}. (16)
i=1

Here xi can be considered as the indicator function for a random tTime

w
in [1,2,...,n]. Then |T| =n and 35 = 2"/m. § is achieved by
betting
’ k
= 1
1 : %; ®y
i/
o(o]xt0)) = (17)
\
k
n-k=1 , z: xi _
* n=k 1
s(1lxa) = 1 - v{o]xt0))
-
Thus, for example, & = 102.4 units can be won gambling on the time of




cccurance of a 1 in a string of length 10,

Fxample 3 (Hvpothesis Testingl: Let T be a rejection region for a test

of the hypothesis HD . EI,K21,.,!1n are Bernoulli random wvariables wilth
parameter 1/2. Let Fr[TlHu} = i¥. Thus _Pr[TEHﬁ]:= E: pix[HD} =
- -
- *®
lT[E " X, B0 !T1 = ﬂinr and there must exist a gambling scheme &

- ol
achieving S = 1/a. For example, if & = .05 then 5 (x(n)) = 20

¥x¢n) = T. Thus the level of the test and the amount of money that can
be made by a gambling scheme naturally associated with that test are in-

versely related. See also Martin-Lof (9] and ..P. Schnorr [11].

Example 4 (Degrees of Freedom): Let T be tha set of all binary n-

t
sequences generated by kK % degree polynomials by gxamination of the

sign., Specifically, =x(n) € T if 3 ED'EL""'Ek £ R,
k
fim) = E a_m‘J :
=0
1 ey 20 (18]
:':'1 = § 1 = IIEI --Iﬂ #

0 (i < 0

¥

Then' since a kth degree polynomial can change sign at most k times,

generating < k + 1 runs of arbitrary lengths nl’nE""‘"k+1' we have
k n-1

7| =2 X ’ (19)
i=0 |

and




k n=-1
g g En'i,/‘._""'_, . ¢20)
i=0 \ 1

Thus the number of degrees of freedom Kk of the polynomial 1s related to
5 * n-k 1n n
the amount of monev that can be earned. Note 35 = 2 , for

k << n. Fuller development of the relation of degrees of freedom, com-

plexity, and gambling predictability will be given in Cover '5],

4. Achieving an arbitrary disctribution of capital

A gambling =ystem, the kind =old in and around casinos, can be con-
sldered as a scheme for exchanging one unit of capital for a random var-
iable 5 on some probability space such that its (mathematical) expect-
ation is less than or equal to one. Suppose that one is allowed to bet
at even odds on a sequence of fair coin tosses. We shall show that any
nonnegative r.v. S5 with mean = 1 is achievable. This theorem charac-
terizes all gambling systems on fair coin tosses. The proof involves
finding sequentially refined partitions of the positive real line compac-
ible with the gambling constraints., Let F be the distribution function

th

for 5. Let Sn denote the random amount of capital after the n

outcome .

Theoarem 4.

Let F be a distribution function. There exists a gambling scheme
] ]

such that Sn + & wpl, where S5~ F if and only 1f S2 0, ES < 1

i.e., iff F(0) = O, j‘n“ sdF(s) < 1.

Prﬂﬂfl Let 3{1,3{3,”-

on which we shall place the bets. BHecause of the broad conditions for the

be the Bernoulli sequence with parameter p = 1/2,




achievabllity of 3 : {ﬁll}‘ + K given in Theorem 1, there are many
possible assignments of S(:) to {U,l}t achiesving the desired goal
Wa shall consider a certain natural assignment.

Let F(s) = Pr(S s s} be the d.f. for 5, the desired limiting r.v.

