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0. Abstract and summary. This paper develops the theory of the design and perfor-
mance of optimal finite-memory systems for the two-hypothesis testing problem,
Let X, X5, be a sequence of independent identically distributed random
variables drawn according o & probability measure 22, Consider the standard two-
hvpothesis testing problem with probability of error loss criterion in which 2# = @,
with probability =g and @ = #, with probability ;.. Let the data be summanized
after each new observation by an m-valued statistic Tell, 2, .. m} which i5
updated according to the rule T, = f(T,.,, X,), where fis a (perhaps randomizad)
lime-invariant function. Let & 02,2 m; = | H,, K, be a fixed decision
function taking action d{ T, at time », and let P(f, d) be the long-run probability
of error of the algonithm (/f, &) as the number of trials n— . Dehne P* =
il p gy PAL ). Let the ae. maximum and minimum likehhood ratos be defined
by | = supl@Ap@ i 4)) and [ = inf(@,(4)#,(A)) where the supremum and
infimum are taken over all measurable sets A for which #,(A)+9,(4) = 0.
Diefine y = I/, It will be shown that P* = [2{mae 7™ "V —111(2™"" — 1), under the
nondegeneracy condition ¥ ' = max Ing/m, Tyt and a simple Tamily of
s-opumel ( f, d¥s will be exhibited. In general, an optimal ( /, @) does not exist; and
s=optimal algornthms imvolve randomization in £

1. Introduction. Let X, X, --- be a sequence of indepandent. wdentically distri-
buted random observations drawn according to a probability measure @@ defined
on un arbitrary probability space (X, &, #°). Consider the simple hypothesis testing
problem

(1) Hg:P=Fy vi. HF=2y,

Let the prior probabilities of the null hypothesis H, and the alternative hypothesis
H, be denoted by mg and =, respectively,

Let d, e | M, M} denote the decision made at time n. If d, 15 allowed to depend
an Xy, Xa, o0+, X, 1015 well known that a standard likelihood ratio test vields a
probability of error tending exponentially to zero as the sample size 7 tends to
infinity. [f the stanstician has but a limited memory, several models come to mund,
bor example, &, may be restricted te depend only on the last & observations [12].
This model Gails to suit the author's nation of limited memory because the cardinality
of the space in which (X, X, - -+, X)) takes its values 15 unrestricted (and usually
infinute), For the same reasen, models in which the statistician is allowed to re-
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member a single real number [15], [5](e.g., a sulficient statistic such as the current
likelihood ratio) [ail to be nontrivial or practical constramts on memaory. For even
in those cases in which X takes on only a finite number of values, the Likelihood
ratio can take on an infinite number of possible values in the infinite-sample case,
For these reasons, the problem of learming under a finite memory constraint
will be considered. Specifically, consider the family of all learning algorithms of the
lype
(2) LmfiTien X FilL3i-oom) e E -+l 2, i}
a,=d(T): diil 2, mp =My H |

where X, is the ath observation, T, is the state of the memory at time x, i, 15 the
nth decision, and f is a function (perhaps randomized), independent of # and the
data. The algorithm is said to have fixire memory of size moif T s m-valued (e,
Tell,2,m}formn=1, 2 ) The goal is to minimize the expecred asymp-
totie propartion of errors

t]} P‘.f} o L{_]j'iul_:ﬂ 'T_I}:?:leﬁl

where ¢, = | or 0 accordingly as o, # H, or d. = H,, where H, denotes the true
hypathesis. (In the case in which f describes an aperiodic ergodic process on
{1, 2, =++, m}, it may be seen thot P(e) = lim,, Pr (d,# H,},

From elementary decision theoretic considerations it is clear that no ran-
domization of o i5 required for optimal procedures, However, it will be shown Lo
be generally true that an e-optimal f requires artificial randonuzation,

The pair (f, ) describes a finite-state machine (autematon) with inputs X,
outputs o, = (T,), and state space § = {1, 2, -, m}. The state of the machine at
time nis T, Under hypothesis H,, ¢ = 0 or |, the sequence T, together with some
specified initial state, forms a Markov chain over the state space 8. The action of
Fmay be prescribed by a (perhaps infinute) family of stochastic transition matrices
indexed by x,

(4} P{2) = [Pt i/ 2 =1] =1 ke s P AR

where $'_, pdx) =1, and p,(x) Z 0, ¥/, j. x. Here p,(x) is the probability that
7. = f given that T,_. = i and that X, = x 15 observed. Taking the expectation
over x, il 15 found that the state transition probabality matrices under H,, and H,
are given by

{3} P' = [ P(x) dP (x), =01,
The stationary probability distributions on the siates, denoled by

(6} TN (VPR TEREE Ty B t=0,1
are then solutions to the matrix equations

(7 u o= uF, t=0,1
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The resulting long-run probability of error Ple) 15 now simply given by
{E'} F‘.E} = n EJI:SL.!II:.:I+='|. E|l.3up-|1l

where §; = [i:di{) = #},j =0, |, are the decision regions induced by the decision
rule @ Mote that the ( £, ) deseription and the (P(x), ) description are equivalent,
Define P* to he the greatest lower bound on Ple):

(9} P*= Ilnr.j; ,r,Pf-E'I].

