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The Relative Value of Labeled and
Unlabeled Samples in Pattern Recognition
with an Unknown Mixing Parameter

Vittorio Castelli, Member, IEEE, and Thomas M. Cover, Feliow, IEEE

Abstract— We observe a training set () composed of I la-
beled samples {(X1,6:),---,(X:,8:)} and v unlabeled samples
{X{, -+, X}}. The labels 6; are independent random variables
satisfying Pr{6; = 1} = 7, Pr{#; = 2} = 1 — 5. The labeled
observations X; are independently distributed with conditional
density fp,(-) given 6;. Let (X, 0y) be a new sample, indepen-
dently distributed as the samples in the training set. We observe
Xo and we wish to infer the classification 6o. In this paper we
first assume that the distributions fi(-) and f2(.) are given and
that the mixing parameter 7 is unknown. We show that the
. relative value of labeled and unlabeled samples in reducing the
risk of optimal classifiers is the ratio of the Fisher informations
they carry about the parameter 7. We then assume that two
densities g1(-) and g2 (-) are given, but we do not know whether
g1(-) = f1(-) and g2(-) = f2(-) or if the opposite holds, nor do we
know 7. Thus the learning problem consists of both estimating
the optimum partition of the observation space and assigning the
classifications to the decision regions. Here, we show that labeled
samples are necessary to construct a classification rule and that
they are exponentially more valuable than unlabeled samples.

Index Terms— Pattern recognition, supervised learning, un-
supervised learning, labeled and unlabeled samples, Bayesian
method, Laplace’s integral, asymptotic theory.

I. INTRODUCTION

E ADDRESS the problem of the optimal use
Wof a training set ) composed of [ labeled sam-
ples {(X1,01),---,(X;,0)} and wu unlabeled samples
{X{,--, X} in the construction of a classifier -that
discriminates between two classes of observations, called
Class 1 and Class 2, and we propose a solution under two
particular sets of hypotheses. We denote the prior probability
of observing a sample of Class 1 by 7, and the densities
of the observations of Class 1 and Class 2 by fi(-) and
fa(-), respectively. We analyze the behavior of R(l,u), the
probability of classification error of an optimal procedure
based on a training set that contains [ labeled samples and u
unlabeled samples.
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We have analyzed this problem in previous work [2] under
the assumption that the density of the unlabeled samples is
identifiable, and we have considered training sets composed of
an infinite number of unlabeled samples and a finite number
of labeled samples. Optimum classification rules exist in such
a framework. Using the notation R(/,u) to denote the risk of
such optimum rules, it is shown in [2] that

R(0,u) = R(0,00) = 1/2, for all w

and thus labeled samples are necessary to construct a classifier.
It is also shown in [2] that when the training set contains an
infinite number of unlabeled samples and one labeled sample,
the probability of error of the optimum classifier is given by

R(1,00) = 2R*(1 — R")

where
- / min{nfi (), 7/2(z)} dz

denotes the Bayes risk. Finally, it is also shown in [2]
that additional labeled samples make the probability of error
converge exponentially fast to the Bayes risk in the sense that

R(l,00) — R* = exp{—I D+ o(l)}.

We have proved that the exponent D is equal to

_10g{2ﬁ / mdx}

where 77 is a shorthand notation for 1 — 7.

In this paper, we first assume that the densities f1(-) of
the samples of Class 1 and f»(-) of the samples of Class 2
are given and that the probability 7 of observing a sample
of Class 1 is unknown. Using a result by O’Neill [21], we
show that the risk R([, u) of a Bayesian classifier with positive

and continuous prior h(n) over [0, 1] satisfies the asymptotic
relation

AR(l,u) 2 R(l,u) — R* = —°¢

U+ ul,

where ¢ is a function of 7, f1(-), and f(-) but not of the prior
h(-). We conclude that the first-order term in the expansion of
AR(l,u) is the same for all nondegenerate Bayesian classifiers
and that the relative value of labeled and unlabeled samples
in reducing R(l,u) is equal to the ratio of their Fisher
informations. Moreover, labeled samples are not necessary in
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this framework and one can construct a decision rule based
solely on unlabeled observations, the risk of which converges
to R* with rate u~!. :

The main result of this paper is based on the assumption
that two densities g1(-) and go(-) are given, and that we do
not know whether g1(-) = f1(-) or g1(-) = f2(-). As before,
the mixing parameter 7 is unknown. We show that labeled
samples are now necessary to construct a classifier, and we
prove that, when I3+¢4~! — 0 as [ +u — oo, the risk R(l,u)
satisfies

AR(l,u) = R(l,u) — R* = O(u™") 4+ exp {~ID + o(l)}

where
D= —log{2\/ﬁ/\/}:(—x)—mda¢}.

This implies that, if wexp{—D [} — 0 and | = o(u),
the additional risk AR(l,w) is essentially determined by the
number of unlabeled samples in the training set, while if the
number of unlabeled samples « grows faster than exp {D {},
then AR(l,u) is essentially determined by the number of
labeled samples.

These results should extend to the more general framework
where the mixing parameter 7 and the the densities f1(-) of
the samples of Class 1 and fo(-) of the samples of Class 2

are unknown, f1(-) and f5(-) belong to a regular parametric

family F, and the class of mixtures G of two elements
of F is identifiable and satisfies the conditions for Laplace
regularity [13]. We can show [1] that the main result of
the present work still holds, namely, that labeled samples
are exponentially more valuable than unlabeled samples in
reducing the probability of error of nondegenerate Bayesian
classifiers. :

The general problem of learning with both labeled and
unlabeled observations is of practical relevance. In fact, the
construction of a training set is often performed by collecting
observations first and by labeling them afterwards, and in many
instances the labeling process is harder or more expensive
than the sampling step required to obtain the observations.
Sometimes it is impossible to label most samples, and in
some cases it is desirable to keep to a minimum the number
of labeled samples, as for example when labeling involves
the death of the patient. Therefore, situations in which both
labeled and unlabeled samples are available arise naturally,
and the investigation of the simultaneous use of both kinds of
observations in learning leads immediately to questions of the
relative value of labeled and unlabeled samples.

Among the practical learning schemes that use training sets
composed of both labeled and unlabeled samples there are
neural network classifiers [20], [23], [10], [11], [5], 28] and
parametric methods in discriminant analysis [22], [17], [18],
[26]. The problem of supervised learning in a parametric set-
ting has been widely studied, the most commonly encountered
approaches being maximum-likelihood parameter estimation
and Bayesian parameter estimation [19, ch. 2.1], [4, ch. V.5],
[9, ch. 5], [27, ch. 7]. Unsupervised learning is also often
addressed in a parametric setting [8, ch. 6], [4, ch. V]. Many
studies exist that analyze the behavior of the risk of classifiers
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in a supervised learning framework both for small training set
size [12], [24] and for large training set size {7], [27, ch. 9}].

II. FRAMEWORK AND PRELIMINARIES

Denote the labeled samples by pairs (X;,6;), where the
class labels {6;} are independent and identically distributed
with ‘

Pr{ﬁizl}:n Pr{0i=2}:1—néﬁ

and the observations {X;} are independent m-dimensional
feature vectors with conditional derisities fy, (-) given 6;. Thus
the joint density of the labeled pairs is

Fxo(2,0) = [nfi(@)] OV ()] 0 = e fo(z) (1)

where the indicator function 1(# = k) is equal to 1 if § = k,
and to 0 otherwise, and where 173 = 1,72 = 7. It is understood
to be a density with respect to the usual product of Lebesgue
measure for z in R™ and counting measure for # in {1, 2}.

When only the observation part X is known, we say that
a sample is unlabeled. To indicate an unlabeled observation
we use a prime superscript. The unlabeled observations X
appear to be distributed according to a mixture distribution
with density

Ixi(4) = nfi(-) +7f2() (2

which is the marginal of X corresponding to the joint (1).
To indicate dependence on n we also write these densities as
f(z,0|n) and f(z'|n), respectively.

Observe a training set ) composed of [ labeled sam-
ples {(Xi,61),---,(X;,6;))} and wu unlabeled samples
{X1, -+, X"} Let (Xo,00) be a new sample independently
distributed as the samples in the training set. We want
to infer the classification f; from the training set ¢) and
from X,, and we wish to minimize the probability of
error Pr{fy(Xo,Q) # 6o} among the class of measurable
classification rules

{60(X0,Q): R™ x {Q} — {1,21}

where {Q} refers to the set of possible training sets with
(Xi,0;) € R™ x {1,2} for i = 1,2,---,] and X} in R™
for j = 1,2,---,u.

