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Abstract —A Wald-like equation is proved for the entropy of a ran-
domly stopped seq e of independent identically distributed discrete
random variables X, X,, - with a nonanticipating stopping time N.
Specifically, it is shown that

H(XN)=(EN)H(X,)+ H(NIX),

where X denotes the randomly stopped sequence. Thus, the random-
ness in the stopped sequence X" is the expected number of “calls” for
X times the entropy per call plus the residual randomness in the
stopping time conditioned on the unstopped sequence X™.

Index Terms —Entropy, stopping time, Wald’s equation, stopped se-
quences.

I. INTRODUCTION

The entropy of a randomly stopped sequence of independent
identically distributed (i.i.d.) random variables depends not only
on the texture of the sequence but on the length of the sequence
as well. Let X, X,, - be independent identically distributed
random variables distributed according to the probability mass
function p(x), x € Z, where & is a finite alphabet. We shall
consider stopping times N which are (perhaps randomized)
nonanticipating functions of the observed process X, X,, -
In particular, the stopping event {N =n} is required to be
independent of the future {X,, |, X, ,», - - - }. We denote by XV
the finite length sequence X, X, - Xy € 27, where 2* de-
notes the set of all finite-length sequences with alphabet 2. Let
X° denote the sequence with no elements. The stopping time N
induces a probability mass function g(x), x € 2°*, where g(x)
=Pr{X"=1x}. We wish to evaluate the entropy H(XV)=
— X, cg+q(x)ogqg(x) of the stopped sequence X¥. Thus,
H(XN) is the descriptive complexity of the randomly stopped
sequence.

Consider, for example, a gambler who starts with one dollar
and plays a game where at each time n=1,2, -+ his wealth
increases one dollar with probability p or decreases one dollar
with probability ¢ =1— p. The game ends when the gambler’s
wealth is zero. The ups and downs of the gambler’s wealth form
an iid. sequence. For p <3, it is certain the gambler will go
broke. Although the outcome is certain, the path is random. We
will show that the path entropy is H(p)/(q — p), where H(p)=
—plogp—qlogg.

We first define a general stopping time and the associated
stopped sequence, and then present the two main theorems for
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the entropy of a stopped sequence. The formal proofs of the
lemmas necessary for the final step of the proof of the theorems
are deferred until Section VI. Stopping times are discussed in
[6] and [4]. Wald’s equation, which is related to our work, is
proved in [7] and discussed in [6]. An expression, due to
Abramov, for the entropy rate of stopped sequences with deter-
ministic stopping rules for stationary ergodic processes is given
by Brown [8, p. 140]. Some related results on the asymptotic
entropy rate for channels without synchronization are developed
in [5] and [1]. Related work on the entropy of rooted trees is
presented by Massey in [3]. Further work extending the entropy
of stopped sequences to Markov trajcctories may be found in [2].

II. StoprpPiNG TIMES

We first formalize the definition of a general stopping time N,
which admits the possibility of subsidiary randomization.

Definition 1 (Stopping time): Let {#,} be an increasing se-
quence of o-fields, and let X, X,, - -+ be ii.d. random variables
adapted to {#,}. Then a random variable N that takes values in
{0,1,2,---} is a stopping time if for every n=0,1,2,---, the
event {N=n} is in 4, and {N=n} is independent of
(X1 Xz b

Definition 2: A stopping time N is bounded if there is some
nonnegative integer m such that Pr{N <m}=1.

We note that if 4, is the o-field o(X;, X, - -, X,,) generated
by X, X5, -, X, then N is determined by the sequence and
there is no subsidiary randomization in the stopping time. A
stopping time may depend entirely on the sequence, as with the
rule “Stop after the first occurrence of a head” or “Stop at time
3.” A stopping time that also has subsidiary randomness is
illustrated by the stopping rule “Stop at any head, and stop at
each tail with conditional probability «,” or “Stop with probabil-
ity a at each opportunity.” These examples will be evaluated in
Section V.