In this paper 7 will he found for every memory size o1, and an e-optimal class
of { f e)'s will be demonstrated. (That is, it will be shown that for any &> U there
exists an { £, d) in this class for which P(e) < P* ~e) [t will also be shown that, in
general, no optimal (f, o) exists,

Section ? establishes a lower bound P* or Pie) in terms of the statistics of the
problem and the memory size . Lemmas | and 2 and Theorem 3 are of primary
impertance, although Lemma 3 and Theorem |, which treat the mathematically
annoving case of reducible automata, are necessary for completencss, The section
concludes with Theorem 4 which establishes P* to be unachievable,

In Secrion 3 an s-optimal class of automata s derived, The special case PV}

is treated in Section 4, and examples are given in Section 3,
The unigquencss of the s-optimal class is discussed in Section 6. Necessary and

sufficient conditions are given for a class of automata to be s-optimal, completing

the solution of the problem,
Using different methods, the time-varying learning with finite memory alporithm

'.]-n-: Tn=“:Tr|—ll "."Il'l' H-l'- I!;E{I'E"'“.'-m}
d,=d(T),  d:{1 2 veymy = {Hg; 4l

has been shown by Cover [2] to yield P* = 0 for @ memory of size m = 4. Thus
there exist learning rules for a time-varving finile memory which yield asymp-
rotically zero prohahility of error. Mo such hope exists (excepl in special cases) in
the time-invariant problem treated here, References (2] and [1] contain a further
discussion of finite memory constraints and sufficien! statistics.

Several authors in the Russian literature [16], [L0]. [17] have investigated the
behavior of automata in random media. However, their work is primarily devoted
to the analvsis of the behavior of various ad hoc machine designs, Moreover, the
problem formulations are more properly in the area of the sequential design of
experiments (the so-called two-armed handit problem) than in the area ol hypothesis
lesting, This work is nonetheless interesting because of the sinularity of the [or-
malism to that of the problem considered here (see [8]). Under an alternative
definition of fimte memory (in which the memory consists solely of the last k
observations) the two-armed bandit problem has besn nttacked by Robhins [12],
Isbell [9], Smith and Pyke [14], Samuels [13], and Cover [1]. Cover and Hellman [3]
have solved the two-armed bandit problem under a definition of finite memory
similar to that used in this paper. The methods used are based on those developed
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in this paper. The hypothesis testing problem under the constraint that the memory
be one dimensional (4 single updatable real number) has been discussed by Spragins

[15] and Fralick [3].

2. A lawer bound for P(e). Let [, and /| be the Radon-Nikodvm derivative density
functions of &, and #, with respect Lo a dominating measure v, such as

v @49, Define the likelihood ratio (Lr) to be Kx) = f(x)ifi(x). Let the
ess sup and ess inf of the Lr. be denoted by
[11a) 1= sup#Po(A)/#,(A) and
(11h) [ = inf P (AP (A)
where the supremum and infimum are taken over all measurable sets 4 such that
Pod)-2A) >0

Lemuta 1. The varlo of the prababiliry ply af mansition fram state 1 to siate f
wnder He. to the prebabifity p;'a. af the same tramsition under H, satisfes the
imegquality
(12) [Spidpy =1, /¥,
If botk pi and p); ure zera, their ratio iv undefined,

Prour, m; is equal to [yp (X)fx)dvix), Tor k =0, 1, Since fy(x) = Hx}fi(x),

pl) _ Ja pu)(x) £ (x) dvix)
Pij .[ 2 Pix) fi(x)dix)

T_!‘l Fufﬂ.ﬂ (x)dv(x) =)
jl prix)fi(x) dv{x) I

Similarly, replacing {(x) by its a.e. lower bound {, the other inequality is obtamed.
DeriNmTioN. Let

{14} y = /],

Note that y = |, with 3 = | if and only if #, = &, a.c. The parameter y will be
seen to be a natural measure of the resolvability of the two hypotheses in the finite
MEMOry Case,

Henceforth, it will be assumed that ¥ < =¢. From Lemma | it follows that for all
i and f, pi; and p;, are either both positive or both zero. Hence, the clasaification
into transient and recurrent states in the Markov chain is the same under either
hypothesis. The case ¥ = <o will be disposed of 1n Section 4, and will be shown to be
in agreement with the results for finite 5.

DeriviTion, The state likelihood ratio for stale § 158 defined 1o be

(13)

=

(15) hy= ey i=1,2-",m,
the ratio of the stationary occupancy probabilities under Ky, and H,.
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LEMMA 2. Far an irreducible auiomaton in which the siate fikelihood ratios 4,
are arranged (0 nondecreasing order, the following relation halds.