When 7, fi() and fo(-) are known, the Bayes decision rule
is optimum for classifying X,. The Bayes decision rule is the
likelihood ratio test

J1(Xo) 7
fo(Xo) " m
filXo) 7

decide fo(Xo) =1 if

f2(Xo) <

The corresponding probability of error, the Bayes risk R*, is
given by

decide fo(Xo) =2 if 3)

j / min{nfy(z), Afa(z)} de. @
Rm

and is a lower bound to the probability of error of any
classification rule.
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When the training set is finite, the two densities f1(-) and
f2(-) are known, and the mixing parameter 7 is unknown, there
is no uniformly optimum rule that discriminates between the
alternatives 6y = 1 and 6y = 2. A general discussion of this
matter can be found, for instance, in Lehmann [16, ch. 1.4].

Here we are interested in the behavior of the risk of consis-
tent classifiers, those with risk converging to R* for all values
of the mixing parameter 7. Among the. possible definitions of
optimality (see, for example, the review in SenGupta [25)),
we choose to restrict the attention to admissible procedures. A
test 7' is admissible if no other test exists with risk smaller
than or equal to the risk of T for every n and strictly
smaller on a nonempty set. Among the class of consistent and
admissible classification rules, we consider Bayes tests with
smooth prior densities h(n) over [0,1] and calculate the rate
of convergence of the corresponding risk to R*. This choice
gives us a sufficiently rich family of classifiers, which are
optimal in the sense described in Lehmann [16, ch. 16]. Note
that in a Bayesian framework, the mixing parameter 7 is a
random variable. For notational purposes we shall use 7 to
indicate both the random .variable and the dummy variable in
integration and differentiation, and we shall use 7 to indicate
the actual value of the mixing parameter, i.e., the realization
of the random variable 7. ,

Then, in the current framework R(l, ) will denote the risk

of a Bayesian classifier based on a training set ) composed of -

[ labeled samples and v unlabeled samples, and AR(, u) will
be a shorthand for (R(l,u) ~ R*). Clearly, AR(l, ) depends
on the choice of the prior A(-), and arguably ARy, ({, 1) would
be a more appropriate notation. Nevertheless, if the prior A(-)
satisfies the regularity conditions specified in the theorems, the
first-order terms in the asymptotic expansion of AR(l, ) as a
function of [ and u do not depend on the prior, thus justifying
the notation. In addition, there is yet another advantage in the
choice of a Bayesian framework for the analysis, that provides
a rich family of optimal and admissible classifiers for which
the large sample size behavior of the additional risk AR({, u)
independent of the choice of the prior.

A Bayesian solution to a classification problem is by defini-
tion a rule that minimizes the conditional probability of error
given the training set ) and the new observation X (posterior
probability of error) among the class of measurable functions

{H(XU)Q): R™ x {Q} - {172}}'
The posten'of probability of error can be written as

Po(X0,Q) £ Pr{0(Xo, Q) # 60| X0, Q}
=Pr{f(Xy,Q) = 1} Pr{fy = 2| X, Q}
+Pr{(Xo,Q) = 2} Pr {6y = 1|Xo,Q}. 5)

Note that the overall probability of error P, for a given rule
# is given by

P = / Po(X0, Q) (X0, Q) dXo dQ.
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where f(Xo,Q) = f(X0)f(Q) with
l °
f@ =11 rxi6)- 1] £x7)
i=1 j=1

and the integration is understood in the natural way to be
integration with respect to a product of Lebesgue and counting
measures for (X, ;) and Lebesgue measure for X/ and X.
The classifier 8¢(Xo, Q) minimizing (5) is then character-
ized by , '
decide y(Xo,Q) = 1
if Pr {90 = 1|)(07 Q}> PI'{HO = ZlXQ, Q}
decide éO(XO, Q)=2
if Pr {(90 = 1|X(), Q}< Pr {00 = ZIX(), Q}
and is unique except on the set
{PI' {90 = 1‘X0, Q} = Pr{@o = 2|AX—07 Q}}
Consequently, a Bayesian solution is a ratio test of the form
Pr{6o = 1/Xo,Q}
Pr{0o = 2|Xo,Q}

Pr{go = ”XO)Q}
Pr {90 = 21X0, Q} <1 (6)

decide 0y(Xo,Q) =1 if >1

decide 0y(Xo,Q) =2 if

The following notation is used throughout this paper. Vec-
tors are meant to be column vectors. We use the same notation
to indicate scalars and vectors as it is always' clear from
the context whether quantities are scalar- or vector-valued.
Distinct points in a d-dimensional Euclidean space will be
identified by different subscripts. To denote the 5th component
of a vector z we use parentheses around the subscript. Thus
for instance, 1 and z» are distinct points in an appropriate
Euclidean space R™, and 0/0x ;) is the partial derivative with
respect to the 4th component of z. V denotes the gradient and
| - || the Euclidean norm. The overline sign is used in two

(distinct contexts. If a random variable 6 takes value in the set

(1,2}, then 0 2 1if 6 =2 and § 2 2if § = 1. I 7 takes
value in the interval [0,1], then 7 = 1 = 7.

1. UNKNOWN MIXING PARAMETER 7}

The first problem we analyze is the construction of a
classifier using a training set ¢ composed of [ labeled
samples {(X1,61),---,(X:,0;)} and u unlabeled samples
{X{,---, X/} under the assumption that the densities f1(-)
of the observations of Class 1 and fo(.) of the observations
of Class 2 are known, and that the actual value of the mixing
parameter 7 is unknown. We. consider Bayesian classifiers
with respect to a prior density A(-) -over 7.

Theorem 1, below, states that Bayesian solutions with
respect to smooth priors are asymptotically equivalent, in the
sense that for large sample size the additional risk AR(l, u) is,
to the first order, independent of the choice of the prior density
h(-). In addition, the theorem states that labeled and unlabeled
samples play a very similar role in reducing the probability
of classification error and that their relative value is equal
to the ratio of the respective Fisher informations. The proof
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of Theorem 1 is a specialization of a result of O’Neill [21,

Theorem 1], the details of which we shall omit. A different

proof can be found in [3].

Theorem 1: Assume that the observations are real-valued
random variables. Let the densities f;(.y and fz(-) be three
times continuously differentiable with bounded first and sec-
ond derivatives. Assume that, with the exception of a finite
number of values of the mixing parameter 7, there is a finite
number of solutions {z7} of the equation 1f;(-) —7f2(-) =0,
and that the derivative of [nfi(z) — 7 f2(z)] with respect
to z evaluated at each z] is different from zero. Let Z be
the exceptional subset of [0, 1] where the previous conditions
are not satisfied. Assume that the actual value 7y of the
mixing parameter does not belong to =, and that 0 <7y < 1.
Consider any Bayes test defined as in (9) and characterized by
a prior distribution h(7) that is continuous and positive at all
n € [0,1]. The corresponding probability of error satisfies

C

R(l,u) — R* ~
(1 u) [ Li(no) + w Lu(no)

)
where
1
I = —
1(10) nonz

and

_ [fl(ﬁl?)*ﬁ(ﬂ”)]2 -
Lu(ro) = / Nof1(®) + 7z f2() 4

are, respectively, the Fisher informations of the labeled and
unlabeled samples, and c is the constant

15 LAY+ AEP
=5 2 ool — 72 D) ®)

where the {z?} are the solutions of [ f1(z) — Hzf2(z)] = 0.

The notation ~ should be read “is asymptotically equivalent
t0” and means that the ratio of the right-hand side to the
left-hand side converges to one. Note that ¢ depends only on
no, f1(-) and f5(-), but not on the prior h(-). Also, the only
smoothness conditions on the prior A(-) required by Theorem
1 are h(-) € C°([0, 1]) and h(n) > 0 for all 5 € [0, 1]. Finally,
note that if the observations X; take values in R™, the constant
¢ is replaced by

(1) + o(@)?
o ¥l fr(@) = 7o fo @) 7

where D is the surface of the equation 7 f1(z) = Tof2()
and pp is the Lebesgue measure on D.
Proof: We reduce the Bayesian classification problem to
a Bayesian estimation problem with respect to the squared
error loss function, by means of the following lemma.
Lemma I: Bayesian solutions have the form

oA _ .. f1(Xo) . En[7)Q)
decide g =1 if F2(%o) > AL
decide 6, =2 it J1(K0) _ En[nlQ] ©)

f2(Xo) ~ En[nlQ]
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where h(-) is the prior density on 7, where the posterior
expectation of 7 is

nf(Q|n)h(n) dn
Enln|Q) = / nfn(n|Q) di e

and the terms f(Q|n) and f((Q)) are given by

f(@Qln) = Hne fo. (X H nf1(X]) + 1fo(X})]
Q)= h[ (Qn)]
where 71 = n and 1o = 7.
The proof is given in Appendix Al. O

