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HYPOTHESIS TESTING WITH FINITE STATISTICE

By Tuowas M. CoveEr
Steenford [niversity

0. Summary. Let Xy, Xa, --- be a sequence of independent identically dis-
tributed rondom verisbles drawn aceording to & probability measure . The two-
hypathesis tesling problem H0' = @ va. Hi1® = @ is investigated under the
constreint that the dats must he summarized after each observation by an
m-valued atatistic T, ¢ |1, 2, <+, m}, where T, 18 updated accomliog to the rule
Toit = folTa, Xopa)o An algorithm with o four-valued stetiztie 8 deseribed
which achieves p miting probability of ervor aero under either by pothesis. 1oz
also demonstrated thet a four-valued statiarie is sufficient to resolve composite
hyvpothesis testing problems which may be redueed to the form Hyip > g v,
ihip < po where X1, Xu, -+ i3 & Bernoulli sequence with bias g,

1. Introduction and discussion of sufficient statistics. Let Xy, Xa, -+ bea
sequence of indapendent ideotically distributed raodomn variablas  {iid rv's)
drewn gecording to some unknown measure &, Throughout this paper we shall be
interested in the hypothosis test Mo = &y va. Hui® = 4 . Far a given doci-
sion proesdure, which assigns each possible observation (m, @2, --- , 2,
=101, 2 -, w0 i or B, we may define a, = Pr{Decide I, | i} and
A, = Pr|Decide Ha| Hi]. Thus «, and 3. gre the probabilities of error af each
leind, based on the lirsl » observations, lor the given decision procedure.

It is well known that the standard lkelibood-ralio decision procedure results
in e, — 0 and g, — 0 cxponentially inn, with rates which deped on an informa-
tion digtanes bebwesn % pud 9, To apply this procedure st Bime n recpuires o
memory capacity sufficient to #tare the obwservalions @y, 2, -+, @ . Observe
that even in the simplest ease the memory must grow indefinitely with Gme. Any
truncation of memory to the last & observations, for example—as in Lhe most
familiar defimition of finite memory (see [0, '10])—will preclude the eonver-
genoe of w, and 3, to U, exeept in the eingular case,

This paper is devoted to the hypaothesis-testing problem under the consteaing
that the data he surmmarized alter sach observation by an @ valued statistic
Tactl, 2 -, m|, where T, is updated according to pn algorithin of the general
form T = 02, Xwp ) The two-hipothesia testing probleam, under the further
constraint that [, be indeperlent of w, has been solved and i3 enrrently being
submitted for publication [3]. Pefore procesding to un anaiysis of this algorithm,
we wizh fo diseuas alternative formulations of p “repsongble’ memary construint
for hypothess testing problema.
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Th has besn [equently observed that the data may be reduced by o soflicient
stedistic without Joss of information, Tor example. X, = (1/m) 2= X, 1" a
sullicient statistio for testing the mean of a norme! distribution. However, while
it is Lrue the mapping eorresponding to & sullicient statistic is many-to-one, sl
ig in thie sense dade reducing, it ig generally not true thet the eardinality of the
required memory i+ redueed. For cxampile, in the vase of the univanate normed,
the mapping from (m , 2, o0, 2. ) 2 B 10 £, ¢ & leaves the memory requirement
pneountably infinite, A possible alternative information lossless mapping from
" to B is given by the simple trick of interleaving the digits in the decimal ex-
pansions of # , #a, -+ -, and @, o form a gngle real number, This mapping I8 ot
pontinuous. However, even the nice conlinuily propertics of the usual minimsl
gufficient =tatistic muy be duplicated. The work of Deany [0 catablishes the
pxistence of a 1-1 uniformly conlinucus map of R° into B, excluding a set of
T ehesgue messure gero, Clearly, then, if une ean stere one real number, one muy
store any finite mnmber of real numbers. We conclude that the statistie Fu has
not deerensed the memory requirement at all,