III. Tue StoppING TiME THEOREM

The following theorem gives the entropy of a randomly
stopped sequence. Throughout, we assume X, X,, - to be
independent identically distributed discrete random variables.
Let XN e 2™ denote the randomly stopped sequence and let
X~ denote the unstopped sequence X, X,, - -.

Theorem 1: Let N be any stopping time for the i.i.d.
X, X,, . Then

H(XN)=(EN)YH(X,)+ H(N|X®), (1)

provided that it is not the case that both EN =« and H(X,) = 0.

Proof: The proof will be separated into two parts. First, the
proof for a bounded stopping time will be presented. Then the
boundedness condition will be removed.

Let N be a bounded stopping time with bound n, ie.,
Pr{N <n}=1. Let X denote (X,X,---X,), and X{ denote
the sequence with no elements. Let X™ denote the unstopped
sequence X, X, . Assume that X, X,,---, X, are i.i.d. ran-
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dom variables drawn according to probability mass function
p(x), xe .

Since N is a function of X7, and since (X, 11, Xi 127" X,)
is conditionally independent of X¥ given {N = k}, it follows that
the sequence X' » N — X, forms a Markov chain.

We now expand H(X], N) in two ways. First, by the chain
rule, and the fact that X;,X,," -, X, are independent and
identically distributed, we obtain

H(X{,N) = H(X])+ H(NIX7) ®
=nH(X,)+ H(N|X]). 3)

Alternatively, since N < n, we have the expansion
H(X],N)=H(X{, X}, ,,N) 4)

= H(XF)+ H(NIXN)+ H(XZ, | X1, N)  (5)

=H(X))+ H(X}, | XN, N) 6)

= H(XY)+ H( X} 1IN) %)

—H(XY)+ T PN = KH(XE N =) (8)
o

)

=H(X{)+ ¥ Pr{N=k}H(X[.,)
k=0

n—1

=H(X]N)+ Y Pr{N=k}(n—-k)H(X,) (10)
k=0

=H(XIN)+nH(X1)—(EN)H(X1), (11)

where (5) is the chain rule for entropy, (6) follows from the fact

that N is a deterministic function of the finite sequence X},

and (7) follows from the Markovity of X, N, and X}, ,.
Combining (3) and (11), we obtain

nH(X,)+ H(NIX[") = H(X{)+nH(X,)-(EN)H(X,)
(12)
or
H(XY)=(EN)H(X,)+ H(NIXT). (13)

Since the stopping time N is independent of the future and
bounded by n, N is independent of the sequence after time n,
and

H(NIX) = H(N|X™). (14)
Thus, combining (13) and (14) yields
H(XIN)=(EN)H(X1)+H(N|X°°), (15)

which establishes the theorem for bounded stopping times.

Now, to remove the boundedness condition on N, let N be
unbounded, and consider the truncated stopping time N, de-
fined by

N,=min(n,N) (16)
_ [N, ifN<n,
_<n, if N>n. an

Since N, is a bounded stopping time, application of (15) yields

H(X}) = H(X,)E(N,)+ H(N,|X™). (18)
It remains to be shown that
H(X{) - H(XY), (19)
EN, - EN, (20)
and
H(N,|X*) > H(NIX™), (21)
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in order to establish the theorem for unbounded stopping times.
These will be proved in Lemmas 1-3 in Section VI, completing
the proof that

H(XN)=(EN)H(X,)+ H(N|X") (22)

for arbitrary randomized stopping times. m}

In general, the entropy H(X") is greater than (EN)H(X)).
We now show that the conditional entropy H(XV|N) is gener-
ally less than (EN)H(X,).