@
capital. For = = (31.32, g [ [U,l} s 18T X = .xlxz AT |, - - |

.x{n) = X o denote the dvadiec representations aof points in the
L= n

unit interval, Thus .X is uniformly distributed on [0,1]. The ides

-1
will be to win the amount S(x)} = F (.x) 1if the observed binary sequence

where F_lrtﬁ = in¥fs : F{s) = t}. Then

pr{s < }

3 X

il

Pr{P_lf.K] < 5}
(21)

{]

Fr{.x < Ffs}} = F(s) ,

and £ has the desirecd distributiaon.
The existence of a sequential betting scheme achieving En -+ 5 must

now be established. DPefine

3 (x) = s{x{n)j = 2" [ sdF(a) (22)
I(x(n))
where
I(x{n]) = {5 ;s FTis) & [.x(n), x(n) + E_n)}-. {23}

This assignment has the readily verified property

S(:{(n]) - %(El::x{n]ﬂ] . S(x{n}l)) , (24)

10




s-.'.-:{s IE'F}. (25)
n n+l n

Thus [En,;Tn} is a Wartingale on [[O0,1], 3, u], where 3 1is the

Barel --field for fﬂ,lj, H is5 Lebesgque measure, and Etn is the
n

s [k+1]2-n}]iﬂal. Proceeding

g-fimld generatec by the partitiocn [[ %2

directly, we observe from Egs. (22,23) that

2" P F'l(.x[n}) dF(s) < E{x[n)) = I sdF{s)
I'(x{n)) | I(x(n)) o
< 2" r Fnliix{n} + E_H) dF(s) ,
I'(x(n))
ar
F-l(.x{nﬁ) = S(x(n]) = F-li-x(n) - iun) ; (27
Now Sn converges wp L =ince
En{x} = E(x{n}) £ [F_l(.x(n)), F_I(.xfn}]+ E'n)) s

7 Vex) = 50x)

for all .x € [0,1] with the exception of the at most countable number

of jump points for F 1. As noted in Eq. (21), S has the desired dis-
tribution F.

Next we note from Thearem 1 and Eq. (24), that the assignment

1
S(x{n)) is schievable by a sequential gambling scheme. Specifically,
Sn, n=1,2,..., 1s achieved by a scheme b that bets the total amount
(not proportion) of capirtal

11




f | 1 1
h|=x |xfn} Efx{n} = = S(x{n+1]}
t n+l ) y } & (29)
= 2" [ sdF(s)
T(x(n+1})
on the outcome x given the past sequence x(n}. Thus b yields a

n+1

r.v. §_ at time n that takes values S(x{n)), x(n) = [Drl‘]nI with

=T 1
equal probability 2 . Thus S =2 0, ES s 1 is achievable by the above
sequential gambling scheme.

Conversely, any sequential gambling scheme b generates a Martingale

{SH,ETH} on {[0,1], B, v}, Clearly sup Es; = )1 «<w, Thus by the Martin-

pl
gale convergence theorem, Sn + 5 a.s. with ES = #] s(t)dt = 1. The

possibility ES << 1 occurs, for example, for betting schemes pla<ing a

certain proportion @ of Sy =1 on a given sequence Xx and "etting

it ride."
Corollary: Let Sn' n=1,2,..,, denote the sequence of r.v.'s arising
from the betting scheme achieving S5 in Theorem 4, and let Fn’ = L@
denote the associated d.f.'s. Then
-1
sSUp ]Fn[s} - Ffs]| £ 3 -,
< g <m
v (30)
for n = EI,I.,E,.
Proof: From Eg. {27),
xla) S F(E(x{n])) < .x(n) + 20 . (31)

12




Also, from Eq. 223,

Fn(s(x(n)}}

Pr{.x < .x(n) + E_n}

n

(32)
= ,x{(n) = 2"

Thus

< 2”0 ¥x(n) & (0.1} . {32)

FH(S(x(n])) - F(g(x{n}))

Since Fn takes on all values in fk2 }k=ﬂ , the Corollary follows.