Particular attention ([@], [11], [1]1) hus been poid to the existence of lintle-
dimersinnal suflicient statistica (such as &, for the normal }. Here, by irnplivation,
it would seem that the memory is bounded in some sense by the dimension of the
minimal suffielent gratistic. Aguin, Mrom the standpoint of memory capaeity,
there i4 no resnidcnt saving in memory. The previously mentioned interleaving
decimal expansion vields 4 mapping of gn arkitrary number of univariate observ-
Gong into o 1-dimensional sufficient statistie, thus accomplishing the sume task as
the perhaps nonexistent finite-dimensions] sulicient statistie,

A firet gtep toward delining o statistic with a reali=tic memory constroint might
L b consider rounding off the statistic ot cach stage, Hopefully, the infinite-
poeuraey theory would apply divectly, and &, , 8, would still tend to O, although
et alawer rates, Fven (his is not the case, as the following simple expmple will
show: Let Xy, Xi, +++ baiid rv's drawn aceording to a normal ¥ (g, o) dis
tribntion with unlkoown mean g aml Znown varlanee o, We wish to teabu = 1 v,
u = —1, Observe that the new statistic .0 may be expressed 1o terms of the
old atatiztio £, and the eurrent observation L,y in the form

(1.1} Fogr =08+ 1) w4 L)

duppase now that @, may be recalled only up to 2ome roundoff error. Liet [£.] de-
mihe the sequentially rounded off version of &, . Rounding off at each stage
regulta in the wigoritom

(1.2) [Bapa] = [RE) 8 + 1) + Zop/ (n 1]
To whal rundom variable does [B.Jennverga? The best hope is thet [£.] — [u! wpl.
Thue the devizion procedure that decides p = =1 aecordingly ns [£.] 2 0 would

peglt in a, , A, — 0. Instead, the worst possible situalion oceurs, Ad we ahow
elsawhare, [4,] converges wpnl to @ random variable which has strictly positive
probehility moass on ench of the eountably nlinite number of lattice roundoli
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velues, In particular, there is positive maszs on both sides of the origin;econse-
quenbly, g, fdy convergs to nongera lmits, 8o the first realistic approximation to
the dats reduetion problem will not resolve the by potheses. This ia true despite
the fact that we have used a reasonable procedure and o countably infinite
memory. From Lhis exempls it mav be seen that hypothesis testing problem must
b apiproaachesd from Nrst prineoles,

To our surprise, we fud that this same problem moy he solved with a twa-
state memory, Consider the ssquence of stetistics [Tuy, Tee{—=1, 1}, defned
recursively by

Tw=1, Fe > (20 logn ),
(1.3) T z, < — (2 logn),
m A ulherwian

Ty arbitraryc | —1, 1.

These threshnids are suggested by the fact (see, for example, |21, |71) that, for
X., Xy, over did o~ Ny, o), max{ Xy, Xa_ooo , X] [ 2¢* :ngn:l" b g, 111
probahbility. 1t may be shown that 2 Pr|X, > (2" g ﬁ.'j*E = o Or < % pBe-
cordingly g1 4 > 0 or ¢ < 0, Conzequently, by the Borel zero-ong law
X, > |’j.£rrE log n:" infimtely often wpl for g > 0 and fnitely often wol for g < 0.
A corresponding statement holds for X, = — (26 N P, Theraform T — 1 ar
— | namwiedingly as g > 0 orow < 0, We have thus furrished an exomple of o
deetate memory which resolves the composite hypothesis testiong problem g > 0
veo p < U with probabilities of erear e, g, — 0, This oxample will be poners|eod
Loy arbibeery distribotions in Bection 2,

To summerizge our pomnt of view, we admit the atility of sutlicient statisties in
computetion, but doubt their utility [0 the problem of memory redaction, Fiesd,
Lo mullivariale data, there exial trivial data preserving mappings inte the unit
interval, Denny’ work provides uniformly sontituons such meppings, Sceond,
the straightforwand sequential rounding off of sufliciont alatistics geoseally Tuils
to yleld ey, @c— 0. Thoa a memory consteaint reguires o mare eereful approach
than the simple rmounding off of sufficient =tatistica, Third, we might add that the
exiarence of a finite dimengional gatficient atatistic i3 destroved by a alight dis-
tortion of the distributions 20 the family (withoot peaatly affecting the resalving
power o the ald sieliste), Tn this sensa, the existence of o finite-dimensional
gufficient avatiatic 12 o V' meoagure-gero phenomenon, not to be talken too seriously.