(16) I =4Sl =1y, f= 1.2, m=—1.

Remark, Trreducibility implies that 4, is defined for all stales, <ince " > 0 and
i =l 2

Proor. The lower bound of (16) follows from the assumplion that the state
likelihood ratios have bheen arranged in nondecreasing order, To establish the
upper bound the following fact [6] will be needed: IT the state space § is parti-
tioned into two sets © and O, then in the steady state the probability of transition
fram € to ¢ must equal the probahility of transition from C' to C. This condifion
must be satisfied separately under H, and H,. Precisely stated,

|17a) Er s E.n c My nﬂﬁr o Ei e EI'F. "i"‘t.fup‘jlﬁ'

(17h) EJ:.’:ZI:;E-H;]I-':} =Z,I'LI!."‘L={-'4”FJF:J|‘

To establish the upper bound in (16), suppose the lemma were [alse. Then lor
some e S

{18a) ullp! s forall jeC={1,2,+,1i}
(18b) wr s el forall JeC' =f{i+l,i+2,* " .m}
where ¢ = 4.
Hut using the inequalities (12) and (17a)
(1%) Yieetaect 5 S X, vo Leaerlopy Wipkd,
5o that
(20} Yieotaect P S Al jacLiectty' P
Similarly,
(21) Yieo Yecom ol > MIE co Taeetty Pln

But using (17a) the left sides of (20) and (21) are equal, and using (17b) the right
sides are equal, a contradiction,

Maote that the irredueibility of the machine is used in obtaining 121), for if the
machine is reducible there exists a partition of § into two sets such that there is no
flow from either one to the other, Then none of the ratios ju,"pfiu; ' o used to
obtain (211 is defined.

This is not to say that reducible aulomala have no restrictions on the rate of
increase of their state likelihood ratios. But a different condition and proof are
needed (see Lemma 3 and Theorem 1).
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CoroLLARY |, The second inequality i (16) becomes an equality

(22} Ay tii=7 =12, m=1
if and oaly if

(23a) piy = 1By Jor 25 j=i+1=m

(23h) = Ip Jur 1Sj=i-18m~-]

(23c) =pl=0 for [I-}|z2

Proor. Follows from the proof of Lemma 2.
It is intuitively clear that an irreducible automaton s better than a reducible

automaton because of the lack of use of the transient states in the reducible case,
However, there seems to be neo simple way to dispose of the reducible case short of
proving the following Lemma and Theorem,

LEMMA 3, For a reducible automaron with several recurrent communicaling
chasses B, By, o0, Ay amd set Foof transient states, with inldtial state 1,67,
PURIPYR) _ .,

PURNP (R ™
where my 18 the number of siates in 5 and P'L#) s the probabifity of absorpiion by
#, wndder hypothesis H,, jor ¢t =0, l and 1= 1,3, -+ k.

124)

Proor, Consider a new m-state gutomaton o having the same state transitions
as .o between siates fe  and je 5 However, o differs from & in that all lransi-
tions of & from i€ to j¢#9 are changed to transitions lrom / to i, Let 8' = &
denote the sel of states which are accessible to &' from ;. Let ¢% and 1, dencte
the stationary distributions of .. Since &' restricted to 8 is irreducible, Lemma 2

can be apphed to vield
(25) eg i Sey™rl,
But, as is known in the theory of Markov Chains [7],
{Eﬁ] FI:.:#.'] = EIEF'TTI En r pllhl
where p!, is the state transition probability for the omginal automalon = con-
ditioned on H, 1 =0, |.
Then applying (12), (25) and (26)

PU(H;}IH{EE } {ll;}' 'r Eni .:I,-Fh|]|.E|l5' ol | ._"_,.r||| W pl:ll!]
PI(}.’EJ‘F:'{.& } [Irﬁ T E"I-E W PuJ[E.IES"rI E-riparr
"U-]]‘Z!-EETJ £ mE :i,pjvr [E[r! rJ Eﬂl:.i'_rigln
[EIES T E I.Pla]["lezq 1 ._,.,niﬂ' FmJ

= =y ]

(27)

Ila"'.
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DerIsITION. The spread o of an automaton is the ratio of ils mazimuem state
Likelihood ratio to its mommum state hkelihood tatio If the states pre ordered as
usual, sothat i, =+, = -- €A, then o = 7 _/4;.

THEOREM | . The spread of a reducible avtamaton i Jess than or egual ro y=*

ProorF, Case 1. [ the aptomaton has only one recurrenl communicating class,
# (with m, < m slates) and a set of transient states & [(with s, = m—m, states},
the automaton must eventually reach ## independently of the initial state. Thus the
machine effectively reduces to an sy, state irreducible automaton, Then by repeaied
application of Lemnma 2, the spread is less than or equal to 3™ ™', which is less than
or equal to v™" L.

