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Abstract—This paper establishes the capacity region of a class
of broadcast channels with random state in which each channel
component is selected from two possible functions and each
receiver knows its state sequence. This channel model does not
fit into any class of broadcast channels for which the capacity
region was previously known and is useful in studying wireless
communication channels when the fading state is known only at
the receivers. The capacity region is shown to coincide with the
UV outer bound and is achieved via Marton coding.

I. INTRODUCTION

The 2-receiver broadcast channel with two determinis-
tic channel states (or BC-TDCS in short) is a discrete
memoryless broadcast channel with random state (X X
S,p(5)p(y1, y2lz, ). Y1 x Vs), where § = (81, S2) € {1,2}?,
pS1(1) = p17p51(2) . l_Pl =D and psz(l) . p21p52(2) .
Pa, and the outputs

_— {fl(X) if §; =1,
1—= :

f(X) if S1=2,

. _{f](X) if Sp =1,
2 = .

f2(X) if Sp=2

for some deterministic functions f; and fy of the input X. As
an example of a BC-TDCS, consider the following.

Example 1 (Blackwell channel with state [1]). The functions
f1 and f5 for this example are depicted in Figure 1.
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Fig. 1. The deterministic components of the Blackwell channel with state.

In this paper, we consider the setup in which the sender
wishes to transmit an independent message M; € [1 : 2779]
to receiver j € {1,2} and receiver j knows the state sequence
57 but the sender does not. We define achievable rate pairs
(R1, Ry) in the standard way [2] and the capacity region C as
the closure of the set of all achievable rate pairs.

It is easy to see that the capacity region of this channel
is the same as that of the broadcast channel with input X
and outputs (Y7, S1) and (Y2, S2). This equivalent broadcast
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channel, however, does not belong to any class of channels
with known capacity region (see [3] for classes of broadcast
channels with known capacity). Also, very little is known
about the capacity region of the broadcast channel with
random state known only at the receivers. Previous work on
this setting has focused mainly on the Gaussian fading BC with
superposition coding [4], time division with power control [5],
and a superposition of binary inputs motivated by a capacity
achieving strategy for a layered erasure broadcast channel [6].
Even when the fading BC is degraded and superposition
coding is optimal, Gaussian input distribution is not in general
optimal and capacity remains unknown [7].

There has been more work on the broadcast channel with
causal and noncausal state information known at the transmit-
ter, In [8], the capacity region of the deterministic BC when
the state is known noncausally at the transmitter is established.
In [9], this result is extended to semideterministic BC, and it
is shown that the capacity region does not enlarge when the
state is also known at the receiver of the deterministic channel.

There has also been work on the setting in which the state
is known at the receivers and only strictly causally at the
transmitter, In [10], [11], the capacity region of the binary
erasure broadcast channel with state under this setting is
established. In [12] it is shown via two examples that strictly
causal state information at the transmitter can enlarge the
capacity region of the broadcast channel with state. In [1],
it is shown that the scheme in [12] is a special case of a
straightforward adaptation of the feedback scheme in [13]. The
Blackwell broadcast channel with state in Example 1 is also
introduced and an achievable rate region is established when
py = pp = 0.5 (and the state is known at the receivers and
strictly casually at the transmitter).

In this paper we establish the capacity region of the
BC-TDCS when the state is known only at the receivers.
Achievability is established using Marton coding [14]. The
key observation is that the auxiliary random variables in the
Marton region characterization, Uy and Us, are always set (0
fi, f2, X, or §. In particular if the channel from X to Y7 is
more likely to be f; than the channel from X to Ys, then
(Uy, Uy) are set to (X,0),(@,X), or (fi,f2). The converse
is established by showing that Marton inner bound with these
extreme choices of auxiliary random variables coincides with
the UV outer bound [15].

Our result is significant for several reasons:
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o It establishes the capacity region of a new class of broad-
cast channels—our setting does not belong to any class
of broadcast channels with previously known capacity
region.

o Tt cstablishes the capacity region of a nontrivial class of
broadcast channels with state known at the receivers—a
setting with very few known results.

e It provides yet another class of broadcast channels for
which Marton coding is optimal.

e Our channel model can be used to approximate certain
fading broadcast channels in high SNR (sece Example 2
in Section 1I).