In the next seetions we sheld provide lhe beginnings of g theory of hivpothesis
besving with fnite stabisties in which the hypotheses are resolved dezpite non-
trivial data reduction at coch stage. Speeifically we shall demonstrate the exiat-
cnce of o four valued [and in some cases two-valued ) sequenlially apdated
atntiztie sehieving e, -+ 0 and 3, — 0. Bale conearn will be with the algorithm

L Tor = .fn:Tn--'ﬂnF}.
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where the memory (or statistic) T, takes values in the set |1, 2, «++ , m]. Thus
the new value of 2" depends explicitly only on the old value of T, the current ob-
aervation and the number of Leisls, Discussion of the natare_ aess of this formula-
Lot will be delayved until Beetion 4,

2, Learning in the unbounded likelihood ratio case, Let X-, Ay, -« bea
sogquenge of iid rv's drawn secording W prebability measure ®, Consider the
hypothesis teat @ = @ ve, Hpii@ = ®, Tel @y and @y possess probability
denzities fy aned fy respeetively with respect to 4 measure w. Thers s no loss in
gonerplity in this asscmption sines one can take g = 60 — &4, Define the likel-
hewod vatio fiz) = fidz) etz Tet us eonsider i and £ such that ! i3 unbounded
above and unbivunded away from zere, with prabahility ane, under each hy-
pothesiz, We shall refar Lo Ehis e4 the unbounded likeihood ratio caza,

Tueoney 1. fn the unhounded (Relihood roftn case, there crisi saguoiced o)
thresholds 110, 1| suckh thet the alporithn

T.,._ = ]., “'-i-'u_.:' - 'T'n B
"..E.]-] = _1: FII:IIH.-J <~ .E.'.!
= T, otfkerunse
vesuits i Ty — 1 wpl under Hy and T, — —1 wpl under By, Thus o, — 0 and
fin — 0 wilih o 2-stade memory, unase eiiner hypothesis, Le., with probabitify one,
ondy @ findie wamher of mistalies witt be mads by (T,

Proor, Let (0 and G 00 be the distrbution “unetions of § under hy potheses
H and Fy respeetively, Sinee (e = itz i), it follows that e (7)) = fafrall
Henes:

(2:2) Gy = Jaduil) = [31dGy(1) £ l6ell),
Ve wisn o demonstmbe o sequence of threshaldz (4] such that
(2.3) wma Tl ) <,
ZI:_1 {r':l{l_?-n:l = oy
for it would then tollow by the Borel sero-one law that teansitions wonld be made

by the — 1 state infinitely often wpl undar Fy bul ooly finitely often under I, |
The ﬁ_'|||.".'.lr'i:||g 14 4 :-,i|||F‘|_i_1_,'- conatrnetion of o suitable R LLBTIeE {T.b. Lt

(24} R U PR G TE T P T
i #

whore

(2.5) 0<h s @

s

(26 i) = G4
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Such o scquenes may olways be chosen because ! iz not hounded away from zera,
by hypothess, Let v, be the integer satistving

(2.7) i) = (3] < 2nGi(h),
Then
(2.8) T =2 Gl 8 3 =1< «,

On the other hand, from Tgs, (2.2) and (2.7)

2 Gk} = 2 vaffally)
(2.9) 2 2 vl ()
| o N
== Z L e

"Thus the existence of & sequence {{o] eatisfving Eeg, (2.3) haa been astablizhed.
We node in passing Chat Ea. (2.5) implies that the expected number of trensitions
to T = 41 15 lesa than | under &y . We mav choose Lhis expected number as
small as desired by appropriate cholees of {1, 151,

