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In this work we formulate the problem of growth optimal investmer!
in horse race markets with proportional transaction costs. These mar-
kets are, as the name suggests, very much like horse races, i.e., in every |l. INVESTMENT IN REPEATED STOCHASTIC HORSERACES
market period one of the assets pays off and all the other assets pay porse race market is characterized by a sequéite: n > 1}

nothing. In fact, the wealth invested in these assets is lost complete}yprice relative vectors independently and identically distributed as
Horse race markets, also called erodible asset markets, are very spggigys:

cases of general markets and are in a sense the extreme points for the
distribution of asset returns [1], [2]. X, =1[0,...,0,0:,0,...,0]' = oe;
The objective of growth optimal investment is to maximize the —— =

long-run interest rate. Growth optimal investment in independent and

identically distributed (i.i.d.) horse race markets with no transactiqgith probability p;,i = 1,...,m. wheree; denotes theth basis

costs was introduced by Kelly [3]. Kelly showed that log-optimunyector. Thus only one of the assets (horses) pays;dfir 1 odds and

investment, where the investor maximizes the conditional expectgflthe othenn — 1 assets pay nothing. Although we make the assump-

logarithm of his one-step return, maximizes the growth rate of th@n that the Sequench}(n tn > 1} is i.i.d., we show later in this

cumulative wealth. Kelly established a duality between the entroggction that the results easily generalize to include stationary, ergodic

rate and the growth rate by showing that they sum to a constaRgrse race markets.

Breiman [4] extended this framework to investment in i.i.d. markets The market is assumed to have proportional transaction costs, i.e.,

with general asset returns. Algoet and Cover [5] showed that casyery transaction incurs a cost proportional to the dollar amount of the

ditionally log-optimum investment is, indeed, growth optimal fofransaction. The rate of proportional cost levied on asisatenoted by

all frictionless stationary ergodic markets with general asset returns, j.e., the sale of 1 dollar's worth of assetets only(1 — ;) dollars;

This work (see also [6]) extended the duality between informatiqghd similarly, the purchase of 1 dollar’s worth of assedsts(1 + \;)
dollars. (Although we assume that the costs are symmetric, the analysis
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take this approach since we are interested in analyzing horse races @¢ the beginning of the:th market period, the net wealth of the in-
an instance of the general market with the hope that the understandiegtor is denoted by, , and the portfolio of the investor is denoted by

will translate to the general case. Zn, Where
A portfolio vectorb = (b(1),b(2),...,b(m)),> " b(i) = 1, rep- X,
resents the proportion of the wealth in the various assets. We allow Iy = =gy,
only long positions in the assets, which requires that the proportions > Xn—1(i)
b(i) > 0,foralli = 1,...,m. We will denote the space of allowed =1
portfolios by 5, i.e., with probabilityp;,i = 1,...,m.
We will denote the readjusted portfolio at timeby b,,. The read-
ol L justment fromz,, to b,, results in a loss of wealth because of the trans-
B= {b € R™0(i) 2 0, Zb(‘) =1 } ' action costs. If the investor with wealffy, in portfolio z,, reinvests his
=1

wealth in a new portfolid.,, then the net wealth will drop frorfi,, to
w(by,., z.) S, where the factow(b,., z,,) is given by the nonnegative

The investor begins with an initial wealfy = 1, which he invests ; -
lutionw of the equation

in the portfoliod,. As a consequence of the transaction costs, the et
wealth of the investor in the portfolily, is less than the initial dollar. m
We denote the resulting wealth lry(b, ). Since investingu (b1 )b1(7) l=w+ Z XiJwby, (i) — za (7)) Q)
dollars in asset costs the investdrl + X, )w (b1 )b (7), it follows that =1

the net wealthu (b, ) is given by the equation . L .
Equation (1) equates the initial wealth to the sum of the final wealth

1 and the costd ", Ai|wbn (i) — 2z (4)| incurred in the trade. Since the
wib) = 7. transaction costs are proportional, the net wealth invested in portfolio
2 (L4 Xi)ba(i) b,, is given byw (b, z,)Sn.
=t Thus at the beginning of the periad+ 1, the total wealthS, .1 is
given by

To be specific, the portfolio of the investor Is € B, the dollar
value of the investment isu(bi), and the dollar holdings are
(w(b1)bi(1),...,w(b)bi(m)) € R,

Subsequently, the market reveals the price relative véctoand the  gince the initial wealtts, = 1, the compounded weal#$, is given by
w(b1)b1(4) dollars invested in asseis now worthw (b )by (i) X (7).

