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1 Ahstract and Summary

The purpose of this paper is to consider a luerarchy of probability den-
sitv function estimation procedures. The discussion will culmiraie m & spec-
ulation akout a yniversal procedure, First the histograny approach will be
investisated, We shall then consider the orthogonal function expansion ap-
proach, of which the histogram aprroach is a special case. Nextin complex-
ity is the slightly mare complicated window function approach suggested by
Parzen and Rosenbiatt. One degree of freedom more is found in the ap-
proach of Loftsgaarden and Cueserberry in which the window size itsell is
allowed to be a function ol the data.

Finally we ask ourselves whal ix meant by large, small and medium size
sariples. How should the number of degrees of freedom of the litting den-
sitigs grow with the size of the sumple? What is the notion of intrinsic com-
plexity of the underlying true distribution’”

2. Introduction

Let %, %3.%3. ... beasequence of independent identically distributed
random vanzhles drawn according to some unknown underlying density
function f(x3 1t is desired to form a sequence of probability density func-
tion estimates ?”1.1] depends anly on %y X3.. .. %, Apexcellent sy
of various probability density Tunetion estimation procedures together with
the modes of converzence, and in some cuses the rates of convergence, may
be found in Wegman | 77] and Rosenblalt [57]. A Fairly extensive list of
references is alse provided at the end of this paper [ 1-87],
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3. The Histogram Approach

To fix ideas we shall consider unly univariate random variables, The
literature contains the multivanate extensions, In the histogram approgch
we have a partition of the real line inta sets 8, .54, .... A good estimate
?n{x} 1 given hy letting fnl:!-:l b2 a constant over region 5., where the
constant s given by the proportion of the x;’s among x; Xz, .. . Xp
which [zl in ser Si. Thus it g s the indicator function for the set Dy we

My wrile .
faix) = %251{!‘;1} &jix)
J__

We niay then readily verily that

k Fli{x} s fﬂ-‘fh-"-lir. for X BeihE Rdouam
HI':"II----.H” Hi

Moreover, the variance of Fu”‘“ tends to zero as 1/n.

The problems with this procedure are many. First. the partiioning af
the space gives an undesirable quantization of the probability distribytion—-
thus yielding estimates wlich are piecewise constan! over the partiboning
sets. Unless by some chance the true distribulion were precewise constant
over these sets; there would be ne hope of asymptotic convergence, Next,
the pattitioning has to be designed before the data is seen. This allows the
possibility that almost 211 of the probahility mass of the underlying distribu-
tion may lic in just one cell of the lstogram partitioning and therefore that
no uselul density estimate will be obramed, Attempts to refine the part tion
as the number of obzervations tends 1o infinily are possible but are very
clumsy in this framewnrk. We shall see that the subsequent schemes due Lo
Parzen, Roasenblart, Lobtsgaarden and Quesenberry are superior for this pur-
[,

4. The Orthuganal Function Approach

Let wo(x), vo0x), wyfx), . he asequence of arthonormal functions
defined an the real line, Based on the sample %, %, , ... we wish to find a
probality density Tunetion estimate 1 0x) ol the torm

k
S =_}: u:"” B

In pracuee, the orthorermsl lunetions are sometimes chosen (o be the
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Hermite polynomials, an apt cheice when the underlying density is basically
Gaussian with perhaps some correction terms, See for example the work by
Schwartz | 62-64 ] and also the review hy Wegmun [77].

Now let
I =f(ﬂ'nj—1"{x,a dx

Suppose first, for the sake of argument, that the underlying density 15
known, and it is desired 1o find the set of coerficients ¢y ¢y, .. ¢, mine
mizing 1. Setting to zera the partial derivatives of J, with respect to ¢,

1
we find that
f,"ﬁ wi = Edi(X)

Now. since in fact T is not really known, a wise procedure would be to es-
Limale the optunal -.Gfﬁ:lcje“‘tts from the data X, X;.... X, Since the
optimal coeflicient ¢; isequal to B IX], we estimata HI- expected val-

ue by
I
e ;
§ TE by ().
] = |
Nate in particular that

1 E'*‘“‘ o

=

I"b-:n

Thus the estimate of the coefficients is unhiased. Morcover, since the
wilx) arc independent random variables, the variance of the sum is the sum
4 I‘m1 variances, Thus