Care 11, The avtomaton has no transient states, but several recurrent com-
municating classes ., #., -, 3, having my, my, - m, states respechively, I7
the automaten starts in state fe 4, 11 never leaves &, Thus the machine 1s effec-
tively irreducible with m; states, Again by Lemma 2 the spread is less than or equal
1 o R 5

Case 11, There are several recurrent communicating classes, &, #,, ==+, #,,
having m, miq, '+, m, states respectively. In addition there i a set ol transient
states & having my states, where mp 2 |, 10 the automaten starts ina recurrent
state, Case 11 applies, If, however, the automaton starts in o state i; .9, several of

the o,'s may be accessible from /.
Let v/ be the stationary distribution for the m-state recurrent class #,, Then

for res®,
128) 1= PaEE tnd
(29) Ly € v S e,

Thus, for re®,, se®,,

: PO ) [viiel]
(30) ;;”.,=[ | _:.:] ¥
Fl{{ﬂJ}F[[‘ﬂ,n:’ ["_it "'F.Eu

= ottt i if =

(31) - e R -G L if ).

This 18 the desired result.
THEOREM 2. The spread of an m-state auremarton is less than or egual to v,

Proor. If the automaton is irreducible then m— | applications of Lemma 2 vield
the desired result. If the automaton is reducible, Thearen: 1 gives an even stronger
bound,
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THEOREM 3. For an m-state awtamaten, Ple) = P* where

G e .
("' =1)

= min {®,, 7}, ptherwise.

(32) P* . if YV = max {nging, Ty frall

REMARK. This theorem shows P* (o be a lower bound on P(e). In the next
section P* will be shown to be the greatest lower bound,

REMARK. If 7y = m; = 4, (32) reduces to
(33) P* o=yt )t

REMARK. It has been assumed that y < oo, However, as shown in Section 4, if
y = oo then P* = 0, in agreement with this theeren, Thus the theorem holds without

restriction on y.

Remark. The case ™ ' < max {my/m,, m/ng} is trivial, as it can be seen from
Theorem 2 that then no state likelthood ratio will cause a reversal of the a priori
decizion. No machine is needed since the trivial rule of deciding upon the hypothesis
with the larger prior achieves the lower bound min {x;,, n,). Note that ;™ * =
max |mg/"y, 7/} implies that #* = min {7, =, }, in agreement with this heuristic
discussion,

ProoF ofF THEOREM 3. If k is the minimum state likelihood ratio, then by
Theorem 2

(34) kS a ' sk, vics.

Lising this equation and letting ¢ = P{E| Hy) and fi = P{e| H ). it follows that
= P 2k Liasy 1 = (1= i), er

[35) x = k(1 -p); and
B=F st ") B tti™ ar

136) gz &y ) (1 —a)

Multiplying (35) and (36} one obtains

137) 2ff 2y~ - 2)1— ).

Equation 37 gives a lower boundary for the operating characteristic of a decision
rule (automaton) with memory of size . Thus the results of this analysis apply Lo a
Neyman-Pearson formulation of the problem, as well as to the Bayesian approach
that is being followed. The algorithms that will be demonsirated in the next
section can approach any point on the operating characteristic,
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Siraightforward Lagrange minimization [7] of Ple) = a3} a2, ), subject to the
imequality constraint (37), vields mimimizing values

(38) a = [((nyfmly" ' P =100 =1,
B* = [ gty )y~ P =104 1)
and the resulting minimum value of Ple)
(39) P* = [2fmpmy ™ =10y = 1)
for 3™ 2 max {ra/my, 7,070 ). Thus Ple) = P* as was to be shown,

CoRDLLARY 2, A reducible (m+ | estate quromarton okevy the same bownd (32)
on Ple) as an m-siate irrcducible automaton,

Prooe. If the bound of Theorem | 15 used in the prool of Theorem 3, il is seen
that a lower bound on Ple) for an (w4 1)-state reducible automaton 15 the same
as the lower bound derived for o general me-state automaton. Thus a reducible
automaton “‘wastes” al least one state,

The following theorent shows the unachievability of the lower bound £* in all
bul depenerate cases.

THEOREM 4. Jf'm > 2 and v™" ' > max {ny/m, ®/ %}, then Ple) > P*,

Prok, From the preol of Thearem 3 it 15 seen that Ple) = P* implies that
equality must hold in (37). This in turn implies that

(40) g, gl O, i#1 or m.

Since irreducible automata have all g, = 0, any automaton achieving Mg} = P*
with m = 2 must be reducible. Corollary 2 rules out this possibility.

3. A class of c-optimal antomata. In this section an c-optimal class of antomata
will be demonstraled, i.c., for every £ > 0, it will be shown that there exists an
automalon in this class with P(e) < P* 4, Thus, the lower bound P#*, although
shown to be unachievable by Theorem 4, is established as the greatest lower bound,
completing the selution of the problem.

The structure of an e-optimal automaton is almost piven awav by the following
theorem. However, an understanding of this theorem is not necessary for what
follows.