Sn+1 - ’LU(bn,Zn) (b;)(n) STL (2)

As a result, the net wealth; at the beginning of the second market n—1 ,
period is Su= ] wlbr. z) (bi Xx) 3)
k=1
So = Z'w(bl)b1(i)X1(i) = w(by)bi X, where we definev (b, z1) = w(b,) for notational uniformity.
i1 In this work we are interested in maximizing the growth ratd the

wealthS,,, whereg is defined as
and the portfolioz, € B of the investor at the beginning of the second

market period is given by g = liminf lElog Sn
n—oo N
o wbObh(OX1(G) bi(D)X (i _ R (s i
2(i) = (1) jSQ 1(7) = bin( )’ i=1,...,m. = 1;121({13 -~ ,;Elog (w(bk,zk)b,‘c)xk) . 4

Since only one of the components &f is nonzero, we can expresswe restrict the investor to policies that are nonanticipating and self-fi-
the portfolioz, more simply as nancing, i.e., all transaction costs and future investments are financed

by the wealth generated by the policy without any fresh wealth. We

2y = X ) allow the investment policy to be arbitrarily dependent on the past
i X1(3) portfolios, past investment decisions, and the past realizations of the

i=1 ’ market. Notice that we do not restrict the investor from using random-

ization or any prediction about the future that he might possess. The set
Therefore, the portfolio of the investor at the beginning of the secoiflall such policies, the admissible policies, is denotedlby
period is Given this framework, the optimization problem is as follows. Char-

acterize the optimal growth rategiven by

z2 = e;, With probabilityp;, i=1,...,m.
g = sup {liminf lElog S,’;} (5)

The investor is now allowed to readjust his portfolio to a new portfolio pEll (Moo T
b2 before the price relative vectdf, is revealed. (In contrast with real
horse races we do not require that the investor “cash out” his holdin
in the winning horse and reinvest in the horses.) This process, th
repeats itself in every market period.

Notice that the first investment period is distinguished in that the i?ﬁ
vestor has wealthy = 1, which he distributes freely over the available
assets. In the subsequent investment periods the investor has his wéd
tied up in one asset (the asset that “won” in the previous period) and . .
wishes to redistribute his wealth. b= ar%é%aXEIOg(w(b’ )b X, (©)

ereS’ is the total wealth generated by poligyup to timen. And
ﬁ e supremum in (5) is achieved, then characterize a ppligy that
achievey, i.e., a policy that is growth-optimal.
Extending the ideas of Kelly [3] and Algoet and Cover [5], we define
e conditionally log-optimum policy™ as follows. Attimen = 1, the
Fﬁy p” invests the initial dollar in the portfolio
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At the beginning of each subsequent perio@ 2, the policyp™ cor- optimal portfoliob; € R} whenz, = e; is

rects the portfolio of the investor to b

pH—Z( )pz J=n
by = argmax E{log(w(b, ,)b'X) | 2.} @) S
bess b (j) = ( ) j=1,....m. (10)
TH2; .,
i.e., the portfolio choicé;, at timen is a function of the portfolia,, at p7+z( ' ) i#i,
the beginning of the market period. We will denote the wealth stream i

associated with™ by 57,. Since the decision at time is completely A similar analysis shows that the optimal portfobipat timen = 1 is
determined by the portfolie., the policyp™ is Markov and nonan- given by

ticipating. By the definition ofu(b.,, z,. ), it follows that the policy is
self-financing. Thug* is an admissible policy. by = p. (11)
A more explicit description 0p™ is as follows. Suppose, = e;,
i.e., theith asset “wins” in thén — 1)th market period. Since all the The policyp™ has the following simple characterization. If asset
wealth is invested in asséthe investment decision consists of sellingVins, keep a proportiop; of it and sell(1 — p;). Take the proceeds
a certain fraction of the holdings in asseand then reinvesting the (1 — A:)(1 —p;) of the sale and invest it in the remaining assets in the
resulting cash in the other assets. Suppose the investor sells a fradﬁ'i?rpomons(l’hpb S+ Dic1sDit1s -5 Pm), B8, INVes(1— Ay )p; in
(1 — ;) of his wealth assetand invest the proceeds — ), )(1 — ¢;) assefj #i.Asa result the final wealth is distributed according to