Fxample: Suppose we wish 1o achieve a uniform distribution of capital on
+he interval [0,2]. Thus F(s) = s/2, 0< s8< 2. We find explicitly

that
S(x{n]] = 2(.x(n’)1) = E i:l xii%}i + f%}n (34)
and

(1] x(m) s(x(m) - a{0lx(n)) S(xfnﬁ) -3 s(xcn]1)

E(x{n}ﬂ) = .x{mM1l - .x(n)01 = 2

] ]

Thus the gambling scheme achieving thig uniform distribution is indepen-
n+1
dent of the past in the sense that a bet at time n of (1/2) total

m = hi the desired goal.
units more on X .4 = 1 than on x_ . 0 will achiave z

13




- Y Stochastic Application

Now consider a probability distriburtion

pfxfn]} 2 0,

an rﬂll]n. Conzicder the goal

Thus, we desire to maximize

3. p(x(n)] log S{xtn}} + A 3 E(x(n])

subject to the ceonstraints {(from Thearem 1)

Es{xfn]) =27, E{xl'.’n}} & a .
ODiffarentiation yilelds

s (xtm)) = 2" p(x(m)
Thus, from Thecrem 1,

b'ka+l|x(k]) = pka_l[x{k}}, Jeiar Y Lsiany

This results in

l4

{36}

{37}

(38)

(39)

(40)

(41)




II.

max E log S(X(n)) = LICTR SOTRETE

-

_ E: p(x[n}) log p{x{n])

&
Note that b is independent of the horizon n and is thus optimal for

all n. Hence we have,

Theorem 5.

For any sequential gambling scheme b ,

E log En < H{EI,I X (43)

EI'-'I n
for all n, with equality iff b is the proportional gambling scheme

E
b in Eq. {(41).

This gambling scheme has a nice property for ergodic binary (and, in
general, r-ary) processes Exk, k= 1}. We recall from the Shannon-

MacMillan-Breiman Theorem, that if [X , k2 1} 1s ergodic then

- {1/n) lag2 p{HI,x ...xn) -+ H(X) with probability one, where

3!

F ] }:. --i:.: :'
H(X) = lim H[Kn1 T

n-1
n—-» =
(44)
= lim o E . (- P, log, P - (1-P ) log, {I-Pn}),
g WLy Sl il
and the r.v. Pn is given by F‘n = PI{IH = 1 11,...1}:”_1].
¥
Thus, ©b achlieves
S*Cx{n]] - 2" p[x{n]], ¥x¢n) € [o,1:" . (45)

15




But

:
2

log 5‘{x(n]) =1+ (1/n) log pfx(n)] -+ 1 = H(X) wp 1, as n == . (46)

‘This represents a generalization of Breiman's gambling scheme on
independent r.v.'s to ergodic processes. One simply bets now in propor-

tion to the conditional probability that the next term will be 1 or O.

The rate of exponential growth of capital will be 1 - H{X).

Remark: From the asymptotic egquipartition thevrem, it can be szeen by

counting sequences that no scheme can achieve a higher rate of growth for
!I:I
any subset of sequences x € {ﬂ,l} of non-zero probability measure.

Collecting this we have

Thoeorem 6.

b 4 [:{n]n_1 is an ergodic binary process, there exists a gambling

zcheme achieving

%Lug 5 1= HEX, w 1. (47)

Moreover, for any sequential gambling system,

F'T{E% log S = 1 - HI::{J} =1 . (48)
6. Program complexity and a universal gambling scheme

L ] ]
Let A : [0,1] = N= (0,1} be a partial recursive function.

16




Definition: Let the program complexity of x(n) = (0,1}, given the

length n of the string x(n), be defined hy

K (xtm)]n) = min 2p) | £49)
" Afp,n)=x(n)

where () denotes the length of the (program) string.

This is the program complexity put forth by Kolmogorov [7] and
Chaitin [E]. The idea is that the intrinsic complexity of a string is
the shortest computer program that describes it. Recall the following

thearem from Kolmogarov [T] (gem also Chaitin {2]].

Theorem 7.

There exists a universal partial recursive function U such that

YA, 3dc, ¥n, ¥x(n), Kuixin}[nj < Kh(x{nhln] B . (30}

The constant ¢ depends only on A and T.

Thus U has the same (or simpler) notion of complexity as any other

A up to a constant. TFor example,

1) a finite string of 0's has X = constant;
1i) the first n bits of =n has Hﬂfx{n}in} = constant, Vn;
ii1) a string of length n having k 1's has Kfo(n]fnJ < o
- nh(k/n) + log n, where h 1is the Shannon entropy function

hip) = = p leg p - q log q.