Theorem 1 has now been reduced to a classical framework.
We refer the interested reader to O’Neill [21], where the
behavior of parametric classifiers under regularity conditions
is analyzed. Here, it suffices to remark that, thanks to Lemma
1, Theorem 1 can be derived as a specialization of O’Neill’s
Theorem 1 [21]. Moreover, the hypotheses of his theorem are
satisfied by our current assumptions. ]

Equation (7) can be interpreted as a Taylor series expansion
of the risk around the true value of the parameter [3]. In fact, if
R(7) indicates the error rate of the likelihood ratio classifiers
based on 7, instead of the true value of the mixing parameter
1o, then '

() = R(m) + 7-R(1) = )
2 |
+ 373 B = m)? + O = m)")

and

R0, 0) = BLRO)] = R + 5 2o ROl B[ -m0) (1+0(1)
10)

where

d? .
Cc= 2'6111772]%(77)"710
and

E{(7 ~ n0)?] ~ [1 Ti(m0) + L. (mo)] ™"

Here the convergence of the moments can be checked for the
Bayesian estimator of 1 by modifying slightly the proof of a
theorem [15, Theorem 6.7.1] of Lehmann. It is easy to show
that the Fisher information for the labeled and the unlabeled

- samples are, respectively

1 [fi(z) — folm )]2
Li(n) = P Fuln /n0f1($)+770f2( )

From the inequalities
- [fi@) - f@)]
“mofi(z) + Mo f2(x)

f1(x)
~ nofi(z) + T f2(x)
B
nof1(x) + 7o f2(x)
Mo Mo
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it follows that I;(ng) > I,(no), and that equality holds if
and only if the intersection of the support sets of f1(+) and
fa(+) has measure zero. Thus labeled samples are strictly more
valuable than unlabeled samples, unless the support sets of the
underlying densities do not intersect.

A. An Example: Known f1(-), f2(-), Unknown

To illustrate the result, consider a simple example. Let
fi(z) = 2z, falz) = 2(1 — z) for z € [0,1], fi(z) =
fa(z) = 0 otherwise. Assume that the actual value of the
mixing parameter is 7o = 1/2. Then 7o f1(z) + To fo(z) = 1
for z € [0,1]. Here 70 f1(-) and 7, f2(+) cross at a single point
x° = 1/2. The constant c is then given by

1 (f1(z?) + fa(aD))?
"2 2 i)~ mof3(ad)
L (hGE)+ ARG 1 412
B CE O
and the Fisher informations for labeled and unlabeled obser-
vations are, respectively

1 e 4
I = - =4 I,(n :/ 20 — 2+ 22)%ds = —.
l(m) -~ MoNo ( O) 0 ( ) 3
Thus
. 1
R(l,u) — R* ~ pTRRE
) 3

and consequehtly labeled samples are three times more valu-
able than unlabeled samples in reducing the probability of
error. Adding one labeled sample to the training set results
in the same reduction of the risk as adding three unlabeled
samples. (]

If the distributions of the two classes of samples are given,
the. only unknown being the mixing parameter 7, the labeled
and the unlabeled samples play a similar role in reducing
the probability of error, in that both kinds of samples reduce
the uncertainty in recovering the boundaries of the decision
regions. A classification rule can be constructed using either
labeled observations or unlabeled observations or both.

To obtain the same reduction in the probability of error that
results from adding one labeled sample to the training set we
must add I;/I,, unlabeled observations.

IV. UNKNOWN ASSOCIATION OF THE
KNOWN DENSITIES WITH THEIR LLABELS

Let now two densities g1(-) and go(:) be given. Assume
that from the form of the densities one cannot infer whether

91(-) = fi() and g2(-) = fo() or if g1(-) = fa(-) and

g2(-) = f1(-). Let the probability 7o of observing a sample

of Class 1 be unknown and call {p the mixing parameter
associated with g1(-). Define a random variable Z by

Z=1 it q()=f(), g2(-) = fol-) and ¢ =10
Z=2 if qg1(-) = fz(')y 92() = f1(-) and (o =no

and let Pr{Z = 1} = Pr{Z = 2} = 1/2 to indicate
that the forms of g1(-) and g2(-) do not help in' deciding
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whether g1(-) = f1(-) and ga(:) = f2(-) or if the opposite
holds (g1(-) = fa2(-) and go(-) = fi(+)). It is worth noting
that the conditional distribution of the unlabeled samples
given ¢ does not depend on Z. We observe a training set
@) composed of [ labeled samples and « unlabeled samples, .
independently distributed as described in the previous section.
We are interested in the behavior of R(l, u), the risk of a Bayes
classifier with respect to a smooth prior 2(¢). Note that here
we put a prior on ¢, while in Section III the prior was on 7.
The notation { indicates the random variable (or the dummy
variable in integration and differentiation) and (, denotes the
actual value of the mixing parameter associated with g1 (-).

‘One could be tempted to extend the results of Theorem 1 to
the current framework and write AR(I,u) ~ clul, + [I;]7*.
This conclusion holds true when w = O(l), but care must
be taken when the ratio {/u converges to zero as the sample -
size grows to infinity. In particular, one cannot construct -a
useful Bayesian classifier relying only on unlabeled samples,
ie, R(0,u) = 1/2 Yu.

We have addressed a particular case of this problem in
a previous paper [2], where we have proved that, when
the training set contains an -infinite number of unlabeled
samples and [ labeled samples, the probability of error R(I, co)
converges to the Bayes risk R* exponentially fast in the
number of labeled observations, with exponent

D;_log{zﬁ/mdx}.

Here we analyze the dependence of the additional risk
AR(l, u) on the number of labeled and unlabeled observations
for finite sample size. We consider the large sample behavior
of AR(I,u) and we assume that there exists a small constant
€ >0 such that [3T¢y~1 — 0 as | + u — oo, the extension of
the result to the case >T™“u~! — oo, | = o(u) being straight-
forward. The assumption that [**¢u =1 — 0 is consistent with
the basic motivation of the analysis: we analyze cases where
the unlabeled samples are cheap and easily available, while
the labeled samples are expensive or hard to obtain.

We first write test (6) in a form'that simplifies the subsequent
analysis. The conditional probability of the event' {6y = &}
given the training set () and the new sample Xy can be
rewritten using Bayes theorem as

Pr{fy = k|Q}
F(X0]Q) 7‘
E=1,2. (1D

Pr {0y = k| X0, Q} = f(Xoldo = k, Q)

Then the ratio in test (6) can be expressed as

Pr{fy =1)X0,Q} _ f(Xolfo =1,Q)Pr{fp = 1|Q}
Pr{fo = 2|Xo,Q} f(Xolfo=2,Q)Pr{fo=2|Q}
: (12)

Theorem 2 below is stated in terms of the underlying densities
f1(-) and f2(-) and addresses the functional dependence of
R({,u) on the number of labeled samples { and of unlabeled
samples v for the case (37¢4~1 — 0. In the derivation, let
s, denote the surface of equation nf1(x) ~ ffa(z) = 0, let



CASTELLI AND COVER: RELATIVE VALUE OF LABELED AND UNLABELED SAMPLES IN PATTERN RECOGNITION

V denote the gradient, let || - | be the Euclidean norm, and
-assume that the integral
2
(f1(z) + falz)) ds, ()

s, IVInfi(z) —nf2(2))l

exists finite and is twice differentiable with respect to n for
almost all n, with the possible exception of a finite number of
values. Call the Z the exceptional subset of [0, 1].

Theorem 2: Let the densities f1(-) and fo(-) be three times
continuously differentiable, with identical support sets. Let the
prior h(-) be four times continuously differentiable. Assume
that the actual value of the mixing parameter 7y does not be-
long to the above defined exceptional set =, and let 0 < ng < 1.
If I3tey =1 — 0, the probability of error of the Bayesian test
(6) satisfies

<MLM—R*=O(%)+wp%I”+dD} (13)

where the exponent is given by

D= ~log{2\/ﬁ/\/fT(E)f—2(ada:}
and
~tog [ VAW da

is the Bhattacharyya distance between the densities f1(-) and
f2() 1291,

We can give here a simple interpretation of the theorem. If
the number of labeled samples is small compared to the num-
ber of unlabeled samples, AR(,u), the difference between
the risk R(l,u) of the test and the Bayes risk R* is the sum
of two terms.

The first term (which, as seen in the proof, is related to
the uncertainty in identifying the correct decision regions or,
equivalently, the mixing parameter rg) depends, to the first
order only, on the number u of unlabeled samples in the
training set.