into the other assets. If the fraction invested in hgrée (1 — A\:)g;,

then the self-financing constraint implies that (VP Vi APt Pis Vi 1 Pick s+ o5 YmPm)
, wherey;, = (1 — A;)/(1 + A;). Thus the intent is always the
Z(l = Ai)g; = (L= A)(1 = gi). (8) same—place sell and buy orders as if there were no transactions costs
JF [3] and accept whatever you get as a result.
) . ) o Since{X, : n > 1} is assumed to be i.i.d., it follows from (9) that
Thus the fractionu (b, €;)b(7 ) invested in assetis given by the growth ratey* associated with the poligy* is given by
w(b,e;)b(j) = {i’i’_m J= g = Zp ip»low(o») — H(p)+ > pjlog |
(1+Aj)(1_qi)> i #j. : — = JIeN g ’ 1+
For a giveng;, a generic term in the sum in (4) can be rewritten as _ D lo(o:) — H( (1 — 1) Lo 11—\ 12
follows: Zp] og(o;) — H(p) + sz( pi)log | 7~ ) (12)
Elog(w(b,e;)b'X) = p; log(gio;) Thus
)\ m 1 _ A
+ 2 pilog (( )q;oj) g =g+ nl —pnlog( )
i L+ ; PR TH N
= ij log(o;) + ij log(q;) wherego is the growth rate in frictionless markets.
— = The first result of this correspondence states that the conditional log-
—\ optimum policyp™ is growth-optimal.
+ ij <1 Y ) . .
oy + Theorem 1: In a horse race market with assets, where assgiays
o; for 1 odds with probability;, the optimal growth rate of wealth
= ij log(o;) — H(p) — D(pllg) is given by
-\ S . 1-A
+3 pylog ( ) © o= donlosto) - H@)+ Y- poto (1) ag)
oy i=1 i=1 ‘
where
where .
H(p) == pilog(p)
H(p)= - pilog(pi) =

is the entropy of the probability mass functipn=(p1,...,pm).
is the entropy of, and Moreover, the conditionally log-optimum poligy" described in (10)
and (11) is growth-optimal.
Proof: Let p* be the conditionally log-optimum policy defined
D(pllg) = > pilog(pi/a) by (10) and (11). Lep be any other admissible policy. LES? : n >

= 1} and{v% : n > 1} be the corresponding wealth stream and portfolio
choices, respectively.

For any policyp € II, the sequence of market opening portfolios
{z£} is given by

is the relative entropy betweenandg. (From (8) we have that € B

and, therefore, can be interpreted as a probability mass function.)
SinceD(p|l¢) > 0, with equality if and only ifp = ¢, it follows

that the optimal choice fof in (9) is p. Working backward from the o X, o

definition of ¢, we see that the dollar amounts invested in the assets T mo T e Vn 22

J # i after asset “wins,” i.e., z, = e;,is(1 — \;)p;. Therefore, the L; X1 (D)
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Fig. 1. Optimum policy with transaction costs.

where{z;, : n > 2} are the sequence of market opening portfolio¥herefore,

corresponding to the conditionally log-optimum polic¥.

Therefore,z, = =, for all policiesp € II on a sample-path-by-
sample-path basis. In the rest of the proof, we will denote the sequence

of market opening portfolios byz. }.

Let P2 be the conditional distribution df;, given z,. Since the

policy p is nonanticipating, we have

-}

E {log (11) (02, zn) (b2) Xn)
= / Elog (w(b, z,)b'X) P? _(db),
B

< [ Elog (11) (bf;n.,zn)(bﬁn)LX) P2 (db),

= Blog (w(b?,.2,) (b2,)' X ),

— E{log(w(b}. 2,)(6)' X.) | 2} (14)

n—oo N n

liminf lElog <§") >0.

From (12) it follows that the growth rate is

. _ e e 1 _ AZ
0=4" = Cplonto)—H+Y_p1—plog (173) - O

=1

It is easy to show that the probability mass functjoties in the
convex hull of the the optimal portfolio choicé$ defined in (10).
Therefore, the optimal policy no longer corrects the investor’s portfolio
to the optimal frictionless portfolip [3]; instead, it corrects the port-
folio to the “nearest” portfolio on the boundary of a set that contains
the optimal frictionless portfolip (see Fig. 1). This interpretation of
the optimal policy extends to general discrete-time markets [15].

Moreover, from the characterization of the growth rateiven in

where (14) follows from the definition of the conditionally log-op-(13), the duality between growth rate and the entropy Fatg) is ap-

timum policy p*.
SinceS;., = (w(bh, zn ) (b2) X)S2, it follows that

-t Shi1
E ! log o zn p > E < log <0 Zn P

On unconditioning we have

5 5t
el ()2 2 e ()}

Since the initial wealtts, = S7 = 1, we have

n—1 *
Elog Sk = E{Zlog <S§jl)}
k

parent; costs simply decrease the growth rate by a constant. Thus the
loss!()\) due to transactions costs is given by

m 1_)\1
1) = pill=pi)log (1 +/\.) :
=1 '

In the limit of small transaction costs

(15)

1) & =2 pill—pi) i
=1

(This asymptotic result is different from the asymptotic result for con-
tinuous time markets [13], [16].)