II. CAPACITY REGION OF THE BC-TDCS
Without loss of generality, assume pp > p2. We now state
the main result of this paper.

Theorem 1. The capacity region of the BC-TDCS (X x
S, p(8)p(y1, ya|x, 8), Y1 X V2) with the state known only at the
receivers is the convex hull of the set of all rate pairs (R, R2)
such that

Ry < I(Un;Y1(5),
Ry < I(Ug; Ya[$), ¢y
Ri+ R < I(Ul‘}/1|S) +I(U2§Y2IS) - I(Ul;U2)
for some p(z) and either (Uy,Us) = (f1, f2), (Us,U2) =
(Xa 0), or (Ula U2) = (w’X)
Achievability follows immediately since (1) is contained in
Marton’s rate region. The converse is proved in Section ITI.
Now consider the following more explicit characterization
of the capacity region which we will usc in the examples and
the converse.

Proposition 1. The capacity region of the BC-TDCS with the
state known only at the receivers is the convex hull of the
union of four rate regions:

Ry = {(Ry1, Rg): Ry < C1, Ry =0},
Ry = {(Ry, R2): R1 =0, Ry < Ca},
Ra = {(R1, R2): Ry < p1H(f1) +p1L(f1; f2),
Ry < p2H(f2lf1)
for some p(z) € P1},
Rq = {(R1, R2): Ra < prH(filf2),
Ro < pol(f1; f2) + p2H(f2)
for some p(z) € Pa},
where C; = maxp(,) I(X;Y;]8) for j = 1,2, and
P = {arg(n;ax prH(f1) + prI(f1; fo) + Ap2H (f2| f1):
p(z
for some p1/P2 < A < 1},
P, = {argmax pr H(f1]f2) + Ap2I (f1; fo) + AP H(f2):

p(x)
for some 1 < X < p1/p2}.

@

Proof: Let € and €y denote the region defined in (1) and
in (2), respectively. All we need to show is that Go = C. First

note that we can express C as the convex hull of the union of
the four regions:
R, = {(Ry, R2): Ry < I(X;Y1]S), Ry = 0 for some p(x)},
R), = {(Ri1, R2): Ry =0, Ry < I(X;Y3]5) for some p(z)},
4 ={(R1,Re): R1 < I(fi;1119),

Ry < I(f2;Ya|S) = I(f1; f2)

for some p(z)},
Ry = {(R1, Ra): Ry < I(f1;Y118) — I(f1; f2)

Ry < I(f2;Y2|S)

for some p(x)}.

3

Clearly Ry = R}, Rp = Rj, Rz C Rj, and Ry € R Thus,
@y C €. We now show that every supporting hyperplane of
€ intersects g, i.c., for every A > 0, there exists a rate pair
(Rl, Rg) € Cp such that Ri+ ARg = MaX(yy,r)eC 1 + Ara.

Lemma 1. Every supporting hyperplane of € intersects Co,
ie., for all A > 0,

max Ry + ARs.

max R+ ARy =
(R1,R2)€Co

(Ry,Rz)€C
The proof of this lemma is in Appendix A.
To complete the proof we use the following. |

Lemma 2. [16] Let R € R¢ be convex and R; C Ry be two
bounded convex subsets of R, closed relative to R. If every
supporting hyperplane of Ry intersects R, then Ry = Ro.