We need the following well known result for program complexity:

17




Theorem 8.

k -
There are at mast 2  sequences x € {0,1]) having program com-

plexity E[x|£{x}}'{ k. Also, there exists a constant ¢ such that

Yoxc (0], K(xlee) 20 4o . (51)

Pronf: The first part is proved by simply summing the number of programs

L]

2% having length J, i =0,1,2,...,k - 1. The secand part is proved by

simulating with U = function C that merely coples the sequence x.

We now prove a gambling result with respect to this algorithmic

complexity measure.

Theorem 9.

For a given n, S(x{n)) = EEFE{H - K{x(n]|n} - log(n+l)) 1is achiev-

able by a sequential gambling system. The betting scheme that achieves

this is
‘ \ - ! kiz)
b(x,, [ x00)] = Z e A i L iy B ek
MM ! ze(0, 1] z{0,1)
(52)
Proof: Let
el - -0{K
E{x{n}) _ 5 H(x(n]ln] o (K} | (53)

whers

x(n)ef0,11"

IR = 1uﬂ'2( 2, 2‘“"““””) . (54)

18




Clearly, by the definition aof the normalizing factor o(K), 2 Lo = L
and S5 =2 0, so 5 1is achievable. The sumation in ofK) is maximized
when K takes small values on x(n). There are at most EH sequences
x(n) of program cemplexity k. Thus

1 2 -2

Y gKxm[n) _ L ppml | g2,

x{n) (53)

n~1 _E-(n-l} . =n

+ 2 0% S B R

Thus o(K) = login+l) and the theorem ls proved.

Remark: The gambling scheme in Theorem 9 can be trivially modified to

-
guarantee that the capital 5¢{x(n)) = 1/2 for all sequences x ¢ {0,1] .
This is achieved by the simple expedient of withalding 1/2 unit fram

the betting and using the other 1/2 unit to gamble with. This subtracts

at most one unit from the sxponent.

Let btn) be the sequential betting scheme which achieves S(x(n))

of the previous theorem. Then

b = (6/10) 5 b /n? (56)
n=1

.
is also a sequential betting scheme with S5(A) = 1. But (6/n n ) btn)

achieves

S(x{n]] % 2n-H(x{n}fn]-31ug{n+1)-1 (57)

Thus b achieves this goal for all n, ¥ x ¢ [D,l}m. This idea is closely

19




(1) (2)

related to Schnorr's [E] universal gambling scheme in which b b

are all partial recursive gambling schemes, i.e., all sequential gambling
schemes for which there exists a finite description that leads through
a finite mechanical computation to the actual amount to be bet as a func=-
tion of the past. Let ﬁi = 0, = ﬂi = 1, Then L Eibiil is a mixture
of all gambling schemes.

The program complexity measure H{xlﬂtx}} has two difficulties

from our point of view, First, it is conditioned on the sequence length

4(x). Second, it can be shown that

(x|
E: . 2 x| £(x)) s
xe[0,1]

, (58)

thus preventing a natural normalization of E‘E(x> x £ X

; ., as a prab-

ability distribution or a hetting scheme. Both of these properties are
remedied by the following natural complexity measure recently introduced

by Chaitin [9]. (See also the "dual” neotion of process complexity given

by Schnorr ~10].)

-
Dafinition: A subset & of X ig said to have the prefix property

if no string in 5 is the proper prefix of another. That is,

58 X% X = g . (59)

Thus, § = {0, 10, 11} has the prefix property, but § = {0, 01, 11}

does not.

Theorem 10 (Chaitin).

w
There exists a partial recursive function Uu » {0,1} = [ll!ZI,l]'r such
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that the domain of UD has the prefix properly and such that, fer any
' . L3 &
other partial recursive function U : [0,1] = [0,1] with the prefix

property, there is a constant ¢ such That

U'(p') 1is defined = 3 p\-l.Tﬂ('p] = U'(p') and 2(p) = I(p ) + c] . (B0)

Such a function UD will be called a universal prefix function.

