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Abstract

We find the entropy of trajectories from state ¢ to state j
for finite state irreducible aperiodic Markov chains.

Summary

Consider a finite state irreducible Markov chain with transition
matrix P and initial state X; = 7. The entropy rate

H(x) = fim A0 Xe 0 X)
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is given by
H(X) = —3_ uP;log P;
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where y is the stationary distribution which solves the equations
i = 5 Py, for all j.

Definition 1 A trajectory from state ¢ to state j of a Markov
chain is a path with initial state i, final state j, and no inter-
vening state equal to j.

The probability p(t;;) of a trajectory ¢;; = izozs...24j is
p(tij) = PizyPoyoy - Py, j. This, of course, is the conditional
probability of the trajectory ¢;; given X; = 1.

Since a trajectory from 7 to j terminates the first time it
reaches j, no trajectory t;; is a prefix of any other trajectory
from 7 to j. This, together with the irreducibility of P, implies
that Tujet, P(ti;) = 1, where Tj; is the set of all trajectories
from 7 to j. Thus, given initial state X; = i, the random tra-
Jectory T;; is a finite length sequence drawn according to the
probability mass function p(t;;).

Definition 2 The entropy H;; of the trajectory from 7 to j is

Hij = H(Ty) =~ 3 plt;;)log p(ti;).
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Our objective will be to determine a closed form expression
for H;;. We begin by developing a recurrence relation for H;;.
From this we can determine H;, the entropy of the path that
loops back to the intial state. Subsequently, this solution for
H;; will be substituted into the recurrence to complete the de-
termination of H;;, for all ¢, j.

Let P;. denote the i*" row of the Markov transition matrix P.
Then

H(Pl) = — ZP” IOgP,']'
J

is the entropy of the first step of a trajectory originating in state
t. The recnrrence relation

H;=H(P.)+ Z Py Hy;,
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follows from the chain rule for entropy. Specifically, the entropy
of a random trajectory is given by the entropy of the first step
plus the conditional entropy of the remaining trajectory given
the first step.

Theorem 1 The entropy H;; of the random trajectory Ty from
© back to i is given by
H(X)

i = ’

i

where y; is the stationary probability for state 1.

The entropy of the random trajectory T}; has an interpreta-
tion as the product of the expected number of steps 1/yu; to
return to state i and the per-step entropy rate H(X') of the
stationary Markov chain.

We now complete the determination of H;; for all 7 and j
by substituting the diagonal terms H;; derived in Theorem 1
into the recurrence relation (1) and solving for the off-diagonal
terms.

Theorem 2 If P is the transition matrir of an irreducible ape-
riodic finite state Markov chain, then the matriz H of trajectory
entropies is given by

H:I\'—I;'-}—HA,
where
K =(I-P+ A (H - Ha).

Here K is a matriz in which the ij™ element 1;',-1 equals the
diagonal element Kj; of K; A;j = p; is the matriz of stationary
probabilities; H = H(P.) = — ¥ Pulog Py is the matriz of
single-step entropies; and Ha is the diagonal matriz with entries
(Ha)i = H(X)/ .

The proofs of Theorems 1 and 2 will. appear in [1].
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