The second term reflects the uncertainty in labeling the
densities g1 (-) and go(-). Asymptotically, the probability of la-
beling the densities incorrectly depends on the labeled samples
alone and converges exponentially fast to zero in the number
[ of labeled observations in the training set.

We prove the theorem as follows. We first expand the
ratio (12) of the optimal Bayesian solution in terms of the
conditional posterior expectation of the mixing parameter ¢
given Z = 1 and Z = 2 and of the conditional probabilities

of the events {Z = 1} and {Z = 2} given the training set

(2. Then we construct a second test that uses the maximum-
likelihood estimator of ¢ instead of the posterior expectation,
and claim that the first-order terms of AR(I,u) for the
Bayesian solution and for the new test are equal, delaying the
proof of the statement to Lemma 4 at the end of the section. We
show that the test based on the maximum-likelihood estimator
is equal to a two-stage procedure. In the first stage, the
observation space is partitioned in two decision regions using
the maximum-likelihood estimator of the mixing parameter
based on the unlabeled samples alone. In the second stage,
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the decision regions are labeled by deciding that Z = 1 if
Pr{Z = 1|Q} >Pr{Z = 2|Q} and by deciding that Z = 2
otherwise, and the new sample X is classified according to
the decision region in which it falls. '

In Lemma 2 we show that the probability that the decision
regions are labeled incorrectly depends, to the first order only,
on the number of labeled samples in the training set, and
converges exponentially fast to zero.

In Lemma 3 we show that the test that uses the maximum-
likelihood estimator of 7 to recover the decision regions has
probability of error equal to the Bayes risk R* plus a term of
order O (u™1).

Lemma 4 finally addresses the claim that the additional
probabilities of error of the described procedure and of the
Bayesian solution are asymptotically equivalent, in the sense
that their ratio converges to one.

Proof: The numerator and the denominator of the ra-
tio (12) can be rewritten by conditioning on Z and taking
expectations

f(Xo|8o =k, Q) Pr{bp = k|Q}

= Ez[f(X()IHO = k, Q, Z) Pr {90 = kIQ, Z}
for k = 1,2. When Z = 1 and 8y = 1, the density of X is
g1(-), when 8y = 1 and Z = 2, X, is distributed according
to g2(-), and similarly we can write the conditional densities
for the other combinations of #, and Z. Thus the conditional
distribution of Xy given Z = k and 6y = m is independent of
the training set (). The numerator of (12) becomes

f(Xolfo = 1,Q) Pr{f = 1|Q}
= Ez[f(Xolfo = 1,Q, Z2)Pr {6y = 1|Q, Z}]
= g1(Xo)Pr{fo = 11Q,Z = 1} Pr{Z = 1|Q}
4+ 92(Xo) Pr{by = 1|Q, Z = 2} Pr{Z = 2|Q} _
= 91(X0)Er[¢1Q, Z = 1] Pr{Z = 1|Q}
+ 92(X0)ER[(|Q, Z = 2] Pr{Z = 2|Q}

and, similarly, the denominator becomes

f(Xolbo = 2,Q) Pr{fy = 2|Q}
= g1(Xo)Er[C1Q, Z = 2] Pr{Z = 2|Q}

+ 92(X0) Enl[C1Q, Z = 1]Pr{Z =1|Q}.

To simplify the subsequent expressions, define a 2 pr {Z =
1|@}, let b and ¢ denote the conditional expectations of { given
Q and Z =1, and given @ and Z = 2, respectively, i.e.,

b€ EAC|Q 2 =1]

¢ & EC1Q, 2 =2
andlet a2 1—a, b2 1—b,and € 2 1 — c. The ratio (12)
then becomes

Pr {90 = 1|X07Q} _ abgl(Xg) +6592(X0)
Pr{fo =2|X0,Q}  deg:1(Xo) + abga(Xo)

a4

Let now ((*) denote the maximum-likelihood estimator of
¢ based on the unlabeled samples. We show in Appendix
A2b) that the smoothness of h(-) and the assumption that
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— 0 imply that u2/3(b—c) — 0,u2/3(b— (™)) = 0,
and u?/3(c — (™) — 0. It follows that all Bayes tests with
respect to a three times continuously differentiable prior are
asymptotically equivalent to the test

l3—|—eu—1

ac<“ g1(Xo) +aC™ ga(Xo)

decide éo =1 ( >1
aC(“)Ql(Xo) + 0l g5(Xo)
« Fu) F(u) :
decide §y =2 i 2o 91 (X) 4T Tg2(Xo) g5
a) gy (Xo) + alga(Xo)
in the sense that the ratio of the difference R({,u) — R* for

test (15) and of the corresponding difference for the Bayesian
solution based on the ratio (14) converges to one as the training
set size goes to infinity. A formal proof of this statement is
given in Lemma 4, at the end of this section. With some
algebra, test (15) can be rewritten as

— @]>C™ gy(Xo)[a — @]

—a]<(™ gy(Xo)[a — ).
(16)

decide o = 1 if {Wgi(X)a
decide g = 2 if {Mgi(Xo)[a

We can interpret test (16) as a two stage procedure.
Stage I: Partition the sample space in the regions X} and
Xo defined as

I

{{"q1(z) > {Wgy(a)}
{{™g1(z) < (M ga(a))
using the maximum-likelihood estimator of the mixing param-
eter ¢ based on the unlabeled samples alone.
Stage 2: Label the regions A; and X, by deciding
if Pr{Z=1|Q}>Pr{Z=2|Q}
if Pr{Z=1|Q}<Pr{Z =2|Q}.

X 2
X

>

Z =1
Z =2
Let the new sample X be classified with the label of the

region in which it falls.
It is easy to see that the interpretation holds. In fact, recall

that ¢ £ Pr{Z = 1|Q} and note that the form of test (16)
- depends on the sign of @ — @: if a — @ >0, the test is

decide g = 1 i f(“)gl(Xo) >Z(u)92(X0)

decide fp =2 if (g (Xo)<C™ga(Xo)  (17)

and if a — @ <0, the inequalities. are reversed; namely, the
test is

decide fg =1 if & g1(Xo) < C™ ga(Xo)

decide §p =2 if (Wg1(Xo)>CMga(Xo)  (18)

and the interpretation follows immediately.

To evaluate the risk of test (16) we analyze it in terms of
the underlying densities f1(-) and f2(-). If Z = 1, test (17)
is actually

decide fp =1 if ™) f1(Xo) > 7™ f2(Xo)

decide §p =2 if 74 f1(Xo) <A W f2(Xo)  (19)
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and test (18) is actually

decide By =1 - if 7™ f1(Xo) <7 fo(Xo)
decide fp =2 if 4™ f1(Xo) > 7™ fo(Xo)  (20)
while if Z = 2 the opposite holds. Note that, as f () converges
to (o, the risk of test (19) converges to the Bayes risk R*,
while the risk of test (20) converges to 1 — R*. Thus test (16)
is conditionally identical to test (19) given that the decision
regions are labeled correctly, and to test (20) otherwise. Let
A = A(l,u) be the event corresponding to the incorrect
labeling of the decision regions A7 and X;. We can' then
evaluate the risk of test (16) by means of the total probability
theorem as

R(l,u) =Pr{error|A} Pr { A} + Pr {error| A} Pr { A}
=Pr {error[A} + Pr {A}(Pr {error|A}

— Pr{error|A}). (1)
The quantity (Pr {error| A }—Pr {error|A}) converges to 1-2R*.
To calculate R(lu) we must then evaluate Pr {error|A} and
Pr{A}.

Lemma 2: Under the assurnptlons of Theorem 2, the prob-
ability Pr{ A} of labeling incorrectly the decision regions X3
and X, converges exponentially fast to zero in the number
of the labeled samples in the training set, the exponent being
equal to —DI + o(l), where

= —log {%/ﬁ/de}

The proof is in Appendix-A3. Thus the first-order term of the
probability of using the right or wrong test is a function of
the number of labeled samples alone. The following lemma
is devoted to the evaluation of Pr{error|A}, the conditional
probability of error given the correct labeling of the recovered
decision regions. Note that, when the decision regions ‘are
labeled correctly, test (16) is equal to test (19). From Lemma
2 it follows that Pr{A} is, to the first order, a function of
the number [ of labeled samples. Test (19) is based on'the
maximum-likelihood estimator of ¢ based on the unlabeled
samples only. Thus Pr {error|A} is equal to the unconditional
probability of error of test (19).

Lemma 3: Under the assumptions of Theorem 2, the prob-
ability of error of test (19) equals. R* plus a term of order
O (1/u). '

Proof: By inspection one sees that test (19) is formally

. equal to test (9), where 77(*) has been substituted for Ej,[1]Q].