- .H.* 1 .
Vare = = n(‘mr Lﬁilxhc ot n,

ey b
which 1ends to zero in the limit as o lends Lo infinity. Thus ©; 1sacon-
sistent estimate of the optimal coellicient ¢ .

f‘ I3 o ! CTER]
Writing ont the estimate £(x} using the estimites ol the optumal coeffi-
cients, we have Lthe nice formula

£, ﬁlz Z‘i Uitxj) wilx).

i=1]

This expression if very reminiscent of the potential function formulation of
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Adzerman, Braverman and Rozonoer,
Continuing, for known 1 we find that the mean squared 2ror & now

given by
I '_ﬁg ...fr'i_

where  represents the projection of ¢ onto the inear space spanned hy

Wi, ..o, Inocase of unknown [ owith xy x5 0000 x, known, we find
that
i
EJ,= ﬁfqrn-‘i = Eﬁr"ﬂ! ¥ |'*"/;r"f'n:'E _‘ﬁg .'fli +".I=,' E :'Ji]
1=1

Thus we find that the expected value of ]r1 13 cqual 1o the projection error
plus g statistical error, Luckily the statistical error tends 1o zero in the limit
as n—+w RBura basic deflicicney of this procedure, at least for a finite num-
her of arthonormal functions s thal there s a steadv state projechon error,
We wish to make the lollowing comments on pdf estimation by or-
thogonzl functions: 1) This approach s simply & generalized histogram ap-
proach. We see that the histogram approach can he expressed as an ortho-
zonal funcrion expansion by letting the ' be indicator functions for the
cells 5. 2) There is often the possibility that the orthogonal function £(x)
expansion will be negatve for some values of x and therefore not o possi-
ble probability density function, 3) There will be, in general, a steady -state
projection error. 4) The scale of the f must be selected betore the data is
observed, Thus it may happen that all of the true density [ lies in one cell
of the hstogram, so to speak; or, (o pul il another way, thal the major part
ab T hes outside of the linear space apanned by the & In any case, it
wollld be nice to “peek™ ar the data belore selzcting the orthogonal func-
tions [or the expansion, One mav actually observe a few observations in or-
der to set the scale and translation parameters before one applies the proce-
dure. However, in this case, the analvsis which we have undertaken is inval-
wl bacawse all of the cribical parameters such as l.f.'j now depend on the data
m a way nat taken nto aceount, For this reason, we nead more sophisticg-
tedd procedures where the dala plavs a larger role in the selection of the es-
bmalar function, Although exlensions of the erthogonal Tuncoons ap-
prodch have been made, we shall drop thes approach {or the time being

5. Rosenblati Fstimator

Mow let us consider an improvement on the histogram approach, some-
times called the nve pdf estimator. The Rosenblatt | 53] estimate is of
the fonn

ki
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s i y

(X)) = |H.I-"{x+iﬂ = E-nn-:—hj) 12N,
where P, is the empineal cdl of x; %5, .., %o 10 ather words, the 23
timate of f{x] at the point x. based on x, %;, .. . .X,. 15 given by the pro-

portion of hits of the x;'s in the window ol width 21 centered at x. This
proportien is then divided by 2h to form the estimate. Certannly the est-
mate appaars to bz good, since the proportion of hits a0 the cell 15 an esti-
mate of the probability contznt of the cell and Zh s the total content ol
the cell. The ratic as h =+ O is the probability density.

Ansther wey of cxpressing f”f}i:l 15 to define the indicator function

o { |, &' [x—M, x+hi
W = 2
X (. otherwise
: - . :
Then [(x) s equal ro
n

| E :, .
:r'h 'r"x'l_!".i_l.

1=

Following Rosenblatt, let us calculate the expectid vilue and variance af

oy T
!l]. First, i oo
E (!n) = m E I 'r"':u,{-":ﬂ'
1= |

But the i, (x;)s arc Bernoull random variables taking on the values 1 and
{0 wirh rhe prohahilities

F{x+h) — F{x—h and 1 — F(x+h) + F{x~h)
respectively, Thus

~ = | ; .
E =n|:1".':| HIT'I (f[f‘i'i]l} l{x |'I'D i
Expanding this in a Taylor series expansian, anth assuming the existence of
the necessary derivatives, we ohrair

E f,(x).= f(x) + —E-_ i"ix) + OfhY),

Thus, for a window size h tending to 2ero, the bias ol this estimate tends
1o Zero. .