®
We think af p ¢ [0,1} as the program and L"ﬂf]:l} as the autput. The

’
existence of a universal prefix function UD ig apparent from inspection
of Turing machines and ordinary computers. Most modern computers are un-
iversal (in the sense that they can model the action af any ather computer,
by appending a subroutine of appropriate length), and their programming
languages (like Fortran) have the prefix property (because of the END

statements). Henceforth, let U, be a fixed universal prefix function.

0

Definitian: The Chaitin complexity C(+) 1is given by

cfx) = min Lip) . (61}
UD{p}=x

The complexity C(x) can be thought of as the length af the shortest
computer program which yields x .when the program is provided to the com-
puter U,., Note, from the universality of U, that, for any other pre-
fix function U,

&
de, C(x) = C, (x) + ¢, ¥x € {0,1} ., (62)

Thus the Chaitin complexity measure C(x) is universal,
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The complexity measures C and K can be related as follows:

Theorem L1.

Je . ¥ & 10,1), fo|£{x}] + o= C(x) < foltfﬁ}}
! ! [EE}

+ 2 log E{xiifx)] + C

Proof: Let J be a program for the universal partial recursive function

i used in defining ¥. The desired program p for use by the universal

= - b il - | o F
prefix functiaon Uﬂ ig written p = Eiiljzlz"'ijﬂﬂ 0 1p, where

E}Eﬁ...fh is the “inary encoding of the length of T and 4 = [leg 4(%)'

is the length o: the encoding. UD then reads 4(P) ta determine where
p ends and simulates U en P to obtain U(P). Finally, £(p) = £(p) +
2 log L(P) + ¢. A more sophisticated encoding can probably reduce the

bound to C < K + log K + log{log K) + logf{log{log K)} + ... + c.

Theoarem 12.

W
There exists a universal gambling system b such that

5(x) = z““}":{ﬂ. ¥x ¢ [D,l}* : (64)

L
A scheme b gchieving this goal is given by

h*(xk+1|xfk}] u g E-Efx[k}xk+rzigfffr s o ~Clx{klz)

zef{0,1] z£{0,1]
(65)

Proof: Consider the following gambling system. Of the initial capital
E—C{x)

S{A) =1, 1let the amount be placed on the finite sequence x,

and let it ride. W¥We observe that




Z " E-C[‘:] < E 2"1'(?:' = 1
xe(0,1} UU(]::I defined

| (68)

Tollows from the Kraft inequality of information theory, because no pro-
gram is the prefix of another. Thus the sum total of initial bets 1is

-C(x
S | as desired. The amount of money =2 (x) bet on X will be daubled

precisely 4(x) times if x occurs and will be laest otherwise, thus re-
£i{x)-C

sulting in 2 (x)-C(x) units of capital. In fact some other bets will

be surviving at time £(x), =all bets on finite seaucaces x' that aither

extend or are extended by x. But survival aof *his one bet is Bnough to

prove the theorem. Summarizing, for this be'ting scheme,

"
X

it Eﬂ(x] E: E-E{x ) = .E: Eﬁfr']-C(xli
- x x Ex

(67}

% E£ [:{]-CI:K:" Yy € {0’1]'

The above betting scheme achieves the desired goal even though meney

is thrown away, e.g., E: b{xl} may be strictly less than 1, By
xléfﬂ,l]

apportioning the unallocated capital at each stage in the =ame proportions

as the capital that is being utilized, we obtain a true sequential betting

scheme satisfying Eq. (1), with a performance S(:) that is everywhere at

L3
least as large as before. This is the scheme b given in Eq. (65).

Remark: Examination of Eq. (65) shows how very close Sclomonoff was in
his original papers [11, 12] to the natural correct definition of a un-
iversal inductive inferance procedure, Sclomonoff's formula, which em-

bodies the notion of weighting explanations (or programs} by their
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exponentiated length, can be interpreted as the conditional probability
that the next term in the sequence will be a 1, The theorem above gives
an operational gambling significance to these conditional probabilities
and also provides a satisfactory definition of them. Thus bt{xk+1|x(k3]
seams to ba a satisfactory notion of the conditional probabllity of the
next term given the past.