Then the lemma follows 1mmed1ately from the cited result by

O’Neill. :

We can now prove the claim that the additional probabilities
of error of the optimal Bayesian solution to the classification
problem and of test (15) are asymptotically equivalent. From
(21) and Lemma 2 it follows that to prove the claim we
only need to address the relation between the conditional
probabilities of error of test (19) and of the optimal Bayesian
solution given that the decision regions are labeled correctly.
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Lemma 4: Under the assumptions of Theorem 2, the dif-
ference of the conditional probabilities of error of test (19)
and of the Bayesian solution based on ratio (14) given Z = 1
and {Pr{Z = 1|Q} > Pr{Z = 2|Q}} is of order o(u~1).
Similarly, the difference of the conditional probabilities of
error of test (20) and of the Bayesian solution based on ratio
(14) given Z = 2 and {Pr{Z = 2|Q} > Pr{Z = 1|Q}} is
of order o(u™!).

The proof is in Appendix A4.

Upon substituting the results of Lemma 2 and Lemma 3 in
(21), the proof of Theorem 2 is completed. [

A. The Example Continued

We now continue the analysis of the example. Recall that
fi(@) =2z, fo(z) = 2(1 — z) for z € [0,1], f1(z) = fo(z) =
0 otherwise, and that the actual value of the mixing parameter
is mo = 1/2. The Chernoff exponent for the classification
problem is then equal to

D =—10g{2\/770ﬁ0/\/f1($)f2(93) dﬂ?}

:—-10g{21/%<1 - %) /01 \/i}mdm}
:—log{z/ol \/f:v—?dx} = log%.

Thus by combining the results of Theorem 1 and Theorem 2
we obtain

CPURL _
R(l,u)— R T ul. +exp{—ID+ o(l)}
1 o\ ()
~— 4 (= . 22
4l + %u + (4) (22)
In Section III-A we have seen that, when ! = O(u) and
u = 0() '
3/4
R(l,u) - R* ~ .
(u) 3l +u

From (22) it follows that, if I = o(u) and exp {{D}u~! — oo,
then ‘

3/4  3/4 3
3l+u  uto(u) 4du

R(l,u) —~ R* ~

and, therefore, the asymptotic behavior of the probability of
error depends, to first order only, on the number of unlabeled
samples. Thus when | = o(u) and exp{ID}u~! — oo,
labeled samples are three times more valuable than unlabeled
samples in reducing the probability of error, but their overall

contribution is negligible. If exp {{D}u~! — 0, then from

(22) it follows that

R, u) — R ~ exp{—LD + o(l)} = (%>l+o(l)

and the asymptotic behavior of the excess in the probability
of error depends, to the first order, on the number of labeled
samples alone. Note that labeled samples are very valuable:
adding one labeled sample to the training set reduces the
excess probability of error by a factor 4/7 = 1.27324.
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V. DISCUSSION AND CONCLUSIONS

We have examined two apparently similar situations. In the
first case, where the distributions of the two classes of samples
are known, the additional probability of error AR(l, ) of any
Bayesian solution to a classification problem with respect to
a smooth prior is due to errors in estimating the true value of
the mixing parameter 79, which result in errors in evaluating
the boundaries of the decision regions. We have shown that

o C
AR(Lw) = Rlu) = B ~ e

where
Pl R )
| u = —
70710 nof1(x) + 7o fa(z)
and c is a constant that depends only on the densities of the
two classes of samples and on the mixing parameter but not
on the choice of the prior A(-).

Labeled and unlabeled samples play a very similar role in
the construction of a classifier. The labeled samples are I; /1,
times more valuable than the unlabeled samples in reducing
the additional risk AR(I, ). However, a decision rule can be
constructed using unlabeled samples alone.

The main result of this work is the analysis of the classifica-
tion problem under the assumption that two densities g4 (-) and
g2(-) are given but it is not known which distribution is f;(-),
the density of the samples of Class 1, and which distribution is
f2(-)- We have defined a random variable Z, where Z = 1 if
g1(:) = f1(+) and ga(*) = f2(-), and Z = 2 otherwise, and we
have assumed that Pr{Z = 1} = Pr{Z = 2} = 1/2. Within
this framework, not only the boundaries but also the labels of
the decision regions must be inferred from the training set. We
need labeled samples to construct a classification rule, since
unlabeled observations are independent of the random variable
Z. We have shown that, if *t¢4~! — 0 as ([ + u) — oo, the
probability of error of any Bayesian classifier with respect to
a smooth prior satisfies

Rl.u) - B = o(%) texp{-ID+o()} (23)

where
D= _1og{zm / ﬂmdx}

and

g { [ VAGIRG) s

is the Bhattacharyya distance between the densities f;(-) and
f2(-). The first term on the right-hand side of (23) is due to the
approximation in partitioning the sample space and depends to
the first order only on the number of unlabeled samples. The
second term is due to the probability of error in labeling the
decision regions, or, equivalently, in deciding whether Z = 1
or Z = 2. The probability of labeling incorrectly the estimated
decision regions converges exponentially to zero in the number
of labeled samples.

The behavior of the risk can be interpreted as follows: if the
number of unlabeled samples u grows faster than exp { DI},
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the additional probability of error is asymptotically equivalent
to the probability of labeling. the decision regions incor-
rectly, namely AR(l,u) ~ exp{—DI}. On the other hand,
if uexp{—DI} — 0 and | = o(u), AR(l,u) is determined by
the error in estimating 7o from the data, and is asymptotically
equivalent to ¢(Z,(no)u)~!. We conclude that in the second
case, labeled samples are necessary and exponentially more
valuable than unlabeled samples in constructing a classification
rule.

APPENDIX -

The appendix is devoted to the details of the proofs of the
supporting lemmas.

Al. Proof of Lemma 1

Lemma 1 states that the ratio used in the Bayesian solution
to the classification problem can be expressed in terms of
the underlying densities f;(-) and f»(-) and of the posterior
expectation of the mixing parameter 7 as

Pr {60 = 1|X0,Q} _ f1(Xo)En[n|Q]
Pr{fo =2[Xo,Q}  fo(Xo)Er[AQ]

thus allowing us to reduce the Bayesian classification problem
to the framework of O’Neill’s theorem [21, Theorem 1]. To
prove the lemma, expand the conditional probability that Xo
has classification 1 given X and the training set Q as

Pr{6o=1|Xo, Q} = Ep[Pr {6o=1|X0, Q, n}]

1
_ /0 Pr{8p=1|Xo, @, 7} £ (n| X0, Q) dn

The conditional probability that 8y =
independent of ¢J); consequently

1 given n and Xy is

Pr{f0y = 1|Xo, Q,n} = Pr{f = 1| X0, n}.

This last conditional probability is easily evaluated using
Bayes theorem,

nfl(Xo)
nf1(Xo) + 7f2(Xo)

Pr {90 = 1|X(],7’]} o=

The conditional density of n given Xy and @ can be written
by invoking once more Bayes theorem to obtain
f(n|Xo,Q) = f(Xo, Qn)h(n)/ f(Xo,Q) .
where f(Xo,Q) is independent of 7, being equal to the
expectation of f(Xo, @|n). Note now that the samples in the
augmented training set {Xo,Q} -are independent given the
mixing parameter 7, thus

f(Xo,Qln) = f(Xolm) f(QIn)

= [nf1(Xo) + 0 2(Xo)]f(Q|n)-
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We can now rewrite the conditional probability that g = 1
given Xy and Q as

/1 nf1(Xo)

o 1f1(Xo) +7f2(Xo)

[nf1(Xo) +ﬁf2(X0)] (an)
[(Xo,Q)

Oy

Multiplying and dividing the integrand by b (Q) and applying
Bayes theorem yields

Pr{fy = 1|X0,Q} =

h(n) dn

Pr{f = 1/X0,@) = leO / nf(Qln)h EQ§
L0

_ fQIn n
=h Xo)f(Xo, /

:fl(XO)—X_U)/ 77f(77|Q)d77

) JQ) '
= AX0) T s FilnlQ) 04
Pr {0 = 2/X0, @) = fu(X0) f(ﬁﬁQ)Q)Eh[m@]. 25)

The term f(Q)/f(Xo, Q) appears in both (24) and (25); thus
it cancels in the ratio of the conditional probabilities. We
conclude that : -

Pr{f = 1X0,Q} _ /1(Xo)Esln|Q)]
Pr{fo = 2[Xo,@}  fo(Xo)En[TIQ]
thus completing the proof. I

A2. Bayes Estimators and Maximum-Likelihood Estimators
of the Mixing Parameter

The main step in the proof of Theorem 2 is the approxi-
mation of Bayesian solution based on the ratio (14) by means
of test (15). By inspection one sees that the structure of the
two tests are analogous; the Bayesian solution is based on b
and ¢, the conditional posterior expectations of ¢ given Z =1
and Z = 2, respectively; test (15) instead is based on (%), the
value of ¢ maximizing the likelihood of the unlabeled samples.