In tact, these calculations hold for any wmple size n= 1,23, ... Thus
we see that we can make the bias as small as we wash, even in the sngle sam-
ple case. Of course, the single sample case would result m a probabibity den-
sity function estimate Which was extremely largs a very small proportion of

"7
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the time, Unbiased, yes, but the variance would he tremendous.
MNow we caleulate the variance ol f-nl X}
n

F .t I .
Var f(x) = Var 54 E W (%)
=1
I "
= n Var {E-,'a

4yt ( e

pil—p)

dnh’

ecause, Tor independent randoem vanubles, the vanance of the sum is the -
sum of the variances, and

M—* b Oth®)

p= PrigdX) = 1]=2ht +

1

Collecting iterms, we have

I (F"{:-H I'l:u:)1 = F.(F. Jt,f[!-} - Fnll':-u;})d + Var ?n{'h']-

a

x| T I 4
T | £"(x) +ﬂ{hn + ht],

Thus the squared error of Lhe approximation can be made to go 10 zero as
long as B tends to zero and hn tends toinfimity, Letting b = kn™, we
see that the dominant terms can be mimmized by setiing the exponents e-
qual, thus resulting in L= ki """ as the optimal rate of decrease of the win-
dow sive, More careful analysis shows that the constant k should be

k= (72| o) e,

b, Parzen BEstimators

Parzen, it about the same time, investigated a general class of densily
gctimation procedures based on his work on the estimanon of spectral den-
gity functions from finite data. Consider

' R
) o rmtmna JCprre———
n Hin) & hif(n)
i=1
For analysis of the behavior of this family of estimates, we will need the fol-
lowing lemma due to Bochner,

Lermima: Let K be boprnded, absolutely integrable, and let

=i
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IxKix)] =+ 0 us |x =ee. Let g be absolutely integrable and deling

| AX-¥
i RN E = i f '
En(X) hinl F"'(]‘.I[n})g’”'] £

Then

an-"] -+ BIX) fﬁf‘_n"'_'l dy, as hiny—= 0,

at every poinl of continuity of g.

The preol af Bochner's theorem is repeated in Parzen’s 1965 paper
[43]. Examples of kerngl tunctions K which satisfy the hypetheses of
RBoechner's lemma are: a) the window function of Rosenblatf, b) eI
) the normial densityv, d) the Cau-:h;f density, and e) {'sin"x_'}e'xz.

We obtain the consistency of ((x] by applying Boachner’s lemma
rwice, Firsl, using the identical distribution of the Xi's:

n
E I(x) = n z: . THN) hin)
=1

. % 3 (“‘F‘u)
=L h{n}ﬁ hin
AL, Y
'_/:unl K(h“”)-wl -
- ﬁx]fﬁ!yl gy

= [{x}

jr'ﬁin;yu dv = 1.

Thus Fnljz-;J is usymptotically unbiased as hin) — (0. This resull holds even
when the X% are dependent random variables with marginal pdfl (%)
Secondly, since the }Il-"i are indn:p:;imii.u'.t.

Var 700 = Var LY k(2
ar Tp(x) “ n hirn} hin)

Wl o s b 500
gy & TR bin) n)

‘ ( | (-" ?‘ii))1 '
=L K
—'n SSTY hin

Ky

h
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_—e l KLY fivy dy
nhin _f hin) hitn

Mow,
I Xy
——— 2 f(y)} dy = 1 }fl(" dy < =,
f!ﬂn} (hm,r) e o ; Wy
Thu= _
Var FHH.J =+ 11 45 nhin) -+ oa-
Huenew

2
E(ﬁ“wl -I'l'x:) * 1)

il hin) 0 (thus sending the squared bias term to zere)and nhin) ===
[thus seading the variance term to zero). Thus f'n{x} 15 & consistent esti-
nrate ol 1{x) at every point of continuity of 2 if hin)=+ 0 and nhin)=req

Wi note in particular that the obvious choice of scale hin) =‘I1'L' leaves
g residlual variance in the imil a8 n—=+oa, This is due to the fact that we sre
not sinoothimg the data encugh, Simidarly of hin) is equal to 4 constant, we
are el with o steady-stute hias term due to the oversmoothing of the den-
sty function,

We know by the Cramer-Rao lower bound that the expected squared
errar must be greater than or equal 1o L where 1 igun approprale infor-

! I
mation measure. Parzen estimates can be chosen o converge at rates arbi-
tranly close to the rate % i sulticient differentiability of [ is assumed.