THEOREM 5, Ler |aftn)} be a sequence of m-stare awtomarg, Further fet {p'in)}.
t=0,1, and {P.in)} be the associated sequences of g and Ple), If

.= |
Y™ omax {mgimy, 1ty e,

then Pin)— P* i ana enfy iff

Lo (T ey (o)) [ ] O]} =™ L (T2 15 avrumed that for each a the
states of si(n) are nymberad in erder of increasing stare likelihoad ratia.)

2 u4fm =0 2<igsm-1,r=0,1 and

3. ) = [((myfmly™™ P =10/ = 1),
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REMARE., It is assumed for each o, that the decision rule 4 1s optimal with respect
to the stale transition funcrion £ Le., i) = Hy il and only if map () > m, i l(n).

ProoF, The sufficiency of the conditions will be proved first, Since the expression
(8) for Ple) is a finite sum,

(41) P, = i, o PAN) = 1o ¥ iis, 80+ 700 Laso ti! where
(42) i = limy o pfla), e, 1 €8,
Thus condition 2 implies

(43) Po=dgpi" + 7 M and
(44) T =1, =01,

Conditions | and 3, together with [44) result in
b fe [{me/m)y" 5l b

(45) H e
Hence

Lt 1% . |
{4‘5} Pl' = Z{L:Irij_j___, I} - F*l

proving the sufficiency of the conditions, _

The necessity of the conditions follows from the proof of Theorem 3. For Pia)
to approach P* it is necessary that (17) approach equality and that 2z — a*, f — b*
as given in (38). []

We shall now propose an automaton which achieves the maximum spread of
Coundition 1 of Theorem 5. We will subsequently modify this automaton in order
1o meet Conditions 2 and 3, Consider an automaton which moves up on high-
likelihood-ratio events and down on low-likelihood-ratic events. To 'this end
define the sets

(47a) H,o={xeX:lix) = [(M+e]" "}
(47h) F,={xeX:l{x) g {[+c]}

(47¢) Fo={xeX: ¢ (W 0T )]
Further define, for t = 0, |

(48a) h = P(A,)

(48b) 1=,

By definition of [ and {, for any &£ = 0, 4, and 1" are strictly greater than zero, Naote
also that

(49] ' Zh' =g todvz [(11D+e]™" [o.f dv
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or equivalently
L30) ' = h" = [(1D+e]™ h" Similarly
(s1) ' <125 (1+en,.

Consider the automaton with stale transition function

(52) fif, x)=f+1 if 1<m, vEW
= | it el veF |
=} olier wise.

Using (17) and letting C= {1, 2, -~} and C" = [i+ 1.7+2, ++-, m} it 1s seen
that

(53) ath) =l 1), =01 F=1,2 v, m=1,

From (50), (51) and (57)

(54) L B 1

NP A (= T
Therefare, for a sequence of automata §.afin) | with ele) =0 4 (nliidn) - eand
the spread ain) — ™', Condition 1 of Thearem 5 is thus satisficd.

In order to satisfy conditions 2 and 3 a slight modification of the state transition
function will suffice. Let f17, x) he specified as lollows (see Figure 1).

For2sism—1 let

(55a) fli, xy=1+1, XeH,
= |, xed,
= i—1, : -

In the end states let

(55b) (1, x) =2, with probability =0 il xes;

= |, otherwise,
(55¢) fim, x)=m~1, with probahility ké=>0 if xed

= in, otherwise,

Eﬂg E 4:’#‘ E ﬂ'g E ﬂ#ﬂ' -ﬂ";"; ﬂ#l‘

=l

t % % %. %

Fin. 1. An e-pptimal algorithm.
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1f in this modified sequence of automata & (m)}, §(n) = 0 with d(n) = 0 for all &,
then Condition 2 of Theorem § is satisfied. Furthermore, by varying k it is possible
to force u," to any desired valuz, Thus for some value & = &*, Condition 3 of
Theorem 5 is satisfied, It is easilv verified that these modifications de not affect
,41/4,. Hence, the spread e(n) is unaffected and P (0} = P*. This demonstrates the
g-optimality of the class ol automata depicted in Figure 1.

The value of k*, obtained by straightforward minimization of P(e), depentls on
the relative prehabilities of 2, and &, (and hence is a function of ¢) and on the
a priori probabilities,

Defining
{56a) Yo = ?n[ﬁn}fﬁ'u{&h I.:I
(56b) Py o= AT T ),

k%c) 15 given by

m=1 _ i =1
Ty ¥a LT

k*(e) = /. .
(my—m)+ (8~ =71 [ TR
N (yar )"
i = > max {mgfny, 7k
(57) =0, if ! < max npin, my/mp) and Ry =T

= a0, if "' = max {aging, mie )l oand mp<Ey,

It is interesting to note thal although the state transition matnees Plx) were
allowed to differ with x. and therefore could have been infinite in number, it is
found that anly three are needed, one each for the regions 3, &, and &,

It is also of interest to mate that it X has a continuous probability distribution,
it is possible 1o satisfy the conditions of Theorem 5 without recourse to artificial
randomization, Define sets #°, c &, &' =F , such that, for 1 =10, ],

{34) FAH [ VPIH ) =8
f}ltfa’}lﬂﬁltf‘] = k'.ﬁ

Far & sufficiently small, the approximations (58) can he made as accurate as desired.