A.2a) Posterior Mean and Maximum Likelihood Estimator:

‘We address the problem of the relation between the maximum-

likelihood estimator of (o, denoted by f , and Bayes estimators
with respect to the squared error loss function, with smooth
priors h(-). We require that A(-) be four times continuously
differentiable. Bayes estimators with respect to the squared-
error loss function are the conditional expectation of the

‘parameter given the data, and can be written invoking Bayes

theorem as

_‘ 1 \— 1 M
EA0Q] = /0 CsC1Q) de = / CHQIO T de

/O CFQIOR(C) d

. : (26)
/0 FQIOMC) de
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If the likelihood of the training set is unimodal, as it is the
case when we calculate the quantities b £E [€|Q,Z = 1] and
c2 E[¢|Q,Z = 2], (26) can be evaluated using Laplace’s
method of integration. Following, for instance, the approach of
Kass, Tierney, and Kadane (see [13, Theorem 4]), we conclude
that ‘

EQ.Z =k =({+0 (%) @7

where n = I + u is the training set size and ( is the value
maximizing the likelihood f(¢|Q).

A2b) The Maximum-Likelihood Estimators { and (™) The

purpose of this section is to prove the claim that u2/3(b —
(™) — 0 and u*/3(c — (™)) — 0, with the aid of (27),
where f (%) is the maximum-likelihood estimator of the mixing
parameter based on the unlabeled samples alone. We analyze
in detail the behavior of b, the other case being analogous.
From (27) it follows that

w3 (b= {0 = (¢ = () + O (),

Thus to prove the claim we only need to bound from above
(in probability) the term |¢ — ((*)|. The average log-likelihood
of the training set can be written as

uT (@5 €) = [T L(Qu; ¢) + T (I L(Qu 0))-

We want to compare the solutions of (d/d¢{)u=1L(Q;¢) =0
and of (d/d¢)u'L(Q.;¢) = 0. Note that log {Cg:1(z) +
Cga(z)} is a strictly concave function of ¢ for fixed value
of z. The average log-likelihood of the unlabeled samples
is therefore strictly concave, being the average of strictly
concave functions, and the maximizing value {(*) is therefore
unique. The same holds for the conditional log-likelihood of
the labeled samples given Z = 1, i.e,

!
TL(Qu¢|Z =1) =171 ) log {Co, g0, (Xs)}
. =1

where, as usual, (g, = ¢ if §; = 1,{p, = C if §; = 2. Thus the
conditional log-likelihood of the entire training set is a strictly
concave function of ¢ and has a unique point of maximum
¢, We can therefore reduce our analysis of |¢ — ()] to the
study of the roots of the equations

wH(d/dC) L(Qu; ) =0
and
wHd/dO)L(Q;¢; Z =1) = 0.

Lemma 5: There exist strictly positive constants M and D,
such that

. 1 P L
~ lim = — () -
uh_)r{.loulogPr{K ¢ |>Mu}2D<.

To find an upper bound in probability to |¢ — ()|, we use
a worst case approach: we bound in probability from below
the absolute value of the derivative of the log-likelihood of
the unlabeled samples and from above the absolute value of
the derivative of the log-likelihood of the labeled samples, and
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we use the bounds to evaluate the point of maximum of the
log-likelihood of the entire training set.

In the neighborhood of () the log-likelihood of the unla-
beled samples can be expanded in Taylor series as

S H(Qui0) = T L(Qui ()
L Eh@u0)|, (€=
+iqmi@o| E5T =L\l
+ %%L(Qu;é)‘f(c—_g—(m—)i

for some ¢ of the form A(®) + A, A € [0,1]. The first
derivative of L(Qu; () evaluated at ¢ (#) is equal to zero, since
¢™) is the point of maximum. Consider then

1 &2

- EC—QL(Qu; ¢)

1 &2 Nt Can( X
T ; a7 loe{Cq (X5 +Cg2(X))]
1 [91(X)) — g2(X1))?

U [C00 gy (X1 +E gy (X2
(28)

)

The right-hand side of (28) is the average of i.i.d. random
variables, the expectation of which is finite and negative for
all f () close to (o. We now show that there exists an interval
centered on (; where the average (28) is uniformly smaller
than —e with conditional probability converging exponentially
fast to 1 in u given the event {(y ~ § < 5(“) < (o + 6}, for
some appropriate choice of § > 0. Define the event

Ai(e,8) 2 L3¢ € (¢ — 26,Co + 26):
1 [91(X}) — g2(X))]?
P> [€g1(X}) + Coga(X))]?

j=1

Lemma 6: There exist strictly positive quantities D., and
€, such that

~ Tim ~logPr{Ax(c,8) [ - o] <6} = Do (29)

Proof: Fix a small quantity € >0 such that I,,({p) > 2¢,
where I,,((o) is the Fisher information of the unlabeled sam-
ples. The average second derivatives of the log-likelihood of
the unlabeled samples evaluated at {; converges almost surely
to minus the Fisher information. From Cramér’s theorem (see,
for instance, Dembo and Zeitouni [6]) it follows that there exist
constants D, and ug greater than zero such that, for all u > ug

1 (@) -g(X)?
P e 2 G () 1o X

=1

> —2¢ p<exp{—uD.}.
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Use the intermediate value theorem to rewrite the second
derivative of the log-likelihood as

1 42
azWL(Q@C)L
1 d2 ) 1 43
= L ae HQui¢) t Ed—GL(Qu;C)L(C“Co)

(30)

for ( = aly + @(, some appropriate « € [0,1]. The third
derivative of the average log-likelihood with respect to ¢ can
be bounded as

1 a3
Ed_ggL(Qu;g) = —Z

— g2(X9)]?
+C92(X')]

Cgl
1

S
min{¢?, ¢°}
Then we can bound from above the second derivative (30) as

follows:

1 2

€)Y

L o)
u d(? ¢
1 d2
S EEFL(QuaC) o
1 d8
+1¢—Co| sup ‘ Qu; ‘
’ C=agotac, |V dCS HQui0k
aE[O,l]‘
1 42
< ad—@L(Qu’C) o
¢ — Col

T min{ (G~ 1€ = Gl (L~ o = [0 — G}

where the last inequality is a direct consequence of upper
bound (31). Conditional on the event

{(1/u)(d?/d¢*) L(Qu; Ol¢y < 2¢}

the second derivative (1/w)(d?/d(?)L(Qu; () is less than or
equal to ¢ for every ( in the set

22 € - Gl <)
mind(Co — ¢~ Go[)?, (1 = Go — [¢ = ¢)3}1 —
Let 26’ be the supremum of | — C0| over the sét Z Recall
the assumption that there exists a symmetric open interval
centered on 7 all contained in the parameter space [0, 1], let
26" be the half width of this symmetric interval and define
6 = min{¢’,6"”}. Then
lim (1/u)logPr{4;(c,8)] Ic™ — &| < 6} = —
U000
Note that a suitable choice for § is emin{((p)?, (1 — ¢3)3}.0
Lemma 7: There exists a positive constant D,, such that

1 ~r,
lim —logPr{|C™ = (o[} > 6 = ~D,,

where ¢ is the quantity defined in the previous lemma.
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Proof: The log-likelihood of the:unlabeled samples is a
strictly concave function of ¢ for all values of 2. Consequently,
the average log-likelihood of the unlabeled samples in the
training set, w1 L(Q,; ¢), is a strictly concave function, being
the average of strictly concave functions, and thus it has a
unique maximum. The average log-likelihood converges to its
expectation, which has a unique maximum at the true value
of the parameter (y. This is easily seen, as

/ [Cog1(z) + Coga(2)] log [Cg1 (#) + Caa()] de

= [icoas ) + Cogale g 6093 (2) + o
Cog1(z) + (pg2(z)
Cg1(z) + Cga ()
— D(Coga(2) + Cog2(=)||

~

| dz

~—~

- / [Gog1 (%) + Toga(2)] log

= h(Cog1(x) + Cog2(x))
“¢g1(z) + (g2(x))

< h(Cog1(z) + (og2(z))

where h(-) is the differential entropy and D(||-) is the Kull-

back-Leibler distance, which is greater than zero if the two

arguments are different. By inspection one sees that the av-

erage log-likelihood of the uniabeled samples is differentiable

with respect to ¢. From the differentiability and the concavity
of the log-likelihood, it follows that

({0 <¢y= {dC’ (Qu; Ole < 0}

and

(>0 ={ 0@k >0},

d¢’
<0
dC/ o—6 }

1 d .
+P u >0, (32)
{ reZChe i }

where the equality holds because the events on the right-hand
side are disjoint. We analyze the first probability on the right-
hand side of equality (32), the other case being analogous.
The derivative of the log-likelihood of the unlabeled samples
is given by

1d 1 91(X}) = 92(X7)
=2 0Qui0)| = - g
w i@ ng v 2 T X T Can(X)

J=1

It follows that

Pr{|{( —¢|>6) = Pr{ liL(Qu,g )

which is the average of 1.i.d. random variables. The expectation

of the derivative evaluated at ¢’ é Co — 6 is greater than zero:
it is easily shown that

[91(z) — 9_2($)]2
¢'g1(x) + ' ga()

Then, from Cramér’s theorem it follows that

dx > 0.