7. The Method of Loftsgaarden and Ouesenberry

Omne of the problems with the two previous methods is that the scale
parameters cannot be easly set. lor example, in the Parzen procedure, the
simocthing at lime n corresponds to the scale parameter hin). Now if it
ust so happens that the range of the observations x, through Xy 15 less
than or equal to hin), the smaathing will be much too great and the an-
swer will be ridiculous, Parzen's (heorem guarantees only thar as n tends
tomfinity, hin) and n will bear a nice relanonship guaranteeing a consis-
tent estimate,

In practice we should cheat when applving Parzen’s estimate. At time
in, we should lock at the data, estimate the amount of smoothing that it will
tolerate, adjust Wn) sceordingly, and then calculate the Parzen estimalte of
the density. The trouble with all of this is that the analysis has been made
under the assumpiion that hin) s determipistic lunction mdependent of
the data. Thus, the entire anabysis would be mvalidated by such a procedure

ek
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and we would necessarily be forever suspicious af its convergenee properties,
The method of Loflagaarden and Quesenberry [36] effectively allows
hin)y todepend on the data, Their method is as follows. Suppose that fix)
is to be estimated at the point x on the real line and that x,,%;,....%,
are i.i.d. random variables drawn according to f(x). Let k; be some inte-
ger less than or equal to n, And let hin) be the distance to the k th clo-
sest point to x among the samples x; %3, ..., Xg. Thus hin) is o random
variable depending on the data. Now the length of the interval [x—hin},
x+h{n)] is 2hin). An estimate of the probability content of this interval
s just the proportion of samples which fall in it, which we already know to
be k., /n. Thus it is reasonable fo use _
Kn
2nhin}

[ (x) = (kp/n)/ 2h(n} =

as an estimale of the probability density function fix). Since we wish a lo-
cal estimate of the pdf, choose Kk, so that the f}rup-nrti%n k. /n tends to
zero, If ky =+ 5. kyfn—+ 0, it comes as no surprise that f,(x) can be
shown to be a consistent estimate of f(x) at every point of continuity of x.
This is shown an the paper by Loftsgaarden and Quesenberry [36] and will
not be showi here,

This procedure offers several refinements over the usual histogram ap-
proach, First, we are “peeking" at the data in order to center the histogram
cell about the desired point &, secondly, we are scaling the size of the his-
togram cell in such a manner that it conlains neither oo many nor foo few
fdata points. Too many would give oversmoothing and low variance; 100
lew would give undersmoothing and high variance, Presumzbly, kg 1s cho-
sen 5o thal the number of samples is just right in proportion o n. kg =41
is often used m practice.

4, Further Refinements

The existence of a succession of probamlity density furction estima-
rion procedures which takes into account ever more refined properties of
the underlying density functions suggests that we may conlinue the refining
PrOCess,

Cine problem with & more sophisticated approach is that it usually re-
quires a larger sample size to yield good estimaies. Ulimately, however, we
can expect a more sophisticated procedure to converge faster and over a
wider clazs of underlying densities.

The three factors at work in determining the appropriate degree ol so-
phistication of the pdf estimator are 1) the number of degrees of freedom
of the estimator, 2) the expectad number of degrees of freedom ol the

4]
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underlying density, and 3) the number of degrees of freedom of the data,
i.&,, the saumple size n.

11 is usetul to consider the parametric density function estimation prob-
lem for a moment. Suppose that %, %5, ... Xy are independent, identical-
ly distributed according to a normal distribution Nig, 1) with unknown
mean M. The estimation which i usually performed in this case is to esti
mite @ by some good estimator such as %, and then estimate the density
by N(R,.1). This works well because we are dealing with a parametric fami
ly ol distributions, and a good estimate af the parameter vields gkl esti-
mate Tor the density (obviously i’ we had parametnized the distributions in a
terrible and discontinuous way, this statement would not hold).

