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0. Summary. It 15 known that deterministic automeata are generally not optimal
in the problem of learning with finite memory. Tt is natural to ask how much
memory is saved by randemization. In this nole it is shown that the MEMry saving
i3 arbitrarily large in the sense that for any memory size m = o, and 8 > U, thera
exist problems such that all me-state daterministic algorithms have probability
of error Ple) = 4~0, while the optimal two-state randomized algorithm has
Ple) = &

1. Statement of problem and results. This note is concerned with finile EmOry
learning algorithms for the two-hypothesis testing problems of Lhe type discussed
i1 Hetlman and Cover [4] The question of how much memory 15 saved by using
randormized instead of deterministic algorithms has been raised by Chandrasckarn
[1]. [2] ané Caver and Hellman [3] and 1s treated in this note.

we will find problems for which the probability of error for all m-state deter-
ministic automata is arbitrarily close to 4, while the optimal two-state randomized
aulomaton has a probability of errar arbitrarily ¢lose to 0,

For each mi < oo a problem will be found for which the statonary distribution
for any m-state deterministic machine is approximately the same under either
Aypothesis, Such an example would be a ten state hypothesis test of 2 Bernoull]
sequence with parameater py=1—10"*" vs. o Bernoulli sequence with parameter
pr=1—=10""" Intuitively speaking, the drifi of the process into muemaory siares
eatered by the observation ¥=1 is overwhelming under cither hypothesis, thus
creating nearly identical stationary disteibutions. However, by introducing
randomization a large difference in the stationary distributions can be achieved.
For example, on all transitions with ¥= 1, stay in the ariginal stite with proba-
bility 1 —107*% and muke the indicated transition with probability 10-2%,

From the foregoing discussion it would seem sufficient to consider Bernoulli
distributions, and indeed this is sa, Let X,. X.. - be independent identically
distributed random variables drawn according to the distribuytion

Heads, with probabiliy  p

Tails, with prohability 1 —p = ¢.
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Caonsider the hypethesis testing problem

(Y Hytp=py: vs. Hyp=p.

-
]

with 1 < p, < py < |, and equal prior probabilities PLH, )} = PUH | = + Iris
assumed that p, and py are knowi,

“ow let us consider learning algorithms for the Bernoulli problem ahove, An
algorithn: of memory size i consisls of a state space § — {1, 2, -, m}, an initial
ctate i & 5. Uwo s % m stochastic matrices Py and Py which are the state transition
merrces under Heads (1) and Tails (T) respectively, and a partition [ 8.5, hof 5.
The interpretation is that if, at time a— 1, the automaton is il state { and X, —
Hegzds (resp. Tails), then a transition to state & will be made with probability
(P hplresp. (Pedad; decision 1 made i the current state 15 contained in 5,
t — 0, 1. An alzorithm is determimistic i¥ Py and £ contain only zeros and onss.

Sow suppose that the autlumation 13 started in siete j. Define

() Pip) = pPytal' s
Thus. if the orobahility of heads is p, the expecled asymptohic proportion of visits
to state i 1% wiven by

|

(11.] #r{..l".- By, 'n'J.II' =|im-"¢—*=:§ }.. ':PH{FUH'

1

Since Pipg)and P(p,)are the state transition matrices under f and | respectively,
the asymptete probubility af error, piven initial state j oand decision scheme
80, 511, is given by
[5) PAiPu P8y 3:) = & E. % 1 [ 1 1 T )tk Ersﬁu“.{.!‘- Py Py Py ke
Define P*ien) to be the greatest lower bound on the prabability af error over all
candorized m-state learning algorithms, and P*;*{m) ta be the greatest lower buwnd
aver all mestare deterministic algorithms, (A deterministic algorithm 18 ane for
which the matrices /1, and Py each have one and only one | in every row, the other
clements a1l heing zara, Note that there are thus ™ determanistic (P, Py ) pairs.)
In the contest af this coin tassing problem, P*(an) and £" (i} are explicitly given by