Theorem 2: Let N be any (possibly randomized) stopping
time. Then

H(XNIN)=(EN)H(X,)- I(N;X"), (23)
where XV € 2™ denotes the randomly stopped sequence.
Proof:

H(XM|N)=H(X",N)-H(N) (24)
=H(X")+ H(NIX")- H(N) (25)
= H(XY) - H(N) @)
=(EN)H(X,)+ H(N|IX")— H(N) (27)
=(EN)YH(X,)- I(N; X7), (28)

where (26) follows from the fact that X} reveals N, (27) follows
from Theorem 1, and (28) follows from the definition of mutual
information. m]

Remark: Theorems 1 and 2 provide the upper and lower
bounds on the expression (EN)H(X,) given by

H(XM|N)=(EN)YH(X,)—I(N;X*) (29)

<(EN)H(X)) (30)

<(EN)H(X,)+ H(N|X")= H(XM). (31)

The next theorem is implicit in the theorem of Abramov (8,

p. 140].
IV. SpeciaL CASES

We obtain simplified expressions for H(X ") under a variety
of restrictions on the stopping time.

Theorem 3 (Determined Stopping Time): A stopping time N is
said to be a determined stopping time if {N = n}e
o(X}, X,, -, X,) for all n=1,2,--, where o(X;, X5, -, X,,)
is the o-field generated by X,, X,," -, X,. Then, for a deter-
mined stopping time N,

H(XY) = (EN)H(X,), (32)

where XV € 2°* denotes the randomly stopped sequence.

Proof: Since N is a deterministic function of the sequence,
it follows that H(N|X>)= 0 in Theorem 1. m]

Theorem 4 (Independent Stopping Time): The stopping time
N is said to be an independent stopping time if the event {N = n}
is independent of the process {X;};2 ;. Then, for an independent
stopping time N,

H(X")=(EN)H(X,)+ H(N). (33)
Proof: Since N is independent of the sequence, H(N | X™)
= H(N) in Theorem 1. O
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V. EXAMPLES

We now analyze the examples introduced in Section II. Let
X\, X,, -+ be independent identically distributed binary ran-
dom variables with Pr{X; =1} = p, Pr{X,=0}=¢g,and g =1— p.
Let H(r)=—rlogr —(1—r)log(1—r). Then H(X,)= H(p).

Example 1 (Determined Stopping Time):

N: Stop after the first occurrence of 0.

Then
EN !
EN = — 34
p (34)
and
N 1
H(X{ )=(EN)H(X1)=3H(17)- (35)
Example 2 (Fixed Stopping Time):
N: Stop at time 3.
Then
EN=3 (36)
and
H(XN)=(EN)H(X,) = 3H(p). @37

Example 3 (Randomized Stopping Time):
N: Stop at any 0, and stop at each 1 with probability .

Note that some of the stopped sequences correspond to
interior nodes of the tree. In the diagram

the sequence XV =11 has probability p2aa.

We find
0\ __ p a
H(NIX") = —=—H(a) (38)
and .
N=pa+q' (39)
Thus,
H(X{V)=(EN)H(X1)+H(N|X°°) (40)
y4
_pa+qH(P)+pa+qH(a)' (41)

Example 4 (Independent Stopping Time):
N: Stop with probability e at each opportunity.

Note that the null sequence X°® occurs with probability «.
Again, the stopped nodes do not form the leaves of a tree, as

—
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shown in the diagram:

Here,
HONIX™) = H(N) =~ H(a) @
and

EN=&/a. (43)

Consequently,
H(X{")=(EN)H(X1)+H(N) (44)

a 1

=;H(p)+ -‘;H(a) (45)

Example 5 (Gambler’s Ruin): Let a gambler have initial wealth
So=1, and gamble 1 unit each time at even odds on indepen-
dent gambles with success probability p <1/2. The gambler
stops at the fist time N that his wealth is zero. Thus, S, =
Tk X, where X, X,, -+ are iid. with Pr{X,=1}=p, and
Pr{X; = — 1} = q. We are interested in the entropy H(S") of the
gambler’s history (S, S,,* - -, Sy). Note that the final wealth S,
is a rather dull random variable since the gambler is sure to go
broke. Thus H(Sy) = 0. How exciting is the process by which he
went broke? We observe that {S;} is not an iid. process, but
{X;}isiid, and (S;,S,,- -+, S,) is in one-to-one correspondence
with (S, X7, X5, -+, X,,). Thus, H(SV)= H(X") and Theorem
1 applies. We have

H(X,)=H(p), (46)
H(N|X*)=0, (47)
and

EN=1/(q~-p). (48)

Thus, the entropy of the gambler’s ups and downs is
H(SY)=H(X") (49)

1

—(EN)H(X1)=HH(0), (50)

for p<1/2.