Unfortunately, the above proof technique does not extend to general
markets with costs. The crux of the proof is that the sequence of market
opening portfolios{z,, : n > 1} is the same for all policieg €
II—one and only one asset “wins,” and which asset “wins” is not a
function of the bets put on it! This is not true in general markets. We
present the solution for the general i.i.d. market in [15].
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Example 1: Suppose the market consists of three assets paying 6 Proof: Let{b, : n > 1} be the sequence of portfolios generated
for 1 odds, each of which “wins” with equal probability, i.g,, = % by the any policyy and{b;, : n > 1} be the sequence corresponding
i = 1,2, 3. Suppose also that the transaction cast= 0.2 for all 7. to the conditionally log-optimum policy”. By construction we have

Then the optimal portfolio choick is given by

L
3

« 1 1 {1-02

by = ———F—— 3 \140.2 =
1-0.2

3

1 2 {1-0.2

3t 3 (1+0.2) 1 ( )
140.2

Elog(w(b))(b7)'X) = max Elog(w(b)b'X)
> Elog(w(b)(h1)' X),

SIISEITER Y

andforalli = 1,...,m

3
E{logw(b), 2)(5))'X | 2 = e}

Similarly, the portfoliobs andb3 are given by
= max E{logw(b, z,)b' X | 2z, = ;)

by = bt = >E {log 'w(bn,zn)ble| Zn = ei}.

180~ =11
~1 w0~ =11

Therefore, for allz > 1

The corresponding growth ragé is given by w(bn, 2 )05 X
Elog <—t> <1 (16)
3 3 1 _ )\ (bna '471 (bn) ‘X
g = Zpi log(pio:) + Zpi(l —pi)log <1 T /\l) SinceS” = 1 and
_ 21 " 2 1 n—1
=gzlelg) Tl St = T wibe. 20)(0) X
k=1
Note that
we have that for ath > 1
p==by + b+ =b3. o
3t T3 T3 Elog @) <0. 17
Thusp is in the convex hull ob?, as previously noted. O "

We next establish that (17) implies th&{S% /S, ) < 1,foralln > 1.
The proof is identical to proofs of [1, Theorem 2] and [5, Theorem 1].
Suppose there exists an admissible poficy T and a time instant

Theorem 2: Under the conditions of Theorem 1, the log-optimun® such that
policy p* achieves the growth ratein an almost sure sense, i.e., E <Sp ) .
>

Sy

From the explicit characterization of the polipy and the growth
rateg, several results follow.

) (18)
lim —log$; =g, with probability 1

n—oo N

Let p be the policy that divides the initial wealty = 1 into an

where{S;: : n > 1} is the wealth generated by . amountA(>0) invested according to the policy and an amount
Proof: Letn;, be the number of times the pdir;. ¢,) appears (1 — >\)(>0) invested according to the p0|i%71 pooling the money
in the firstn terms of the sequen({&l\ k> 1} Then “on paper” only at time:. Then, the WealﬂS,, , corresponding to the

policy p., is given by
log S, = Z nijlog(w(bi, e)bi (j)o;)-

i

Sy = ASL 4+ (1—))S;.

Since{z : k > 1} isi.i.d., it follows that for alli, j The policy pa is clearly admissible and from (18) it follows that
- E(S}/5:) > 1. We will now derive a contradiction by establishing
lim 24 =p,; =pip;,  with probability1. that Elog(S;/S;) > 0.
nTee DefineY = (S, /5:) — 1 andY, = min{Y,¢}. Since, by hypoth-
Therefore, esis,EY > 0, there exists a real numbey > 2 such thatE'Y., > 0.
From a Taylor series expansion it follows that
1 "\ ni; .
lim —log S, = lim 2 Jog(w(b], e;)br (§)o;), 2
n—co n —oojzzl n los(e (4)3) log (53/5;) > log(1 + AY,,) = AY,, — %
- Z pip; log(w(b], e)bi ()0,), for someu between\ and\Y,, . SinceY., < co, we have that
i,5=1 2 2
Ach
= q. O o A * s 0
g log (sn /5,1) R
The next result establishes that the poli€yis optimal in an almost Finally, sinceEYc, > 0, itis possible to choos sufficiently small
sure sense as well. o that
P
Theorem 3: Let {S;; : » > 0} be the wealth generated by the Elog <§Z> > 0.
optimal policyp™ and{S%, : n > 0} be the wealth stream generated
by any admissible policy, then This contradicts (17), thereby proving that foralg 1T, and alln > 1

. 1 S? . . St
limsup — log < <0, with probability 1. E o <1 (29)

n—oo
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By Markov's inequality, we have for all > 0 Supposeg = (1, ..., Dm) iS the investor’s estimate of the distribution
of the asset price relative,, . Then the growth ratg of the condition-
p {1 log <§TE> S 6} _p { gi S e} ally log-optimum policy corresponding to the estimatis given by
’n/ ;i k3
) o ) g=g9-D(llp) 21
S C—HLE <§z) S C—tn. ( || ( )

wherey is the growth rate corresponding to the true distribuicand
Therefore,

S e (o

n=1

Dpllp) = > pilog(p;/b;)