Then if the automaton exils from state 1 with probability one when xe ' IS

ohserved, and exits from state m with probahility one when xe &, is observed, the

desired behavior is achieved, and no artiticial randomization is required. Thus in

the continuous case, but not in the discrete case, deterministic rules can be uplimal,
A more detailed derivation of this e-optimal class 15 given in [7].

4. ‘The case of infinite y. Although it was assumed that 3 < o for the derivation
of P*, it is easy to show that if y = @ then P* = 0 for any memory at all (m = 2},
in agreement with (32), If y = o, either | = 5o or [ = (. We shall treat the case
| = oc since interchanping the role of H, and H, yields the other case,
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Let # = {xed:i{x)= =] Then #.(¥) =0 Il #,{#] =0, then the following
two-state maching achieves Ple) =0, Start in state |; transit to state 2 only if
xe A 15 ohserved ; and once in state 2 never leave. Decide Hy in state 2 and H, in
state 1, Then, with probability one, this automaton makes only a finile number of

LTI,

If @, %) = 0, then no machine achieves Ple) = P* = 0, However, the ¢-optimal
class of Section 1 will sachieve F* =, All the formulae of Section 3 may be
applied. For example, # = (xci :4x) 2 l/e} which 15 the extension of {47a) to
the case | = .

5. Examples.
ExaMpLE 1. Let X be a Bernoulli random variable with distribution
159) X=Heads ., p
=Tails , 1=

Consider the two-hypothesis tesung problem Hyip = pyvs. M ip = p, under
equal priors m; = m, =1, Recall In the case y = =; that the e-achievable lower
bound on the probability of error reduces to P* = 1/ 14 33"~ '1,

(a) Let pg = .99:-:99 and p, = 99--90 (with the same number of 9's in be-
tween), This problem appears difficult because of the large numiber of trials
necessary to obtain a significant test of the small difference between g, and py.
Since an m-state automaton can only “count to #," it seems that memaory will be
exhausted before the test reaches an interesting level of significance, However, in
this problem 1 = py/p, = 1, | = qu/g, = .1, and y =!I = pya, 1P, 9 = 10, Thus for
m = 5(a five-slate memory), P* = 11101 = .0l,

(b) Now let p, = 3, p, = 1. Here y = pogy /a0 = 9, and P* = |82 (for a 5-state
automaton). This probability of error is actually higher than that of the previous
example in which pp = .99 :--80 and p; = .99 --- 0,

(c) OF peculiar interest is the case p, = 501, p, = .499. Here y = 1.00B. which
yields P* = 496 for a 5-state automaton-little better than using no memaory at all.
[n fact, approximately 500 states are required to obtain P* = 01, Clearly the
difference |pn-_p,| is a poor measure of the resalvability of H,vs, H| in the finite-
MEmary case.

In Examples l{a), 1{b) and 1{c) the optimal algorithim moves up one state on
Hesads and down one state on Tails, with appropriate randomization in the end
states, Also in Examples 1(b) and 1(c) 1t is seen from the symmetry m;, = 7, = 4 and
Po=|—p, that t* = 1. [n Example 1{a), k* ¥ | to offset the drift to the right
caused by po. py = 1,

The difference between examples I(a) and I{c) is that in Example I{a) there is
an event (Tails) which occurs much more frequently under one hypothesis (/)
than under the other. By essentially disregarding the other events, the high informa-
tion content of the extreme event is well utilized, Neither Heads nor Tails i1s a high
information event in Example 1{c).
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EXAMPLE 2. Lel X be » univariale normal random varigble with mean g = +|
(under H,) and p = —1 (under ) and fixed variance g*= 1, Let ng =7, = %
In this case the likelihood ratio is given by fix) = exp(2x). Therefore ] = o, | = 0,
and y = oo resulting in P* =0 for any memory whatseever (m 2 2). To achieve
this, let #, = {x:x2 T} and &, = {x:x = — T}, Move to state | for xeF, to
state 2 for xe.#,, and remain in the current state otherwise. Then Ple) tends Lo
zero as T — oo,

ExAMPLE 3. X has a Cauchy distribution with pdf f(x) = lia(l +(x—pu)?). Test
Hopi=1vs. Hiu= —1 with r; = m; = } This example 15 of interest because
the Cauchy and the normal distributions have similar shapes and have comparable
canvergence rates for the probabilitics of error in the imfinite-memory case. How-
ever, calculution shows that 1= ]"1' = 5.8 and y = 33.6. Thus a 2-stale memory
yields P* = .15 for the Cauchy distribution, in marked contrast Lo the £* =10
ohtainable in the normal case. The optimal algerithin for the Cauchy distribution
also differs markedly from that for the normal distribution. Here 2, and 5, are
small intervals centered al x = =21, in contrast with the semi-infinite intervals in
Example 2.