It iz probably possible te classily the family of all pdPs by their com-
plexity. The low complexity density funclions would include, for example,
the unitorm distributions over fixed intervals, (inite unions of uniforin dis-
tributions, and narmal distributions, and other distributions which have YErY
simple descriptions, Next {n complexity would come the distributions
which are highly multimadal but relatively smuoth, Obviously, these distrib-
utions will require a large number of saznples helore we are in any position
1o estimate the distribution precisely. For cxample, if the underlying densi-
ty has n mades, it would certamnly be foolish o expect that we could iden-
Lty the pasition of these modes before we had observed roughly n samples
or more, 5o we see quickly that for any sample size n it is very easy o
come up with a probability density function that will be poorly cstimated
by n samples, For example, we might have a uniform distribution excent
for a spike of width €* amd height = Thus the sample size necessary to
dutect the position of this spike would be ar least —]}— and until n > /e,

the estimate of the pdl would differ in .-iup-l]l:rl'J]JEf'JJ m Iram the true padf
by at least L.

We wish to have a hierarchy of pdi estimators of increasing complexi-
ty. For example, if the true underlyving density function is 2 normal distrib-
ttion with unknown mean, but this is not known a priori, then after obseryv-
ing & suiliciently large number of samples, we would begin to suspect that
this is indeed the case, that in fact the underlying densitv (unction ig a nor-
mal distribution-which is what often happens in practice, In this sitgation
we would then simply estimate the mesn and variance and correction lerms,
This procedure would ook for smull cotrection terms to the normal distrib-
ution amil would be extremely effective, Certainly additonal samples mighi
throw some doubt on our tentative conclumen thar the underlying density
function is essentially normal. Then we would be free te jump to some oth-
er canchusion and adapt our procedure ahouf it

The queshion is whether this disorderly jumping around from procedure
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to procedure on the basis of some peeking at the data will soll allow conver-
pence, Practicslly speaking, we know that convergence will canlinue 1o
hold, although the theoretical justification will prohahly be guite difficult.
However, whal is more to the point is whether we can actually converge to
the true pdf as fost gs o person who has o great deal more a pror knowl-
edae and who realizes that the unknown pdl is a member of some paramet-
ric fumily. All that would be necessary for our convergence rate to equal
that of the paremetric pdf estimator would be that we would eventually be
ahle 1o guess that we belonged in the appropriate parametric Tamily,

Therefore 1 propose the followmng approach. First, let us enumerate all
finite algorithms generating probability densily functions. Next, ar time n
caleulate the Likelihoods of x,.%,. . .%,; under cach of this infinite collec-
rion of pdfs. Among the first 7{n) pdls choose thal one for which
X1:Kg, oo Xy is most likely. This in some sense 1s the likeliest. simplest
pdf. We shali let r{n) be a function growing slowly with- n. Certainly all
densitv functions ke the notmal and the Cavchy and the union of uniforms
will lie somewhere on this list and r(n) will eventually grow without bound
and include anv particular density function on the list, And if, in fzct, this
density function iz the true une, the likelihood of %, %5, . .. %y umder this
density will scon dominate all the other likelthoods,

And just so long a8 7in) dous not grow so Tast that spuriovs candi-
dutes for pdts have extremely high likelihoods on insutficiently small sam-
ples of data, we are guaranteed (o be in the position of essentially puessing
the parametric family and then estimating the underlying parameters. Wi
have a chance of doing extremely well, certwnly better than the procedures
mentioned in the previous sections,

This program is rar from precise and it is by no means clear whether
the details and theoretical analysis could be carried out in practice. In any
case, the practical applicatians of such an ultimate procedure would not b
verv great. However, in defense of these comments il should be said that all
of empirical physics, chemistry and science has been accom plished more in
the spirit of this last section than in the spirit of the previous sections. Thus
we “know' that noise distributions on measurements are Gaussian and we
“know" that the laws of phiysics read F=ma and not F= ma'-%%% A
kernal funcrion estimator would treat 1.0000, . and 100001 much
the same and would misa forever the thrill of leaping from conviction to
conviction ta conviction,
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