» oo
?Z) >€}§ Zcfm < oo

n=I1

is the relative entropy distance between the true distribytiand the

By the Borel-Cantelli Lemma, it follows that estimatep.
g0 Remark 1: Note that the loss in growth rate due to actions based
P { 1 log < o ) > e, i.o.} =0. on an incorrect distributiofi does not depend on the transaction costs.
n Sh This result does not extend to general markets.
Sincee was arbitrary, it follows that for alp € 1T Remark 2: Note thatD(p||p) > 0, with equality if and only ifp=p.
Thusg < g.
. 1 St . . Proof: Since the investor estimates the true distribution tg be
lims —1 <0, 1. . . . S
17?19;10}1 n 08 <S,*,> <0 with probability = if follows form (10) that the optimal portfolio when, = e; is given
by
An argument similar to that presented in [5] proves that =
(S./S;) is anonnegative supermartingale that converges to a nonneg- (p:) /(ﬁi + > (};il ) ﬁ;) , j=i
ative random variabl@ such thatEY” < 1. bi(y) = 1#i
Using the results in [5] one can easily extend the results to stationary ((l—kz) 5 )/ ( (l—M) 5 ) C L
_ - ) p, pi + ; ), JFIL
ergodic horse race markets. We state the result and refer the reader to LA Zipi \ T
[5] to reconstruct the proof. Therefore, the corresponding growth rate is given by

Theorem 4: Let {X,, : —oo < n < oo} be the sequence of price . . o
relative vectors of a stationary ergodic horse race market with propor- 9(p) = Elog (“’(bw Zn)l’n‘\">

tional transaction costs\; : 1 < i < m}. Define the conditionally m 1—\

log-optimum policyp* = (b}, b3, . ..) as follows: => pi [ij log <1 T )\Z> + > p; log(ﬁ(j)%)}
i=1 J#i J =1

b = argmax E [log(w(b, z,)b' X ) X! L 1-X\ =
P P Zzp’(l_pi)log<1+>\.) +2_pilog(pioi)

=1 ' =1

i.e., the policy invests all the wealth in the conditionally log-optimum i

portfolio given the past information. Then this poligy is growth- - ZPL‘ log <p—>

optimal and the associated maximum growth rgtés given by i:b( ! '

=g — D(pllp),

g =E[logo(Xo) |X“L] - H (Xo|X~L)

1— \Xo)
_E |:10g <m> (1 bl 6(}(0,}(_1))

whereD(p||p) is the relative entropy distance between the true distri-
X:;} (20) butionp and the estimatg. O

Thus an error in estimating the distribution results in an lower growth
whereo(Xo) = 0;, A(Xo) = \i if Xo = 0;e,,and6(Xo, X_1) isthe rate of wealth. Or equivalently, an error in the portfolio chabgeis

discretes function, i.e., penalized by a decrease in the growth rate of wealth. This property is
exploited in the next section to show the existence of a universal policy

§(Xo, X_1) = { 1, Xo = X_'_l for horse race markets with proportional _transaction costs.
’ 0, otherwise The next result characterizes the achievable growth rate when the

investor has access to side informatidn. : £ > 1}. We assume that
The next two results investigate the effect of the information structufige sequenc@(X,.Y:) : k > 1} isi.i.d., and that the portfolio at time
on the achievable growth rate. Up to this point, we have assumed tha§ allowed to depend on the observed valu&pf
the investor has perfect knowledge of the distribution of the market se- o ]
quence{X, : n > 0}. Instead, if the investor were to have only an 1heorem 6:Let {Yi. : k > 1} be side information for a horse race
estimate of the distribution, the achievable growth rate would necdBarketwith{(Xy,Ys) : k > 1} i.i.d., then the achievable growth rate
sarily be reduced. We show that this loss in growth rate is given by tfg With side information is given by
relative entropy distance of the estimate from the true distribution. o
gy =g+ I1(X;Y)
Theorem 5: Let the sequence of price relativeX,, : n > 1} of a
horse market with proportional transaction costs: 1 < i < m} be wherey is the growth rate without side information ahd¥; V') is the
i.i.d. according to mutual information betwee” andY'.
Proof: The result follows from Theorem 5 and the fact that
P(X, =oie;)=pi. i=1,...,m. I(X;Y) = D(p(z,y)|lp(z)p(y)). O
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Ill. UNIVERSAL INVESTMENT IN HORSERACES

In the last section, the market was stochastic and the asset ret ) :
vt;el""’b’”) € B™, and then manages each of the little pools

were distributed according to a known distribution. In this section,

remove all stochastic assumptions on the asset returns. This will yi

a so-called individual sequence result.