We see, for example, that if p = 0.49 and the initial wealth S,
is equal to 1, then the entropy of the gambler’s story is 49.986
bits.

VI. DETAILS

We now prove the three lemmas needed to complete the
proof of Theorem 1. Throughout, let N, =min(n, N) denote
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the truncated stopping time for N. As before, {X;} is an i.i.d.
sequence of discrete random variables.

Lemma 1: Let N be a stopping time with Pr{N <«}=1.
Then

lim EN, = EN. (51)
n oo

Proof: We bound EN, above by EN and then show that
EN, is greater than an expression that goes to EN in the limit.
We use this method in the subsequent lemmas as well. Specifi-
cally,

n—1 ®©

EN= Y kPr{N=k}+ Y kPr{N=k} (52)
k=0 k=n
znilkPr{N=k}+nPr{N2n} (53)
k=0
= EN, (54)
oY kPe(N=k) (55)
k=0
=3 i kPr{N=k) (56)
k=0
= EN. o (57

Lemma 2: Let N be a stopping time with Pr{N <w}=1.
Then

lim H(X"N) = H(XN). (58)
Proof: Let x denote a finite length sequence in Z°*, where
Z°* denotes the set of all finite length sequences with alphabet
Z, and let g(x)=Pr{X" = x}. Then
H(XV)y=- Y q(x)logg(x).
xe Qﬁ*
Since we will be using the truncated stopping time N,, we let
q,(x)=Pr{X"» = x} and note that

(59)

q(x), if |x|<n,
qn(x)z Zue.?l”*q(xu)’ if |x|="’ (60)
0, if |x|>n,

where |x| denotes the length of x. For |x|=n, g,(x) is the
lumped probability of all stopped sequences with prefix x.

We now use the fact that X™» is a function of X" (since N,
is a function of N) to obtain the first inequality in the following
chain:

H(XN)y> H(X")

=- Z*a(X)logtJ(X)— Y a,(x)logg,(x)

X‘EI? XE-Q/‘"
(62)
>— ¥ q(x)logq(x) (63)
52
5 - T a(x)loga(x) (64)
xeZ*
= H(X"). o (65)

Lemma 3: Let N be a stopping time with Pr{N <w}=1.
Then

lim H(N,IX") = H(NIX). (66)
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Proof: Since N, is a function of N, we can bound H(N|X™)

by
H(NIX")> H(N,IX") (67)
= E( - "il Pr{N = k|X~}logPr {N = k| X~}
k=0
7Pr{N_>_n|X°°}logPr{N2n|X°°}) (68)

. E(_ Y Pr(N=kIX"}logPr (N = le““}) (69)
k=0

"—%fE(f f) Pr{N = k| X~} logPr{N:kIX“‘})
k=0
(70)

(1)

where the expectation in (68) is over the random unstopped
sequence X, O

= H(N|X™),

VII. COMMENTS

Wald [7] considered randomly stopped sums Sy = L/~ X; of
iid. random variables X;, where N is a stopping time as
defined in Section II. Wald’s equation is

ESy = (EN)(EX,), (72)
provided it is not the case that EX; =0 and EN =. In fact, if
N is a determined stopping time, ie., {N=n}e
o(X,, X,, -+, X,), Wald’s equation can be used to prove Theo-
rem 3. The general equation for arbitrary randomized stopping
times

H(XN)=(EN)H(X,)+ H(N|X") (73)

has a term due to subsidiary randomization that has no counter-
part in Wald’s equation.
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