{[‘:I F*[}?I] = il]i‘_\‘.?ﬂJu’;ﬁh.& P.,l:j. FH: PT‘- SLI:-SL]

where the infimum over £y and P, is taken over all stachastic wixm matrices
£, and Py and

(7] P m) =ity g pes0.8, P, Puy 'y S 84)

where the infimum over £y and Py 18 taken over all #1 = a malrices corresponding
to deferminiyiic twansition rules, Clearly,

(&) Pi*m) = P¥m)

for anv problem and memaory size m. We shall prove the following:
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THEOREM. For gne mo = 23, 4, -, gnd far any 4 = 0, there exist probabilities
Pus P SUch ritat

(9) PY2)=8, P,%{m)z t-4.

Proor. From |4] we know that there exists a randomized two-state algorithm
which achieves

(10} P2 = 111+ 3Y),
whero
(11) Y = Pag ! Prdn > L

The algorithm which achiegves this bound is given by

i . -5 A . I 0
{II"':II "“ — u I- L] ‘I T |- u
where (sce [4], (36), (57), on page 776)

(13) A = (doit:/Fabn )

amdl the deciion regions are 8, = 24 &, = {1L
We wish to And p,, p; such that ¢ = (peg/rige) & 1, and thus P¥2) < 1
while at the same time

(14) 1!'|U~ Pos P Py )=l fipi P Py S 6

for 2ll i je § and Tor all deterministic Py, Pr. As we shall see (14) implics that
PLL Py Ppy So0 §1) = d=me for any partition (5,, 8;). Thus the two hypotheses
cannot be effectively discriminated by a deterministic algorithm.

[l would not be difficall to lind pgq, pp viclding {(14) under the constraanl 5 3 |
it g E g P ) were uniformly continuous in e, for 0 = p = |, However, this
15 not the case, and p; can be discontinuouws at p = Oor [,

We resort to the following simple approach, Let alpe[0, 1™ "' be an ordered
m™™ " * tuple corresponding to the values that x (7 p, Py Py ) takes on for fixed p
as (. j) ranges over {1, 2, ,mi= ), 2, -, m) and (P, Pr) ranges over the set
of m™™ possible deterministic transilion matrix pairs. Lel us put g sup narm on
[@,17%"™", Thus, in particular,

(15) ”#U*'J_FI;.”‘H = MK ¢ pyy, Py Ll 2 2 Py Py —ud i 0"y Pis Pr:'|-

Consider the sequence p{l—2"), & = 1,2, -, for some fixed 0 < 2 < | Since
[0, 17" is compact under the sup norm, then, by the Bolzano-Weierstrass
Theorem this sequence must have a cluster poanl, u®, say. Hence, for any e = 0,

(16} |1 —a*)—p*|| <&,
infinilely often. In particalar, [18) implics

I.JH] |F[|”= | —.::"__!J”, Pr) =3 *[-4-"1 Py 1’"."]' = & Vi 1000
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for infinitely many values of k, where iU Py, P} may depend on the chisen
value of = For future reference note that if g* is a cluster point then it necessarily
fallows that

{]HJ E:II=I |“'|'*'l. Irll -Pﬂ': P]"} = ]l

fur all §, Py, Py This completes the preliminarics,
Let k. ks, k, = K be posilive integers and set

(19) py = 1~
I S i
where ag before 0 < & < 1, Then, py = p,,and
y k
Naw set o = 5301 —#)%, thus achieving
(21) PH2) =11 4+37)=d.

Finally choose &, & such that k; = &; and (16) holds with ¢ = 25/m, Then by
definition of P,"(m)and (16) and (18), we find

Py m) = ming ey prses, H Ei;ﬁ. sl ooy P Pr)+ 'E. e o WL P P Prl]
[22) Z M0, 2y S0F H‘En s 0t LA P Pyl {Zﬁ,u'm}:]]
=4—0.

Thus Far any o1 there exist conn flipping probabilities g, and pipe = lop = 1,
in our example) such that any m-state deterministic automaton is arbitrarily bad
isce (220, while there exists a randomized Z-state automaton that is arbitrarily

oo (see (21)).
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