As before, however, one of the assets pays off and all the other as%?ts
pay nothing. To emphasize the fact that the market price relatives 5r

no longer stochastic we represent them by the sequiencen > 0},
with eachz, € {ose; : 1 < ¢ < m}. As before, the sequende,, :
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Next, we define our candidate universal poligy The policy
ﬁngwests dp/ [sm dp dollars in the policy p associated with

g%oarately. At timék, a dollar invested in policy is worth 5S¢ and
IS invested in portfolioz;.. Since the initial wealth invested in the
licy p wasdp/ f.. dp, we have that the wealth; generated by
policyp is given by

. Sism St dp

S = [~ (26)

n > 1} will refer to the market opening portfolios of the investors, i.e Furthermore, at timé, the policyp dictates a move from the portfolio

Tn—1

= m 6{071S]Sm}
2 wn—1(7)
=1

Zn

We make a simplifying assumption that the investor begins with all the
wealth in asset, i.e.,z1(1) = 1. This is not a loss in generality since

zy, to the portfoliob?, resulting in wealthwf S} atby. The portfolio
b corresponding to the universal poligyis obtained by weighting
the portfolio of each of the individual policigsby the corresponding
wealthw? S, i.e.,

fb‘m w?Spoy dp

by = .
k me wh Sy dp

27)

the wealth increases exponentially and the initial conditions wash agfis policy 3 is the counterpart for the market with transaction costs to

in the limit.

the universal policy defined in [7]. The poligyis nonanticipating and

In this section, we restrict the investor to use stationary, ﬁrSt'ordEélf-ﬁnancing

Markov self-financing policies, i.e., the decision at timés indepen-

The following theorem establishes the main result of this section.

dent of the time instant and depends only on the previous market real-

izationz,, . Therefore, any admissible investment policyan be equiv-
alently described by a collection ef vectors(b?,...,b70,),bf € B,

Theorem 7: Let p;, be the best horizon-policy in hindsight and
let S, be the wealth associated wigfj. Let 5 be the universal policy

with the interpretation that at timethe investor rebalances to the portandS,, be the corresponding wealth. Then for@lb> 7. and every

folio o if 2, = e;. Since each of the portfolidg € B, the set of all
admissible policies i€"™.

We do not restrict the investors to use nonanticipating policies.

market sequencgry, : k > 1}

S e~ (1 min)

In S—* = p—m(m—1)
Y ,

fact, we allow the investors to choose the investment policy with hingihere

sight, i.e., the stationary investment policy up until ttth market out-
come can be chosen after observing the market sequénee {z;, :

Nmin = 2Amax/(1 - kmax)

1 < k < n}. The main result of this section establishes that there i®d

universal nonanticipating policy that performs as well as any stationary

Amax = max{); : 1 <i < m}.

policy, to first order in the exponent, even those chosen with hindsight.

This universal policy, although Markov, is not stationary.

Remark 3: The wealthsS,, corresponding to the universal policy

We introduce some new notation. We will denote the wealth factér tracks S, the maximum wealth achievable given hindsight, to

w(by, z1;) associated with the poligy by w?, i.e.,
wy = w (bl e:), if 21 = e;.

The one-step wealth generated by policyat time & on the market
sequence’ is denoted byV/, i.e.,

within a polynomial factor. Thus the difference in growth rate
(1/n)log(S»/Sy) — 0.

Remark 4: If Apax < 3, thenn,,in < 1. Therefore, the result holds
forall n > 1.
Proof: Fix the time horizonn. and denote the best stationary
policy with hindsight byp*. In the rest of the proof we will denote

WP =00(j)0,  0f 2 = s zepr = €. (23) WP b2 andS? by Wi, p% andS*, respectively.
Fix @ € (0,1) and a policyp, with the corresponding vector
The wealthS7 generated by the policy over the market sequence(y, v,,...,v,,) € 8. Define the policyp. = (1—a)p* +ap., i.e.,

xf ={x1,..., 20} 2 € {01€1,...,0mem }, iS given by

n

Sh = H wiWy

k=1

1

k=1

m

11 (W))"fﬂ} (24)

ij=1

('w(bzﬂek)ok)nk} [

wheren,; is the number of times the paje;, e;) occurs inz?, and
n; = > n;;. Collecting terms we have

1 o

Zlog (S2) =Y pali,j)log (w(bl,e)bi(j)o; 25

—log(S7) ”Z:lp (i,)log (w(bf,e)bi(j)o;)  (25)
wherep.. (i, j) = n;;/n is the empirical distribution of the pai, 7).
Let p;, be the policy that maximizes the value %, i.e., the best sta-
tionary policy with hindsight for a given realizatiorf . We will denote
the corresponding wealth 18}, i.e.,S;, = max,c5= S’ is the max-
imum wealth achievable on the sequenge = (z1,...,x,) given
hindsight.