It should be mentioned that I:-:‘I is not recursive. That is, although

h
h may be calculated to arbitrary accuracy by sufficiently long calcula-

®
tions, the degree of accuracy cannot be known. Actually, b is not re-

£ -
cursive solely because the goal S(x) = 2 (%) i3 1s not, However,

therea exists a zequence of total recursive functions En such that
¥
En[x)'& C(x), ¥Yx ¢ (0,1} . (68)

For example, En{x} might be the least length of a program among the

first n programs in some enumeration such that a prefix computer Uﬁ

running for n steps prints x. Then if En is substituted for C in

&
Eq. (65), the resulting gambling scheme hn waould achieve

itxl-ﬂn{x}, Y

5(x) =z 2 (69)

W
One may wonder whether b in Eq. (65) may be dominated by some
superior gambling scheme. This is not possible, since all sequential
gambling systems are admissible; because if b generates &, and b'

generates S , with s (x) = S{x), ¥x, with strict inequality for some

-E{x}a -4 (x)

X then p(x) = 2 {(x) and p (x) = 2 5 (%) cannot both be the

marginals of a stochastic process, violating Theorem 1.
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Randomness Interpretation of Kior C):

Suppose that a sequence of length n begins with ¥ random 0's
and 1's and terminates with n - K deterministic outcomes. Such a
sequence will have HKolmogorov complexity _E with high probability. Any
gambler who would be asked toe bet on such a sequence would clearly be
able to double his money n - K times on the final n - K terms of the
sequence, but would be unable to gain any money on the average from hets
on the initial K random terms. Thus, doubling his money n - X times
would be an ultimate goal of a reasonable gambler. Kow we have shown
that for any sequence of Kolmogorov complexity K the money will he
doubled n - K = leg{n+l) times, and thus we interpret our results as
saying that even 1f the redundancy af the sequence is distributed through-
out the sequence, we can do as well as if all of the randomness occurs at
the beginning of the sequence, and n = K deterministic terms follow.
Thus K has a natural gambling interpretation as the number of random
bits of a seguence, and n - K the number of deterministic terms. Of
course, not all sequences have their randomness at the beginning, so the

result is somewhat surprising.

In Theorem 6, we showed that, for an ergodic process with known stat-
isties and entropy H, there exists a b achieving an optimal exponen-
tial growth rate of capital with rate 1 - H, Next we argue that the

W

universal sequentlal gambling scheme b achieves the optimal growth

rate of capital against all ergodic processes af unknown statistical

description,
Theorem 13.
Let [En]:_l be a binary ergodic process with unknown entropy H(X)

wF
and unknown statistics. Then b 0f Theorem 12 achieves
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% log S{xl:n]] -+ 1 = H(X) wp 1 . (70)

Proof: From Levin and Zhvonkin [14', we know

1

?{ Hxl,xz,...,:-:n} < H(X), wp 1 . (71}
Thus, from Theorem 11,

2 a

= t:{xl,xz,...,:-:nl -+ H(X), wp 1 . (72)

But, from Theorem 12, b achleves

=0 L

n=C(x(n))
n

log S(xin]) = =+ 1=-HX), wp1 . (73)

[ ]
Thus we find that b simul taneously causes money to grow at the

2n(l-rp lag p+q log q) if X

rate is the Bernoulli process with parameter

p: at rate 3“ if ¥ is a (recursive) deterministic process; at rate

Enil_ﬁ], for X any ergodic process. In faect, b

is achieving the
maximal rate of growth of capital for all of these processes,6 while af
course, simultaneously achieving the goals of Theorem 12. This helps to

=
substantiate the naturalness of the goal &(x) = EE{x] {x}_

7 Conclusions

In thiz paper we have shown That if a sequence of length n can be

compressed into a sequence of length K with respect to some universal

L
algorithm U, then it follows that there exists a gambling system b




(depending only on U) that will guarantee that the smount of capital
achieved at time n will be doubled n - K times. Thus K may be con-
sidered to be the amount of randomness in the sequence and n - K the
amount of determinism, Any order that exists will reflect itself in an

increase in capital for the gambler,
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