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Abstract — We show that the duality between chan-
nel capacity and data compression is retained when
state information is available to the sender, to the
receiver, to both, or to neither. We also present
a unified theory for different cases of channel ca-
pacity with state information, which extends exist-
ing results to arbitrary pairs of i.i.d. state infor-
mation (Sl,Sz) available at the sender and at the
receiver, respectively. The general formula C =
MaXp(u,z|s;) L (U; S2,Y)—I(U; S1)] assumes the same form
as the Wyner-Ziv rate distortion function with state
information. The Wyner-Ziv formula also unifies four
special cases of the rate distortion problem with the
state information.

I. GENERAL DUALITY AND DUALITY RELATIONSHIPS
IN SPECIAL CASES

It is known that when state information S™ =
(S1,S2,- -+, Sn), where S; are i.i.d. ~ p(s), is available non-
causally to the sender (C1o), to the receiver (Co1), to both
(C11) and to neither (Coo), channel capacities are as follows:

Coo = Iﬁﬁz(x;y) (1)
Cu = maxI(X;YIS) 2
Cor = r;l(i;.))(I(X;Y|S) (3)
Cro = p(r([},;;g‘gs)[l(U;Y)—I(U;S)] (4)

It is also known that the rate distortion function when state
information is available to the encoder (R1o), to the decoder
(Ro1), to both (R11) and to neither (Rgo) are

Roo(D) = min I(X;X) (5)
Ru(D) = p(glliml}s)I(X;XIS) (6)
Ro(D) = min min[I(X;U) - I(5;U)] ™)
Rio(D) = pl(r;ilg)I(X;X) (8)

where f : 8§ xU — X in equation (7). The duality between
C10 and Ry has been shown in [1], [2], [3] and [4]. The general
duality between C;; and Rj; for all four cases is shown in [5],
together with the incremental duality in the Gaussian case.
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II. UNIFICATION AND EXTENSION

We unify the four special cases of channel capacity with
state information with one formula [6] that may look like
the odd case at first. This unification also extends to the
case of having i.i.d. pairs of state information (Si,S2) to
the sender and the receiver, respectively. Let the state in-
formation (S1i, S2:) i.i.d ~ p(s1, s2), with ST available to the
sender, and S7 to the receiver. We have a memoryless channel
p(ylz, s1,82). The encoder is of the form X™(W, ST') and the
decoder is of the form W (Y™, S3).

Theorem 1 The capacity of this channel is

C= max (U (SY)-1U:S)]  (9)
u,x|sy

It can be verified that all four special cases (equations (1) to
(4)) are corollaries of the above theorem. This general problem
setup also highlights the issue of nested state information and
the tradeoff between channel capacity and state estimation.

We also show that four special cases of rate distortion
with state information can also be unified with the following
Wyner-Ziv formula dual to equation (9).

R(D) = min

p(ulz,s1)p(2|u,s2

)[I(U;(SuX))—I(U;Sz)} (10)

under the distortion constraint
Zm,u,s1,32 d(wi i")p(ulma Sl)])(ﬁﬂ’d, 32)p(ma S1, 32) < D. To-
gether with the connections with other multiterminal data
compression problems, the above result shows that the
Wyner-Ziv formula unifies different versions of distributed
data compression, lossless or lossy, with one way helper
information.

Thus the main point is that all 8 results in equations (1)
to (8) are given by the common form I(U;Y) — I(U; S).

REFERENCES

[1] M. Chiang, A Random Walk in the Information Systems: Un-
dergraduate Honors Thesis, Stanford University, advised by S.
Boyd and T. M. Cover, August 1999.

[2] J. Chou, S. S. Pradhan and K. Ramchandran, “On the duality
between distributed source coding and data hiding,” Asilomar
Conference on Signals, Systems and Computers, Oct. 1999.

[3] J. K. Su, J. J. Eggers and B. Girod, “Channel coding and rate
distortion with side information: geometric interpretation and
illustration of duality,” Submitted to IEEE Trans. Inform. The-
ory, 2000.

[4] R.J.Barron, B. Chen and G. W. Wornell, “The duality between
information embedding and source coding with side information
and some applications,” ISIT, June 2001.

[5] M. Chiang and T. M. Cover, “Duality between channel capacity
and rate distortion with state information,” ISITA, Nov. 2000.

[6] M. Chiang and T. M. Cover, “Unified duality between channel
capacity and rate distortion with state information,” Submitted
to IEEE Trans. Inform. Theory, 2001.

I1SIT2001, Washington, DC, June 24-29, 2001

301

0-7803-7123-2/01/$10.00 ©2001 IEEE