6, Characterization of all c-optimal algorithms. The real purpose of this somewhal
technical section is to show which learning algorithms are had. P* has now been
established as a lower bound on P{e), and the e-achizvability of #* has been demon-
strated by the family of automata depicted 1n Figure |. Theorem 3 ZIVEs NECEssary
and sufficient conditions for an algorithm to be s-opumal. However. these con-
ditions only relate to gross properties of the algorithm and do not adequately
characterize the structure of all e-optimal algorithms. In this section more exphicit
conditions will be given. From Theorem 5 and Corollary | it appears that any
s-optimal algorithm must resemble that of Figure 1. However, this is not entirely
true, a5 is demonstrated by the class of six-state machines depicted in Figure 2.
Using (17) to solve for 4° and ', it can be verified that P, — P* as & —+ 0, 2 — O for
6=>0, e8>0

3H, BH He He

e Te 8% %
Fig. 2. An alternative ¢ optimal algorithm.

In particular, it is seen that the tempting conditions of Corollary | are not necessary,
even in the limit, for a sequence of automata {&(n)} to have Pin)—= ¥ O the
three conditions given in Theorem 5, only Condition 1 is nontrivial, since given
condilion |1, conditions 2 and 1 can always be achieved by mulliplying the matrices
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[p,0x)] in the first and last rows by & and &k & respectively, It remains only to specily
1

the conditions under which the spread approaches ™ .
THEOREM 6. Consider a sequence of frreducible m-state auromate [ ofin)) with
stationary occupation probabifiies p'(n), state rransition profabifities pjin), siare
likelihood ratios Ain) < Atm) = = A t0) and spreads aln) = 4 m)ian); with
respective limiting values (as n— @) o', piy, r and o, Then o =y ' if and only if
the faliowing conditions gre satisfed:
L.
" IO ()
[ﬁ{hﬂ.l} ] *EJ Hm i Irk r-!'];] o |
fa 1 mis 1 A (R)E ()
E: - 1F_’L+ Py, Anl "
Lm-k-lr I :’__.#—1 “ITH-:'.F}:J[.-H:I

1

(G0h)

farr=0landk=1,2, -, m=1; and

2.
(Bla) [ e PR e piAna] =i
{1 b} [El:-l FJTI i ,-l'ﬂH.“lE‘]-. PL I ,=f”]} —

fork=12 -, m—1.

RimMaRK. Let &= 41,2, - kland &= lk+ 1, m}. Then Condition | says
that the fracrion of probabidity Aow from € e € which is from state & must lend
to one; similarly, the fraction of flow from ' to C, [rom state &+ 1, must tend to
one. Condition 2 states that the probability ratio of upward (or downward) transi-
tions under H,, and 8, must approach | (or 1).

Proor oF THEorEM 6, The sufficiency of the Conditions will be proved firat.
Considering k€ {1, 2, -+, m—1} as fixed, using (17),

(62) I:' LET-JL- 1 FhT”Jﬂh(”]‘ = ET—J:- 1 Ej I Hirl”'li-“.,'lﬂ = {n)
foari=101 L&t
(63) em) = [Pt s s e s Ondpl(nd]F ()

denote the fraction of the probability How from € to € which 15 not from state
k+ 1, under H,. From (62) and (63)

(64)  l—eg{n)) ™ ks m) Y 5oy pias yim) = Fo(m) 2 () 3 T it o PR

where the inequality follows from (62). Similarly, defining £.(r) to ke the fraction
of flow from € to ©° which 15 not from state & under H, resulls in

(63} QP N BT (0 ) B SR ) BRI ) B J e PR 1}
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Combining (64} and (65) and taking the limit as s = o0 yields

! - HE =
(66) A= 11 ;.“t[ = (1=, )1 — rﬂz v Py X Tan 1 g gy

BT iy |P|-+r_|fE,r !T-'J:-H_r

where the limiting behavior follows from Conditions | and 2. Thus Ay, (1) 4gin) — §
and therefore a(n) = y™ ', completing the proofl of the sufficiency,

The necessity of the first part of Condition 1 will be proved by contradiction.
Let e,(x) be defined as before. Assume that #,(n)—+e; >0 in contradiction to
Condition 1. Now afa) -+ ™' implies that for any € > 0 there exists a number
Ni(g) such that, for a = N(z),

(67) afimetin) = A, (n)y =gl
Using Lemmas | and 2 and (62), for a > N(z),
(68) Ay(ni* ' IF' (m 2 Fom) = A L= 0 L= () pyin).