A precisely paralel argument establishes the cxistenee of a sequence of upper
thresholds [1} aueh thet

v

2 =ad)) ==
(210 ) and
20 =) € -,

Thercfore, under M1, 1(X.) > I, 10, while {{X,) < L. only finitely often,
Consequently 7', —» L wpl. Shndlarly, under Hq, 5 — —1 wpl. Thus e, — 0,
e — 0, a8 dezived,

3. The bounded likelihood ratio case. There are certain heurigtie consider-
tiona which make it appear unlikely that learning is possible in the hounded
Tikelihewod ratio esge. In the Bayesian formulation, [or example, where prior
probabilivies are azsociated with the two hypotheses, the rule which stores the
Bayes decision ot ench stage will not learn. Eventually the posterior probabilities
will he such that no singls ohsarvation will vield o change in the decision,

T'ortunately, experiments of srbitrarily large information may be compounded
fram experiments of bounded informetion by the artifee of looking for sequences
of events hefore changing the srale of the memory. (This point of view yields
some interesting cornments [3] on the Z-armed handit problem wilh fnite
memory |9).)

Consider the basie problem of testing the hypothesis that o coin with bhins 5
heas higs p > pi ve p < po . Note thal the geoeral twa-hypothesis testing problem
with { X4 iid may be put in this framewors under the cormespondence

X. =1 lX)=1
=0 MX)<|
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ariel
g = Pri{Xe=1|H + Pr|Xi = 1| Iht).

Tueorem 20 Lel Xy, Xe, - be o eeguence of fid Bernowdlt rv's with
PreXe = 1} = p. There exvsts on olgorithm ik a 4-slate memary for twiteh the
Fypathests p = gy V& p < po 06 vesalved with lmating probability of error zero wnder
etker hypotheses.

Paoor. Wa shall sxhibit one such scheme. Let the memory consist of the pair
(T, &) where T and € hoth take vaives an (0, 1}, Thus the memory lnas 4 states
(or 2 bits). 1 the propogsed geheme 7 will keep track of the currently favored
hy pothesiz mrad @ will keep beack of the sueeessfulneas of the eurrent run test,

Consider two sequences {ady and ir,fy of positive integers, Divide the sequence
of chservations into bloeks S, , i, 8e, ffa, -+ - with the first 5 observations
hiringe denotad by Sp, the next sy by &y, ete. We shall always know where we are
in which black from the knowledge of the sample number w, An 5. bloek will be
eonsidered a suocess if all & abservetions result in 1%8, while an &, hlock will be
considersd wsueeess i all #; observations result in s,

At the beginning of wa 8, hlock, set £ = 1 (suceess) il the itial observation
is o 1, Bubsequently, in that block, let

(E'I:I 'r?-r. =% ﬂu Xrl - 'D-.
= I!-E'w—l--- -ﬂrﬂ. o J--

Birnilarly, forun &, block, set ¢} = 1 i the initial observation is a 0. Bubsequently,
in that block, let

(3.2) Q. =4, Xe =1,
= '@F.-‘.I 5 :l-irn = [,

Thua i, chesks for r; conseeutive s nmd S, chacks for #; conseeutive 0'3; and
() = 1 at the end of the bleek if and oaly if the desived run has ceeurred.,
The currently Tavored hypothesis 7' is updated by the rule

Tlu = 1_- QrL = ]-p ﬁ"‘?-hirlj
(3.3) = {, 2o=1, wEN5
= Tuit otherwise,

where NV = {a,aa+n+ @, and Na= i +n, 6 +n+a-+r,
Thus changes in 1" ooour only at the ends of test hlocks,

Under this ruls, the transition probabilities are I'r (T = 1| T = 0) = 37
at the end of an &; block wond Pe (T, = 0| 7— = 1) = 4" ot the end of an R,
block. Lt follaws, by the independence af the bloeks and the gero-one lnw, that
To— Lwplid