(33)

1d

— lim llogPr{E—CL(QuaO

U—00

<0 = inf A*(x)
Co—8 =<0

= A"(0)
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where A*(-) is the rate function associated with the large
deviations principle for the average of the derivatives of the
log-likelihood, and the last equality follows from of Dembo
and Zeitouni [6, Lemma 2.2.5]. From the same lemma it
also follows that A*(0) = —inf,<o A(a), where A(-) is the
logarithmic moment generating function of the derivative of
the log-likelihood, and is convex. It is easy to see that A(-) is
finite for all negative values of «, being equal to

a) =1lo — 91(z) — g2(2)
Ae) <log [ p{ (<0+5)gl<x)+(zo—5>g2(x)}
[¢og1(z) + Cog2(z)) de.

The derivative of A{c) evaluated at « = 0 is strictly positive

for >0, and from the convexity of A(-) and from the

equalities A(0) = 0,A(—oc) = oo, we conclude that there

exists a negative value of o where the logarithmic moment

generating function attains its minimum — D,, and has strictly

negative value. 0
Define the events Ay(e) and A3(8) as

Aa() 2 {30 € (o 26,00+ 20)

1 d “
‘ d{' L(Qu; ¢ )|C|<€|C—<(u)|}

As(8) 2 {1{® = ¢l > 6).

The following lemma bounds from above the probability of
their union. On the complement of A (€) | J A3(6), the absolute
value of the first derivative of the average log-likelihood of the
unlabeled samples is bounded from below by ¢|¢ — f (W) for
every ¢ € (Go — 26,Go + 26).

Lemma 8: There exist positive quantities €,§ and D!, such
that

— lim — log Pr{A4;(

U= OO

olJ4:(8)} > D,

where € is the same quantity defined in Lemma 6, and § =
emin{¢3, Co ).

‘Proof: Lemma 6 states that the probablhty that the
second derivative of the the log-likelihood of the labeled
samples evaluated at any point of the interval ({p — 26, (o +
26) is greater than —e converges exponentially fast to 0 in
the number of unlabeled samples, with exponent D¢. The
intermediate value theorem applied to the first derivative yields

. 1d
— uh_)n;o log Pr{ d(’

(Qu,C’)Ic‘ <el¢— <:<u>|} S Dl
34)

The proof is concluded by applying the union of events bound
and Lemma 7. U

If we use the lower bound (34) instead of the actual
derivative of the log-likelihood to calculate the value of f,
we overestimate the distance between QA‘ () and (.’

Consider now the behavior of the log-likelihood of the
labeled samples. To assess the influence of the unlabeled
samples we calculate the maximum of the derivative of the
log-likelihood in the set (Gp — 28, (o + 26).

2113

Lemma 9: The first derivative of the log-likelihood of the

labeled samples satisfies

1d
sup ;
CE(Com26,C0+26) 1d¢ L@ C)‘
<K= ! (35)

- [min({p — 26,1 — (o — 26)]

Proof: Recall that we are considering the case Z = 1,
namely, here g1(-) = f1(-),92(:) = f2() and ¢ = 7. Then

l
:—log {Cll ZQHga }

=1

where [, and [, are, respectively, the numbers of samples of
Class 1 and of samples of Class 2. Taking the absolute value
of the derivative with respect to ¢ yields

A R og{cll ’QHg }'
— |4 loed" + lddglogl o
1h 1 llC I5¢
IR S
<L (36)
min(¢, ¢)
Thus the lemma follows immediately. O

The value of ¢ maximizing the likelihood of the training set
() is the solution to the equation

#(32@u0+ {70@stz =) =0,

If we substitute in this equation the lower bound (34) of the
derivative of u1L(Q,;() and the upper bound (35) of the
derivative of [=1L(Q;;¢|Z = 1), we overestimate I — ).
The resulting equation is (—e|¢ — (™| + K(l/u)) = 0,
the solution of which bounds from above |¢ — (()|. We
conclude that there exist constants M and D, such that =
C)| < Mlu~" with probability greater than 1 —exp {—D¢u}.
We conclude the proof of Lemma 5 by noting that the
derivation for the case Z = 2 is identical the one just
completed. O

A3. Proof of Lemma 2

Lemma 2 states that the probability Pr{A} of labeling
incorrectly the recovered decision regions A7 and &5 is equal
to exp{—DI + o(l)}, where the exponent is

D = —tog {2/ [ VAGI@ ds .
The regions A7 and X, are labeled by deciding that Z = 1 if
Pr{Z =1|Q}>Pr{Z =2|Q}
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and by deciding Z = 2 if the inequality is reversed. Thus we
now consider the properties of the ratio

Pr{Z=1|Q} _ f(QZ=1Pr{Z=1}/f(Q)
Pr{Z=2Q}  f(QIZ=2)Pr{Z=2}/{(Q)
[QIZ=1)

@Iz =2)

Qlz =1

Qlz =2 GD

where the last equality follows from the assumption
Pr{Z=1}=Pr{Z=2}=1/2

Taking conditional expectations yields

1
fQZz=1) /0 F(Qul¢, 2 = 1) f(Qil¢, Z = 1A(C) d¢
fQlz=2) "

1 .
/0 F(Qul¢, Z = 2£(Qul¢, Z = 2)h(C) de

We have previously mentioned that the distribution of the
unlabeled samples given ¢ is independent of Z. Therefore

, 1 .
fiz=n) [, FQUION@ICZ = Db de
fQz=2 "

/0 HQuIO S, Z = 2)h(C) de
/0 HQUG, Z = DFCIQu) d

1 (38)
/0 HQUG Z = 2)£(C1Qu)

where the last step leading to (38) is a simple application of
Bayes theorem. The following lemma is needed in the proof.
Lemma 10: If h(() is three times continuously differen-

tiable on [0, 1], then
[
oo (0)]
U

(39)

i)

(40

/ @, Z=1)£(CIQu) dC = Hd“)

1 1

| H@ic.z=27¢100) de=T] &5,
i=1

where, again, C:“ (%) is the maximum-likelihood estimator of ¢
based on unlabeled samples alone.
The proof is in Appendix A3a). O
Combining (37), (38), and Lemma 10 with the assumption
that [3**u~" converges to 0, we conclude that, for / and u

large enough
! !
BIEACD [T 90.(x:)
5 1=ll < g <2 z=ll .
16" g5,(x3) 116 g5, (X2
i=1 i=1
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Let now A(W) 2 () — (p. It is easy to check that the
following inequalities hold:

Hc““ge X)<<1+c|A<<“ lHCege X))

=1
H C(U)

> (1— c|Ac®)) H Co.g0, (X
=1

for

o= mgx(a(2) + o(e) = mp(o1(0) + g2(a)

which is finite by assumption. From the asymptotic normal-
ity of 7, it follows that A = o,(u"1/2%¢). From
the assumption that [ = O (3%/w),. it follows that both’
(1 = ¢|AC™DY and (1 + ¢|A¢™))! converge to one in
probability, and that, for u large enough, (1 + ¢|AC™ )l >2

and (1 — ¢]AC™)|) < 1/2 with negligible probability. Thus
we conclude that

|
|
i en{i 000 o)
{12200, -
B >1}<PT{H%>%}' @D

We can now bound the probability of labeling incorrectly. the
decision regions in terms of the underlying densities, as

76, fo. ( 1
{Hnefe X) }
ne; fo. (X:)
<PI'{A}<PI'{H7]Z—Z(—X—'5<4}

But, as we have shown in a previous work ([2, Theorem 2])
ne, fo.(Xi) 1
hm log Pr — el
= {H NACORE

._hmllogPr{anzg §<4}=D (42)

where
D= —log{Zx/%/R \/mdw}

is the Chernoff exponent for testing Z = 1 against Z = 2.
We conclude the proof of the lemma by combining (41) and
(42). ; O
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A3a) Proof of Lemma 10: Write the numerator of (38) as