Example 1 (continued) The capacity region of the Blackwell
channel with state known only to the receivers is the convex
hull of the union of:

Ry < paragH (01/0)

for some ag, a1 > 0,00 + a1 < 1}, and
R, = {(R1,R2): R1 < parH(o/a1),

Re < H{a) — padioH (01/30)

for some ag, a1 = 0,00 + 01 < 1},

where H(a), a € [0,1] is the binary entropy function. To show
this, we evaluate R4 and R in (3) with px (0) = og,px (1) =
al,px(2) = 1 — o — oy for ag,an 2 0,09 + a1 < 1.
Also, since the rate pairs (C1,0) = (1,0) € Rg and
(0,C2) = (0,1) € Ry, C is the convex hull of the union
of R and Rj. The capacity region with state for (pr1,p2) =
(0.5,0.5), (0.7,0.3), and (1,0) is plotted in Figure 2. For
(p1,p2) = (0.5,0.5), the two channels are statistically identi-
cal, hence the capacity region coincides with the time-division
region. For (p1,p2) = (1,0), the channel reduces to the
Blackwell channel with no state [17). For (py,p2) in between
these two extreme cases, the capacity region is established by
our theorem.

Next consider the following example which is motivated by
deterministic approximations of wireless channels.

1953



2014 |EEE International Symposium on Information Theory

0 1

Fig. 2. Capacity region of the Blackwell channel with the state.

Example 2 (Finite-field BC-TDCS). Consider the BC-TDCS

with the state known only at the receivers with X =
T

X, X]

V, — hiXy+ hieXa iFS =1,

! hioy Xy + heaXo  if 51 =2,
_ @

. hin Xy + hyaXe  ifF Sy =1,

for Xy + hapXo  if 8o =2,
where the channel matrix is full-rank, Yy = Yo = X1 = Ay =

[0: K — 1], and the arithmetic is over the finite field.

To compute the capacity region, first note that C; = log K

and Co = log K. Thus,

Ry = {(R1, Ry): R1 <log K, Ry = 0},
Ry = {(R1,Ry): Ry =0,Ry <log K'}.

To evaluate Rz and R4, we compute P; and Pz, Since

piH(f1) + pul(f1; f2) + B2 H(f2| f1)
=pi H(f1) + P H(f2) + (Ap2 — P1)
< (p1+ Ap2)log K
for p1/p2 < A < 1 with equality if X ~ Unif([0
K —1)?), Pr = {Unif([0: K —1]*)}. Similarly, P, =
{Unif([0: K — 1)?)}. Note that when X is uniform, H(f;) =
H(f2) = H(filfz) = H(f2| 1) = log K. Hence,
Rs = {(R1,Rp): R1 < p1logK, Ry < pplog K},
Rs = {(R1,Ra2): R1 < p1log K, Ry < palog K},

H(f2| )

and the capacity region is
€ = ¢0{(0,0), (log K, 0), (0,10g K), (p1 log K, P log K) }.

Figure 3 plots the capacity region for (pi,p2) =
(0.5,0.5), (0.7,0.4), and (1,0). For (p1,p2) = (0.5,0.5), the
two channels are statistically identical and the capacity region

coincides with the time-division region. For (p1,p2) = (1,0),
the capacity region is {(Ri,Rz): R1 < logK, Ry <
log K} because the channel matrix is full-rank. For (pl,pg)
in between these two extreme cases, the capacity region is
established by our theorem.

Ry/log K
1\
(1,0
1
(0.7,0.4)
0.6 presmTmmigE e T
:
(0.5,0.5) :
)
0 0.7 | Ra/leg K

Fig. 3. Capacity region of the Finite Field BC-TDCS.

Connection to wireless channels: Consider the following fad-
ing broadcast channel

Y; =HIX + Z; for j = 1,2, ®

where t denotes the conjugate-transpose, X = (X3 Xg]T €
C2*1 E[X'X] < P, Z; ~ CN(0,1) and the noise sequences
Zji, j=1,2and ¢ € [1 : n], are i..d. In addition, for j = 1,2,

HT . {[hn h12] if Sj =1 w.p. pj,

J [hot  hog] if S5 =2 wp. pj,

where the channel matrix is in €2*2 and is full rank.

We now show that the degrees of freedom (DoF) of this
fading Gaussian broadcast channel, obtained by dividing the
maximum sum-rate by log P and taking the limit, is p1 + pz.