the policyp,, attimek rebalances to, = (1—«)b; +av; if z. =e;. As
in the case with policy™, Wy, b5, andS; will denote W/« boe,
andS? =, respectively.
The wealthiV generated by the policy, attimek
W =(1—a)W; +aWfe,

> (1-a)Wy. (28)
One feasible way of correcting the portfolio from to b} is to first
move fromz;, to b7 and then move a proportionfrom b3 to b7° such
that the final portfolio i . Letw = w(b}", by ). Theny is the solution
of the equation

_ yw
One dollar at, nets((1 — v) + yw)wy, dollars athy, . Substituting for
~, we get
1—)+wy=(1+a(l/w-1)"

> 1 — anmin-
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It follows that the repositioning factar;, can be bounded by Remark 5: This result remains true even if the market sequence
(29) {X. : n > 1} is first-order Markov instead of i.i.d. The universal

; policy s achieves the maximal growth rate corresponding to the best
The total wealths; generated by the policy” = (1 — @)p” + apv  Markov policy.

(3 *
wy > (1 — afmin) wi-

over the market sequenc¢ is given by Proof: Let p, be a conditionally log-optimum policy for the sto-
o TT . arie chastic market anflS% : n > 1} be the corresponding wealth stream.
Sn = H wa W Since the wealtl$;; associated with the horizom-optimal policy s,
= is always no less thas’, for all time instants:, it follows that
z kl—[l (1 = anmn Jwi) (1 = a)Wy) (30) limsup 1 log S;; > limsup 1 log ST (34)
= n—oo I n—oo I
= (1 - anmin)" (1 - )" S, (31 From Corollary 1 it follows that for all market sequences
where (30) follows from the lower bounds developed in (28) and (29). VTP BN . 1.
Define a setG as follows: limint " log S > hr?f;p " log Sy.. (35)
G={p|3(v1,...,0m) € B” Also, from Theorem 3 it follows that
. 14 14 — _ ) * >k | .
with (B .. brm) = (1= a)(brs oo bn) + (Vi vm) ) liminf l log ST, > limsup l log S, with probability 1. (36)
From (31) we have that for all € G nToee n n—oo M
S2 > (1= )" (1= anmn)" S Therefore, Irom (35) and (36‘1) it follows that
Using the characterization in (26) and the bounds developed above, the  lim —log S.= Jim —log Sy, with probability 1.

wealthS,, generated by the universal poligycan be bounded by

Theorem 2 identifies the limit ag, therefore,
Sigm S8 dp

Sn = - . 1 ) A _ o ops
S dp nlgr;o -~ log S, =g, with probability 1. (37)
> Jo Shdp O
= 1 . . . .
Jin " e Thus the universal policy is able to “learn” the optimal policy corre-
> Jo (1 = anmin)" (1 = )" S dp sponding to the unknown i.i.d. measure on the horse race market “on

Jism dp the fly” and still achieve the same growth rate.

d
=(1-a)" (1 — anmmn)"S, - fG—;
Jism dp IV. CONCLUSION

_ PN . o\ gx o m(m—1)
= (1= a)"(1 = anmin)" S0 ’ Growth optimal investment in horse race or erodible asset markets
Choosex = 1/n. Then, foralln > nmin, we have the following lower with proportional transactions costs is similar to the problem without

bound Ongn/szi costs. For the stochastic horse race markets we show that the condi-
g " N T W COnlD I CETNNY tionally log-optimum policy still remains growth-optimal. At timg
> (1l-=) (1-—=) (= > ————  if 2, = e;, the optimal policy i Il th Ith in th folid
ox 2 n " " Z m(m=1) if z,, = e;, the optimal policy invests all the wealth in the portfobig
N iven b
This proves the theorem. O g y

by = argmax E [log(w(b, e:)b' X,
Although not immediately obvious from the proof, we have used “i”é‘é‘”‘ [Ob(w( “) )

Laplace’s method of integration to get a lower bound on the integrﬂ]e portfoliod?
characterizing the wealth generated by the universal policy. "

xr].

is explicitly given as follows:

The following corollary establishes that the universal policy Y j=i
achieves the same growth rate as the best stationary Markov policy O ()T
. . . 14
chosen in hindsight. A W) = VRS j=1....,m
Corollary 1: The wealth sequendgs,, : n > 1} generated by the %, )P J#i
universal policyp asymptotically does as well as the sequef6g : S G===r ) 1 S ’
I#£4

n > 1} generated by the policies chosen in hindsight, in the sense that

for every market sequende,, : n > 1} (n—=1) _

wherep: P(X, = 0je;|X7™"). This policy is very similar to
1 S, the optimal policy{+°, : n > 1} given by Algoet [5] for the frictionless
liminf — log 5 > 0. (32) case, where

n—oo M ”

Proof: The corollary follows immediately from Theorem 70] b = argmax E [log(b[X"> |X1”_1]
Since the universal policy does as well as the best policy in hind- s
sight, it immediately follows that if the market is stochastic then the
universal policy achieves the optimal growth rate corresponding to

true market distribution.