[rQicz=

DF(lQu) dC

/0 Q¢ Z = 1) F(QuIOK(C) de
- 7(Qu)

Rewrite the numerator of the ratio (43) as

(43)

/01 F(QIC, Z = 1) F(Qu|O)A(C) dC
- [ o fftsiases Lananc]uo
(44)

where

L(Qy) Z log {Ce.gs, (X1)}

and

LO(Q) Z log {Co, 95, (X:)}

are, respectively, the conditional log-likelihood of the labeled
samples given Z = 1 and Z = 2. Using Laplace’s method for
integration (see, for example, [14]), we can write

/01 exp {u[lL(Qu;Q + i%L(l)(Ql;C)} }h(C) dc
= h(¢) exp {L(Qu; {) + LV (Q1;{)}

_ 1/2
27
d? 1 i1
UETF [EL(Qu;C) + -TL(I)(Qz O”c
I 1
. 1+0(—)] 45)
L U

A similar expression holds for

(@) = / F(QuiOR(Q) dc

F(Qu)k =h(E™) exp {L(Qu; (™)}
: 1/2
2n [1 + 06)}
dC2 L(Qu’ )§<u>

Therefore, ratio (43) is equal to
[ 1@ic.z = ns@ulone) ac
F(Qu)

_ hd #
= WCXP{L(QWC) -

L(Qu; ¢™) + L(Qu: {)}
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[ & 1) i
[ iM90 + ira@so)|
d? I
_ e (Qu; €) o

(46)

o).

Consider the first three factors in (46). From the finiteness of
R(()) and the boundedness of its first derivative, it follows
that

M) _ AN +0E- WD _ |, (4). @
R(C() h({() u
To analyze the ratio of the second derivatives
o p
dc?

1/2

lL(Qu; Q)+ ilL(”(Qz; C)} ‘
U ¢

dCQ L(Qu;¢)

0)

recall that the third derivative of the average log-likelihood
of the unlabeled samples is bounded near ¢(*). Consequently,
from the intermediate value theorem it foilows that

d2
7 LQui0)
c C =1+ 0= ¢y
& w0
d¢? u (Qu éw
“[eo(@)]
u
Similarly
d* 11 dZ 1
1) (1)
dC L ! (Ql?C)‘ dCZ lL l Ql?C)} ( )
d? 1 Tu 21 uw)
"_‘—L us _—L u;
e GRS I L
Therefore, the ratio of the second derivatives in (45) is equal to
& 11 12
2210,
d2
—L(Qu:
@0,

[ ()" o]

Consider now the quantity exp {L(Qu;f) - L(Qu;f(“))}.
The second derivative of the average log-likelihood of the
unlabeled samples in a neighborhood of ¢ is bounded from
above. This can be checked easily with the same approach
we have used for the third derivative. Since ¢ is a point of
relative maximum of the log-likelihood

(L) (E(Qu; )= L{(Quis ) = 0 (€0 —(P) = 0 (),

Thus
2
L(Qu; (™)} =0 (%) (49)

exp {L(Qua 5) -
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Finally, consider the log-likelihood of the labeled samples.
Recall that the derivative of [~1L()(Qy;¢) is conditionally
bounded by a constant K in a neighborhood of f (%) given
| — ¢of < 6. Thus

LLO(Qu ¢ — MIE — )|

< TL0(Qi8) < TLO(Qi E) + MIE - 69|

with probability converging exponentially fast to 1 in the
number of unlabeled samples, and consequently
2

LO@Qi;0) = LV(Qi;{™) + 0 (%) (50)

The proof of (39) follows then immediately from (46)—(50).

The same approach leads to the proof of (40) and to the last"

step in the derivation of the lemma. (]

A4. Proof of Lemma 4

Lemma 4 states that risks of the optimal Bayesian classifier
and of the classifier that uses the maximum-likelihood estima-
tor f(“) of the parameter ¢ based on the unlabeled samples
alone are the same, up to terms of order o(u=1).

We prove here the first part of the lemma, the proof of
the second part being analogous. From the proof of Lemma 2
(Appendix A3) it follow that, as 3tcu=1 — 0

~ lim 71ogPr{% <97 = 1}

Liu—oo

1

=— lim —logPr{g <1z = 1}.
I, u—o0 { a

Thus the training sets for which @ < a < 2a form a collection

with probability

Pr{a<a<2|Z=1} <Pr{a<2alZ =1}
=exp {—ID + o()}.

Their contribution to the probabilities of error of the optimal
Bayesian classifier (6) and of test (19) is of the same order of
term exp {—1D + o(l)} derived in Lemma 2. Thus the event
{@ < a < 2a@} will be accounted for in the expression (13) of
the risk by the term exp {~ID + o(l)}. Consider now all the
training sets for which a > 2a. Let

8 = _ pw)

{0 — o Gt

th 2 EQ, % =1] -
2 Blc1Q, 2 = 2] -

where b £ E[¢|Q,Z = 1], ¢ 2 E[¢|Q, Z = 2], and {™ is the
maximum-likelihood estimator based on the unlabeled samples
alone. Rewrite the ratio (14) used in the optnnal Bayesian
solution as

abg1(Xo) + acg2(Xo)
acg1(Xo) + abga(Xo)
a(C™ + t1)g1(Xo

) +a(l™ — t3)ga(Xo)

- A(E + t9)g1(Xo) + a(E™ ~ t1)g2(Xo)
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and conclude that the boundaries of the decision regions of
the Bayesian classifier (6) are the roots of the equation

(™ + t1)g1(Xo) + E(E(u) — t2)92(Xo)
= a(E™ + t2)g2(X0) + a(C — 1)ga(Xo)
or, equivalently, of ; ‘
[al® + aty —al™) —ats]g: (Xo) ~
= [al™ — at; —al™ + aty]gs(Xo).

Therefore, the optimal Bayesian classifier (6) can be rewritten
as

at1 — aty

decide y =1 if (a — @) [é“” + ]g1(Xo) :

>(a —a) {1 (gW + a:?)}gz(%)
decide o =2 if (a—a { ) 4 atz}gl(xo)
| = [1 (<<u> ;j??)]m(xo).

By inspection one sees that test (16) based on the maximum-
likelihood estimator and test (51) are struéturally identical, the
only difference being the substitution (%) +(at; —ats)/(a—7a)
for (). This implies that both tests are structurally identical to
test (9), the probability of error of which is shown in Theorem
1. Conditional on Z = 1, g1(-) = fi(*), g2() = f2(:), and
¢ = n. Consequently, ¢ (” is actually an estimator of 7,
and we can write {(® = (), Conditional on {a > 2@} the
denominator of (at; — @t3)/(a — @) is bounded away from 0,
and the quantity is a bona fide random variable. We then can
calculate the probability of error of test (51) by substituting

7™ + AR 2 75 4 (at) ~Gty)/(a — 7)

for 7 in the derivation of the probability of error of test (9). .
Using (10) we can write that, conditional on {a > 2a}

~(u ~(u d ~
Po(7™ + A7) = Po(no) + = Pu ()

(%) + A4 —np)

dn T
42 ) (ﬁ(u)+Aﬁ(u)—I)’]0)2
5L e\
dn? 0 2
‘ A(w) Alu) )3

6

Take expectations, recall that the first.derivative of the proba-
bility of error is equal to zero, and conclude that

P 1 ) L AR 2
R+§ﬁ B3 + AR — ng)”]

7o

R(Lu) = 0

1 ~(u ~(u ‘A U ~(u
+ (@™ + A B[ + A7 — o). (52)
Consider the first expectation. Expanding the square yields

E[(7™ + A7) —10)’] = E[(#™ — no)*] + E[(A
+ 2E[(7™) = no) Ant™).

)]
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We can bound from above the last term by

|B[(7™) = no)Ag™]| < \/ E[(7® — no)2|E[(A5™)?]

where
Bl —no)] = O(u™"/?).

From Lemma 5 it follows that |¢;] < MI/u and that |t5] <
M!/u with probability > 1 — exp{—uD,}. Conditional on
{a > 2a}, it follows that the ratio

(aty —aty)/(a — @) 2 AH™

is smaller in absolute value than 3M(l/u), again with
probability > 1 — exp{—uD,}. From the assumption that
PBFey=1 — 0 it follows that AH(™) = o(u~"/2) and that

E(7™ + A7™) —0)?] = E[(1™) — no)]® + o(u™).

A similar analysis holds for the remainder of the expansion
of the risk, which allows us to conclude that the remainder
is negligible. The derivation can be repeated conditioning on
Zy = 2, to show that on the set {@>>2a} the additional
risk AR(I,u) of the Bayesian solution (6) is asymptotically
equivalent to the additional risk of test (19), namely, their ratio
converges to one. O
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