Since the variance of the noise Z; is bounded, the DoF of
channel in (5) is equal to that of the BC-TDCS with ¥; =
H X for j = 1,2 [12]. We show that the DoF is achleved
when U= f1 and U, = fo are independent and Gaussian
with variances oP and 8P for some a, 8> 0 such that

X1 _ hll h12 -t U1
Xa|  |ho1 hao Us

satisfies the power constraint. First note that for (R1, R2) € €,

max Hm R_1+_R2.
T poee logP
. T prH(f1) + P H(f2) + (B — P2)I(f1; f2)
= maXx hm =
p(X) P—o0o log P

©
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Now we show that each term in (6) is maximized
with the chosen input. First, lmnp_eop1H(f1)/logP =
limp_ oo p1 log(aP)/log P = pi;. Now we show that
p1 = maxlimp_,e piH(f1)/logP. Since Var(f;) =
Var(hlle + h,ngg) = |h11|2"/P + |fL12|2;5’P + (hIlhllz +
h¥oh1y)p /43P for some 0 < v,p < 1 due to the power
constraint, H(fl) < lOg(|h11|2"}/ + |h12|2’_)" + (h.{lhlg +
h¥,h11)pv/77) + log P. Hence, limp_yoo p1H(f1)/log P <
p1. Similarly, limp_, o P2 H (f2)/ log P is maximized and is
equal to P, and limp_yeo(p1 — P2)I{f1; f2)/ log P is maxi-
mized and is equal to 0. Thus, the following holds:

prH(f1) + p2H(f2) + (01 — p2)I(f1; f2)
log P

max lim
p(X) P—o00

= p1 + D2,
and the DoF of the fading Gaussian BC in (5) is p1 -+ Da.
IT1I. PROOF OF THE CONVERSE

The UV bound for the broadcast channel with state known
at the receivers states that if a rate pair (Rq, Ry) is achievable,
then it must lie in the intersection of the regions
Ri = {(R1,Ra): Ry < I(Uy; 118),
Ry < I(X;Y2|9),
R+ Ry < I(U;Y1]8) + I(X; Ya|Uy, S)
for some p(u1,x)},
Ry < I(X;Y115),
Ry < I(Uy; Y2l S),
Ri 4+ Ry < I(Uz; Y2|8) + I(X; Y|V, S)
for some p(uz,z)}.

Ro = {(R1, Re):

Denote this outer bound by R.
To establish the converse we show that every supporting
hyperplane of R intersects €.

Lemma 3. For all A >0,
Ry + ARs.

max

max Ry + ARy =
(R1,R2)eC

(R1,R2)€R

Proof: We consider two ranges of A > 0. For 0 < A < 1,
we consider maximizing Ry + ARz over (121, Ry) € R,. For
any p(uy,z), R1+ AR such that (Ry, R,) € Ry is maximized
when R1 = I(Ul,Y1|S) and Rz = I(X,Y2|U1,S)
H(Y5|Uy,S). Thus,

max _ Ri+ ARy = max I(Uy;Y4|9) + XH(Y2|Uy, S)
(R1,R2)eR: p(uy,z)
=max {H(Y1]S5) + max {A\H(Yz|U1,S) — H(Y1|Uy, S)}}
p(z) p(uil)

o {mH(f1) +p1H(f2) + pg}?ﬁ){@ﬁz —p1)H(f2|U1)

+ (Mp2 — p1)H(f11U1)} ) @)

For a fixed p(z) only the last two terms in (7) depend on
p(ui|x). We now consider different ranges of 0 < A < 1.
o If 0 < A < P1/p2, then for any fixed p(z),

(Ap2 — PV H (f2|Ur) + (Ap2 — pO)H(f1]U1) <0

with equality if Uy = X. Thus, (7) can be rewritten as

max Ry + ARy = m(aaile(fl) +pr H(f2)
p(z

(RhRg)efJ_Zl
R+ ARy

ES max
(R1,R2)ER:

o If 1 /Py < ) < 1, then for any fixed p(z),

(P2 — p1) H(f2]Ur) + (Apa — p1)H(f1|U1)
=(A=1H(f1|U1)
+ APz — p1) (H (f2| f1,U1) — H(f1]f2, V1))
< (Apz — D) H(f2| 1)
with equality if Uy = f1. Thus, (7) can be rewritten as
max Ry + ARy
(R1.R2)eRy
= I&%‘PlH(fl) + prI(f1; f2) + A2 H(f2| f1)

R; + ARa.