=D,

ﬂ?ﬁe optimal policy in a horse race market with transactions costs has

the following simple characterization. If asgewins, keep a propor-
Corollary 2: In a horse race market with i.i.d. price relative vector§on pg”_” of itand sell(1 —pE"“)). Take the proceedd — A;)(1—

and maximum achievable growth rajethe wealth sequenc{eé“n : pE"*”) of the sale and invest it in the remaining assets in the propor-

n > 1} associated with the universal poligysatisfies tions

L 1 ~ ) . - n— (12— (n— (n— n—
liminf ~ log(5,) = g, with probability 1. (33) s T b el
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i.e., invest(1 — Ai)pgn_]) in assetj # i. As a result, the final wealth  [5]
is distributed according to

(", e Y, YirrPr e ymp ) (6]
wherey;, = (1 — X;)/(1 + X;). Thus the intent is always the [7]

same—yplace sell and buy orders as if there were no transactions cos}gl
([5], [3]) and accept whatever you get as a result.

The maximum achievable growth rage in a stationary, ergodic  [g]
market with transaction costs is given by
[10]
e -0
g = I&aé(E [log(w(b, 20)b' X 1) |1\,x]
= E [logo(Xo) |[XZ1.] — H (Xo |XZ1) [11]
1 - A Xo) N }
—E|log| ———% ) (1 —86(Xo, X—1))| X_5

{0“<1+>\(X0)>( (o, X)) K- [12]

which again bears a very close similarity to the maximum growth rate
in frictionless marketg, given by [13]
go = Iileaé;E [log(b'X1)| X2 ] "

= E[logo(Xo)] — H (Xo |X:éo) .

15
The similarity also manifests itself in the dual relationship of the max-[ ]
imum growth rates and minimum information rates. [16]

We also show that the universal investment results in [7] can be easily
extended to the case of markets with proportional transaction costs. TTf?]
cost of universality is only polynomial in the time horizon and does not
affect the asymptotic growth rate.

Horse race markets are a very special extreme case of general mar-
kets but may provide an example of the general behavior of optimal
strategies in general markets. For example, in the stochastic framework,
Barron and Cover [17] show that the increase in growth due to side in-
formation is maximized for horse race markets. Cover and Ordentlich
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P. Algoet, “On the convex duality between maximum growth rate and
minimum information rates,” unpublished, 1997.
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309-313.

M. I. Taksar, M. J. Klass, and D. Assaf, “Diffusion model for optimal
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vol. 13, no. 2, pp. 277-294, 1988.
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model with transaction costs31AM J. Contr. Optim.vol. 34, no. 1, pp.
329-364, 1996.
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costs—Continuous time,” Dept. Statist., Stanford Univ., Tech. Rep. 98,
1997.

M. Akian, A. Sulem, and M. |. Taksar, Dynamic optimization of long
term growth rate for a mixed portfolio with transactions costs, , preprint.
G. N. lyengar, “Growth optimal investment in discrete time markets with
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S. E. Shreve and H. M. Soner, “Optimal investment and consumption
with transaction costs Ann. Appl. Probah.vol. 4, no. 3, pp. 609-692,
1994.

A. R. Barron and T. M. Cover, “A bound on the financial value of in-
formation,” IEEE Trans. Inform. Theoryol. 34, pp. 1097-1100, Sept.
1988.

[2], [8] set up a minimax game where the investor chooses the statterated Logarithmic Expansions of the Pathwise Code

tionary investment policy and nature chooses the sequence of market
price relative vectors. They show that horse race markets achieve the
minimax equilibrium for this game.

Horse race markets are considerably simpler to analyze because the
sequence of market opening portfolios of the investors is the same,

Lengths for Exponential Families

Lei Li and Bin Yu, Senior Member, IEEE

independent of the policy. This is not the case in general markets; as Abstract—Rissanen’s minimum description length (MDL) principle is a

result, comparing policies is hard. We have a solution of the probl

tistical modeling principle motivated by coding theory. For exponential
amilies we obtain pathwise expansions, to the constant order, of the pre-

When the market price relatives are i.i.d. or f?nite-order Markov. Th§ictive and mixture code lengths used in MDL. The results are useful for
solution relies on results from Markov decision problems and soraederstanding different MDL forms.

selection theorems [15]. We believe that the solution method presente%dex Terms—Exponential family

law of iterated logarithm, minimum

in this work can be extended to the general case by defining a suita{€cription length (MDL), mixture code, predictive code.

coupling between the wealth processes of the admissible policies.
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