Using the expression (62) for F'in) resulls in

(69) EJ=H| E-.' =T ey N (mdpi () > 0
Since | =y~ ®* 4 < | —y for § = k+ 2, one oblains
(700 ey " [ = et JF {1 =+ ey ed(m)F () = 0.

Since Fim) =0,y > 1, and e,tn) =g, =0, it is seen that for sufficiently small the
left-hand side is negative in the limit; a contradiction. A similar argument proves
that the second part of Condition | is alse necessary for e{n)— ™ 1,

Proceeding to the necessity of Condition 2, recall, from Lemma 2 that

(71) alin) = AT ()
for all #. Thus
(72) Fiim) = T3 T s m)piin) S ayny* 1 ().

Then from (64) and (67)

[ L5 P, 1)

| i .
(73) F%n)z | Ly —o| =1 (TR ) B3 DR o 4

—&ytn) ,l.--i Pieyi i) ]
| —&,(n) St fleer Y by
e A b, _al & -
=i An iy H_ELII-’LE—LJ':”]'JF (nj,

where &,(n) is the fraction of Aow rom €7 1o € not from state K+ 1, under H,,
(Note that 3~ "™ Ve (m) < eim) < 9 e (), so that e (n) =0 is equivalent to
yln) — 0.) From Condition 1, which has already been established, 1t s seen that
afn) =+ 3™ " implies &(7) — 0. Thus combining (72) and (73) oné obtains

y 'k p0 Tk 1 ?H_]T[I—Hl.['_sl}] 2
(74) i=1 Ph—l._i(”]'].'i;:i Pi-1.4m] S ml-ﬂ g
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where the limiting behavior {as # — o followed by £ — () follows from g,(n) — 0,
£,(m) = (0. Thus (f1h) has been shown to be a necessary consequence of afn) —+ ™ %,
The necessity of (61a) has a similar proof,

7. Conclusions. The principal results of this discussion may he stated in a way
which emphasizes the independence of the results from a Bayesian lormulation.
Let « = Pr{Decide i, | iy} and f = Pr{Decide H, ' H,}. Then every elgorithm
with time-invariant m-state memory must satisfy (by (17) ) the inequality.

(75) (x+ O+ = H1+1)

where £ = (3" "=1) ! and y = I, Also, for any o', £ such that (o' + 03 + 1) >
t(1- ¢) there exists an algorithm of the form shown in Figure | for which 2 < o'
and # < £ It has also been shown that an optimeal algorithm, 1.e., cne tor which
equality ig achieved in (75}, does not in general exist. Finally, e-optimal algorithms
require artificial randomization, or, what amounts to the same thing, a randomiza-
tion induced by the ohservation itsell through the action of #°," and & "

Although stochastic transition rules are unnecessary in the conlinuous case, their
introduction allows the unification of the discrete and continuous cases in much the
same way that stochastic decision procedures unify the continuous and discrete
cases 10 the Neyman-Pearson formulation of the hypothesis testing problem. It s
somewhat surpnsing that randomization 15 needed at all, since randomizalion
usually decreases information,

The form of the e-optimal class provides insight into the optimal decision making
process. Essentially the automaton changes state only on maximal or minimal
likelihood ratio events. Furthermore, once in an extreme state the automaton leaves
only with small probability. In the case of discrete distributions, this requires
artificial randomization.

It is notced that the automaton wails Tor extreme events before changing stave.
This shows that in many cases roundoff schemes are far from optimal, since they
put emphasis on small changes. Thus taking a sufficient statistic and rounding it
off to & finite number of decimal places will in general not be close to an optimal
finite memaory strategy.

Transitions may be restricted to extreme events, even if they occur infrequently,
since the number of trials i3 infinmie, [T the number of trials & is finite, the automaton
will nat he able to neglect events of moderate informarion. The problem of finding
an optimal machine when & is finite is an interesting one, for, except in certain
degenerate cases, il P(e) approaches P*, & must approach zero. The resulting con-
vergence fime increases without hound. Thus a machime which 15 nearly aptimal
for an infinite number of samples 15 far from optimal in the small sample case.
However, we conjecture that for finite A the optimal machine will still resemble
Figure 1 in certain respects. We believe that high Iikelihood ratio events will cause
upward fransitions, and low likelihood ratio events downward transitions although
the events need not be as extreme as before and transitions need not be between




TR2 MARTIN E. HE[ LMA™N AND THOMAS M. OOVER

adjacent states, Furthermore, we also believe that artficial randamization will sull
be needed in the discrete case; although the values of § will not be near zero,

Let o*(N) denote the optimal m-state algorithm for N observations. having
associated probability of error P*(NV). 1t is easily seen that P*(N) = P*, and we
believe that «f *(N) will in some sense approach the structure of Figure 1 as opposet
o a more complicated structure such as that of Figure 2,

It would also be of interest 1o see whether human beings, in problems to which
they have allotted finite memory (such as “hke," “indifference” and “dislike™)
demonsirare an oprimal randomized learning procedure similar to that suggested
bv this paper.
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