= max
(R1,R2)€Ry

Thus, Max(g,, fy)ee R[ + )\Rz > max(RhRZ)eg{ R] + )\ﬁg
for 0 < A < 1. Equality in the lemma holds because CCR

The proof for A > 1 follows similarly. We consider the
equivalent maximization problem: max(g, p,jeR, ARy +
Ry for A™t < 1, )

For any p(us, z), among the (R1, R2) € Rg, \™'R1+ Ry is
maximized when Ry = I(Us; Ya|S) and Ry = H(Y1|Us, 9).
Thus,

AR + Ry

max
(R1,R2)ER2

— max A\"LH(Y1|Uz, S) + I(Uz; Y2|S)

p(ug,a:)
= max {H(Y,|S) + max {A\""H(Y1|U2,5)
p(x) p(ug|z)
— H(Y2|U2,9)}}
= max {p2H(f1) + D2 H(f2)

+ max {(\7'py — p2) H(f2|Ua)

p(uz|T)
+ (- p) H(AIUDY ®
For a fixed p(z), only the last two terms in (8) depend on
p(uz]z). We now consider different ranges of A > 1.
o If A > p1/p2, then for any fixed p(z),
A"y — Po) H(f2|Us) + (A 'p1 — p2) H(f1|U2) <0
with equality if Us = X. Then, (8) can be expressed as

max Ry + ARy = max ApoH(f1) + M2 H (f2)
(R1,R2)ER2 p(x)

Ri+ ARy.

= max
(Ri,R2)ER2

e If 1 < X\ < py1/po, then for any fixed p(x),
(Apy — Do) H(f2|U2) + (A" 'p1 — p2) H(f1|U2)
= (A" = 1)H(f2|U2)
+ (A7tpy = p){H (1] f2, Us) = H(fa f1, U2)}
< (Apr — p2)H(f1l f2)
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with equality if U = f2. Then, (8) can be expressed as  [14] K. Marton, “A coding theorem for the discrete memoryless broadcast

max _ i+ AR

channel,” Information Theory, IEEE Transactions on, vol. 25, no. 3, pp.
306-311, 1979.

(R1,R2)€Ry [15] C. Nair and A. El Gamal, “An outer bound to the capacity region of

= gl(ig(mH(fl | f2) + A2 I(f1; f2) + AP2H (f2)

max Ri+ ARz.

the broadcast channel,” in Information Theory, 2006 IEEE International
Symposium on, 2006, pp. 2205-2209.

[16] H.G. Egglestone, Convexity. Cambridge University Press, Cambridge,

1958.

(R1,R2)€R4 [17] D. Blackwell, L. Breiman, and A. J. Thomasian, “Proof of Shannon's

Thus, max(g, r,)ee Ri+ ARy > MaX(R, Ry)eR Ry + ARz
for A > 1. Finally, equality holds because C C R. [ ]
The proof of the converse is completed using Lemma 2.
1V. CONCLUSION

We established the capacity region of the BC-TDCS channel

transmission theorem for finite-state indecomposable channels,” The
Annals of Mathematical Statistics, vol. 29, no. 4, pp. pp. 1209-1220,
Dec. 1958.
APPENDIX A
PROOF OF LEMMA 1

We prove the lemma for 0 < A < 1. The proof for A > 1

when the state is known only at the receivers. This channel  4)1ows similarly. First we show that for 0 < A <1,

does not belong to any class of broadcast channels for which
the capacity was previously known. There are several open
problems that would be interesting to explore further, includ-
ing: What is the capacity region of the BC-TDCS with com-
mon message when the state is known only at the receivers?
What is the capacity region when each channel component is
selected from a set of more than two deterministic channel
states?
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