St =
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fded) and

24 <=
mirilarly, Tw — 0 wpl if

2t <=
el ) wnil

it =

That 1=, T's will be wrong oriy o finite number of times wpl,

Thus the eompound hypothesis test p > oy versus p <0 o da resolved by thas
geheme if we can demomstrate equences of inlegers {#.If , irdy sueh thet {340
holda sor p = e and (34.5) holds for p <2 pa, To aceoraplish thiz we shell let g, be
the integer delioed by

logp, (L/3) = 8 < logy, (1/6) — 1,
:?.G:l l]I'.. J.I'L-|l' u i:_ 'l’ '_:‘ 1'

- Eiy § AR B dg = gp LB -]
e il W e T T ;

Conaacuenthy
(3.7) ) e e S W W whers & = log, p.

Now, for0 < p, pr < 1, & = log;, pis > or <1 accordingly asp < peorp = po.
Thuz 2. p" = @ forp 2 g send 200" < = forp < g Similarly, by selecling
the integer v to sati=y log,, (1/3) = v < log,, (1700 4 1, we may eonclude thet
Y4 < =, forp > pe; and 3 ¢ = w, forp = pe. Thus (349 ood (3.5) are
mabislied and Che theorem s provesd.

This test actuslly resolves the compound hyporhess testing problem @ ¢ F, vs,
F £ Fo when therp oxists g osct 8 in the space of outeomes of X sueh that

G : i . : 1, X:e 8]
i, AN ) 2 sy, %08 ) (Define the new random variahle X, = 4{1‘ 1 ;l:,-

and apply Theorem 2 to | X))
Examrre 1. Let Xy, Xe, -+ - beiid real veiued normel rendom variables with

: ; - el
mean zera gnd unkpown varianee o Tet X = {J, T', = ;1. MNite that
g a4 :

PriX, = 1|57} = 2B{c/o). Lot pa = 2¥(c/e ). Then the 4 state test deseribed in
thi= section will lest ¢ > o versus e < ¢, with limiting probability of ereor sera.
In the final enalysiz, we are testing the hypothesis Pr (X ¢ 8] > py v=
PriXesl < m.

1, X2 ¢
'[ﬂ, X;i<¢o
tion resolves Flie] @ po, where F iz the unknown edf of X, If gy — 4, this provides
a nonparametric inite-mermory test of whether or not the median is greater than o

4, Concluding remarks. Now that it has been shown that the two-hvpothesis
testing problem may be resolved with a fourstate memory, we wish to re-

Exanmrne 2. In the univariate case, let X, = . The testin this see-
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investipate the naturalness af the wlgorithm Ty = f(7., X.-1). Note that f. i=
specified independontly of the data and that Ty ¢ 11, 2, 3, 4} is a finile statistic
sequenbially summarizing the past obscrvations, However, the dependence of
foonw requires externnl speeilication of 7 1 the algerithm is to be considered to
heve truly finire memory, Tt ik elear that requiring £, Lo be indevendent of ® will
prechude o, — 0, 3, — 0 exeept in the singular case. Thue, requiting the proba-
bility o error lo approach ero requires an “infinite” algorithm. The varistion
of fo with % 18 m natural wey ta meet this tegquirement. The algorithm has been
factored inta two parte—that dealing with the dama s finite, whils the part ecn-
eerned with the dels proeessing is unbounded, In contrest, in the theory of
computation, Turing machines have an ssaenlinlly inlinite memory (an infinite
tape ) with dnite eomputation (e, an fu which is mdependeant of = ],

Fortunately, tme-independent algorithins of the form 2% = ST, Xan)
heve an interesting theory of their awn, The delermination of all e-admisnble
timc-independent finite memory algorithms for the twa-hypothesis lestiog prob-
lem= will be given in [8]. Solutions of some problems in the sequential design of
experiments under the Dnite memory congteainla ol this paper and [$] may b
found 10 73] and 4],
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